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UDC 533.6 

In this book the basic concepts of modern aerodynamics are discussed. 
The question of the kinematics of a fluid medium and the basic equations of 
hydrodynamics for a complicated, chemically reactive, viscous, compressible 
model of fluid flow are discussed in detail. These questions are applicable to 
the problems of hypersonic flight, wing theories in subsonic and supersonic 
flows, supersonic flow past rotating bodies, aerodynamic interference, deter- 
mination of frictional force, heat transfer and heat-resistant sheaths. The 
basic concepts of the aerodynamics of dissociating gases are also treated. 

The book is recommended as a textbook for students in higher technical 
institutions and will also be useful to engineers and scientists. 





PREFACE 

Aerodynamics forms the theoretical basis of space-rocket and artillery 
technology and the foundation of aerodynamic calculations for modern flight 
vehicles. The basic concepts of aerodynamics are used in the investigation 
of an outer flow over different bodies and the motion of air (gas) past some 
of these structures. Therefore it is difficult to be a good engineer in the field 
of aviation, artillery, rocketry, automobile transport, internal combustion 
engines, etc. without a thorough knowledge of aerodynamics. To be a specialist 
one must acquire knowledge of aerodynamics where air or gas flow pheno- 
mena occur in some form. 

In this book the applications of aerodynamics particularly in rocket tech- 
nology and modern high-speed aviation are studied along with the general 
laws of motion of a gas medium. In following any course embracing aerody- 
namics a deep understanding of its theoretical principles is very important. 
Without it the actual solution of practical problems, scientific investigations 
and research work become impossible. Therefore special attention must be 
devoted to mastering the material in the first six chapters of this book. These 
cover the following: basic concepts and definitions of aerodynamics, kinema- 
tics of a fluid medium, equations of motion of a gas in the general case, where 
variations in its physico-chemical properties are considered, the theory of 
shock waves, the method of characteristics, which is very widely used in the 
investigation of supersonic flows, and finally the general theory of the motion 
of a gas in two-dimensional space (known as the theory of two-dimensional 
motion). 

The scientific information given in the remaining chapters of this book 
shows the practical applications or connections with the formulation of 
methods of aerodynamic calculations for flight vehicles and their individual 
elements. This is also useful if we are to achieve a deep understanding of the 
theoretical foundations of aerodynamics. This structuring of a course corres- 
ponds to the important principle of presenting scientific information accord- 
ing to a deep, thorough approach for the use of students as an active means 
of obtaining solutions of some practical problems. This method of study is 
based on the multipurpose approach of managing scientific information for 
easy retrieval and cross-reference to the logical connections obtaining among 
different items of knowledge. 

It is worth noting here that the presentation of the methods of aerodynamic 



calculations has a significant value in itself. It enriches the students' know- 
ledge and steers them along the road of establishing the interrelation between 
the theoretical and practical solutions of specific problems besides acquainting 
them with the new phenomena related to the processes of the interactions 
of bodies. 

Here the aerodynamics of isolated wings (lifting surfaces) and rotating 
bodies (cones) are first considered and then the aerodynamic calculations of 
flight vehicles in the form of various combinations of wings, control surfaces 
and rotating bodies including mutual interference are taken up. This layout 
is quite normal for a textbook aimed at a complete and up-to-date under- 
standing of the problems of applied aerodynamics. 

In this book particular attention is given to the highlights of important 
problems of theoreticaI and applied modern aerodynamics of high speeds 
associated with the investigation of friction, heat transfer, mass ablation, 
force and heat interactions under the condition of motion of a body in a dis- 
sociating medium. The thermodynamic and kinematic parameters of a disso- 
ciating gas and the basic physical properties of a highly dissociating medium 
are also discussed as applied to the above problems. 

Obviously not all the problems pertaining to aerodynamics can be covered 
in a textbook. The scientific information presented in this book is what is 
necessary for any specialist engaged in scientific and engineering activities in 
the field of aviation and space-rocket technology. The content and volume 
of this information will be enough for the understanding of other problems 
of aerodynamics faced by young specialists in practice. Among the problems 
not treated in this book are, in particular, magnetoaerodynamic investiga- 
tions, determination of an unsteady flow over bodies, the problems of experi- 
mental aerodynamics and the optimum shapes of flight vehicles. 

The author will be very satisfied if the mastery of the material presented 
in this-book serves as an aid for individual work and detailed study of 
modern aerodynamics. The book is written on the basis of teaching ex- 
perience in aerodynamics following the teaching program in the N.E. Bauman 
Moscow Higher Technical Institute. It is recommended for students of 
higher educational institutes and of faculties for special training in the field 
of flight vehicles. It may also be useful to workers in the affiliated scientific 
research institutes, design bureaus and production plants. 

A special conversion table is provided at the end of this book for con- 
venience in converting the units of measurement of physical quantities used 
here to the corresponding new units accepted in the International System (SI). 

The leading scientists and technologists of the RSFSR, Prof. N.S. Arzani- 
kov and Prof. I.P. Ginzburg, and colleagues of their section carefully went 
through the manuscript of this book. They made many useful comments and 
came up with valuable suggestions for the improvement of the contents 
and presentation of the manuscript, which were highly appreciated during 



preparation of this book. The author acknowledges his deep indebtedness to 
all of them. 

The author appreciates that this book is not necessarily free from defects 
and will gratefully accept all comments and suggestions from readers. 





THE BASIC NOTATIONS USED IN THE USSR AND THE USA 

The following list gives the basic nota?ions popularly used in the field of 
aerodynamics in the Soviet Union and the United States of America. This 
will help readers who are used to American and English notations to under- 
stand the material in this book. The typical coordinate systems used in these 
countries are reproduced in Figs. 1 and 2. 

In the USA and In the 
England USSR 

tR A aspect ratio 
sound velocity 
critical sound velocity 
wing span 
cross sectional area 
lift coefficient 
side wind force coefficient 
drag coefficient 
pitching moment coefficient 
rolling moment coefficient 
yawing moment coefficient 
specific heat at constant pressure 
specific heat at constant volume 
chord 
acceleration due to gravity 
altitude 
enthalpy 
rolling moment 
pitching moment 
yawing moment 
mass 
load factor 
angular velocity about X axis 
angular velocity about Y axis 

(Z axis in the USSR) 
angular velocity about Z axis, 

(Y axis in the USSR) 



X THE BASIC NOTATIONS 

FIXED SYSTEM OF COORDINATES 

ACCEPTED IN THE U S S R 

FIXED SYSTEM OF COORDINATES 

ACCEPTED IN  THE U S A AND GREAT BRITAIN 



wing planform area 
entropy 
semispan 
absolute temperature 
thrust of propeller or engine 
maximum thickness of wing 
velocity 
component of velocity along X axis 
component of velocity along Y axis 

(Z axis in the USSR) 
component of velocity along Z axis 

(Y axis in the USSR) 
weight of airplane 
lift 
drag 
cross-wing force 
angle of attack 
angle of side slip 
ratio of specific heats 
circulation 
boundary layer thickness 
relative density 
downwash angle 
angle of elevator deflection 
angle of pitch 
sweepback angle 
coefficient of viscosity 
kinematic coefficient of viscosity 
mass density 
time ratio 
stream function 
velocity potential 
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INTRODUCTION 

Aerodynamics is a complicated word. It comes from the Greek words 
ayp (air) and bvvapzo (related to force). The science known by these terms 
happens to be a part of mechanics, which is a science about the motion of 
bodies in general. It studies the laws of motion of air in relation to applied 
forces and on the basis of these forces establishes particular laws of inter- 
action between the air and the body. 

The practical problems confronting man in connection with the flight of 
machines heavier than air served as a stimulus to the development of aero- 
dynamics as a science. These problems were connected with the determina- 
tion of forces and moments (known as aerodynamic forces and moments) 
acting on moving bodies. During this process the calculation of so-called 
supporting lift force was the main concern in the investigation of force- 
interaction. 

In the early days of the history of aerodynamics it dealt only with low 
wind velocities as flight vehicles had low flight speeds. It is obvious that 
hydrodynamics-the science of the motion of liquid (incompressible) 
particles-was the theoretical basis of aerodynamics. The foundation of this 
science was laid in the 18th century by L. Euler (1707-1783) and D. Bernoulli 
(1700-1783), members of the Academy of Science of Russia. In the scientific 
conference on "General Principles of Fluid Motion" (1755) L. Euler for the 
first time produced basic differential equations of motion of so-called ideal 
(inviscid) fluids and gases. Investigation of the fundamental law of hydro- 
dynamics which establishes the relation between the pressure and velocity in 
an incompressible fluid goes to the credit of D. Bernoulli. He published this 
law in 1738 in his work Hydrodynamics. 

At relatively low flight speeds the effect of important properties of air, 
like compressibility, is infinitesimally small. However, the development of 
artillery and high-speed airplanes raised the problem of study of the laws of 
motion of air or, in general, of gas, at high speeds. It is found that if the 
forces acting on a body moving at high speed are calculated on the basis of 
the laws of motion of air at low speeds, these forces may be considerably 
different from the real values. The explanation of such phenomena was 
supplied by the investigation of the motion of air (gas) at high speeds result- 
ing in changes in density with pressure. This change in density can often be 
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very appreciable. Along with this change in density there appears the 
property of compressibility of air. 

The compressibility of a gas is related to its internal energy which is to be 
taken into account when calculating the flow parameters determining the 
motion of the medium. The change in internal energy of the gaseous state 
and the total derivative of work done by the compressible gas during expan- 
sion are determined by the first law of thermodynamics. Thus thermodyna- 
mic relations must be applied in the aerodynamics of a compressible medium. 

If the gas medium moves at low speeds the heat content will be higher 
than the kinetic energy. In this case it is practically speaking unnecessary to 
calculate the change in heat energy with a change in speed (i.e. with a change 
in the kinetic energy of a fluid). Therefore it is not necessary to apply 
thermodynamic concepts and thermodynamic relations in the aerodynamics 
(hydrodynamics) of low speeds. 

Very high flight speeds, sometimes known as hypersonic speeds, are repre- 
sented by the motion of rockets and space vehicles entering the dense layer of 
the atmosphere. At such speeds the surrounding gas or air not only under- 
goes a change in density but also a rise in temperature leading to various 
physico-chemical changes in it. A considerable part of the kinetic energy due 
to the flight speed is transformed into heat and chemical energy. 

All these peculiarities in the motion of a gas medium resulted in the deve- 
lopment of high-speed aerodynamics or gas dynamics as a special part of 
aerodynamics. Here we will be studying the laws of air (gas) motion at high 
subsonic and supersonic speeds and also the laws of interaction between the 
gas medium and the body moving through it at these speeds. 

Academician S.A. Chaplygin (1869-1942), one of the founders of gas 
dynamics, published the seminal work About Gas Jets in 1902. In this work 
he presented equations which form the theoretical basis of modern gas 
dynamics. These equations are known in science as "Chaplygin's equations." 

With the development of theoretical aerodynamics experimental aero- 
dynamics came into existence. Tt deals with the experimental investigation of 
the flow interaction between a body and a gas flowing around it with the help 
of various technical aids like wind tunnels and other equipment simulating 
the flow around an aircraft. 

The very first aerodynamic laboratories were built under the guidance of 
N.E. Zhukovskii (1847-1921) in Russia (at Moscow State University, the 
Moscow Higher Technical Institute and at Kuchin in the outskirts of 
Moscow). The N.E. Zlzukovskii Central Aerohydrodynamic Institute 
(TaAGI) was organized in 1918 with the help of V.I. Lenin on the initiative 
of N.E. Zhukovskii. This institute is now one of the most important centers 
in the world in the field of aerodynamics and has been named after N.E. 
Zhukovskii. 

With the development of aviation, artillery and rocket tkchniques the 
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perfection of the theoretical basis of aerodynamics altered the nature of 
aerodynamic experimental techniques. The early comparatively small, low- 
speed wind tunnels were superseded and the gigantic high-speed wind tunnel 
of TsAGI (1940), the modern hypersonic wind tunnels and the special tunnels 
with an artificially created supersonic flow of dissociating gas (namely wind 
tunnels with heated air and shock tubes, the plasmatunnel and others) came 
into being. 

The nature of the interaction between the gas medium and the body 
moving through it can be different for different conditions. The interaction at 
low speeds of motion is by nature basically of forces. With an increase in 
speed this force-interaction is associated with surface heating due to the heat 
flow from the gas to the body, giving rise to heat interaction. At very high 
speeds the aerodynamic heating becomes so intense that it may lead to the 
destruction of the material of the walls of flight vehicles as a result of melting 
or sublimation. Consequently an ablation of the material and a change in the 
nature of the wall heating take place. Aerodynamic heating also leads to a 
chemical reaction between the solid wall and the gaseous medium around it 
as a result of which there appears the same effect, ablation of the body. 

High flight speeds can be the cause of ablation of the mass. The erosion of 
the material of the wall and damage to its structures can occur as a consequence 
of the mechanical interaction of the gas medium and the moving body. 

Investigation of all types of interactions between the gas medium and 
flight vehicles allows us to carry out aerodynamic analysis in relation to the 
quantitative estimations of criteria for a given interaction, in particular, to 
determine aerodynamic forces and moments, heat transfer and mass erosion 
(known as mass ablation). The given problem in modern conditions leads 
not only to the determination of total aerodynamic quantities such as result- 
ant lift and drag forces, heat flow from dissociated gas to the surface, etc. 
but also to the estimation of distribution of aerodynamic quantities (both 
forces and heat) over the surface of the flying vehicle (e.g. normal pressure, 
frictional stress, local heat flows, local mass ablation). 

The solution of such problems requires a deeper investigation of gas 
motion than is necessary just to determine total aerodynamic interactions. 
This investigation includes determination of the gas parameters that charac- 
terize the motion at each point of the space it occupies and at every moment 
of time. 

Modern methods of investigation of the motion of a gaseous medium are 
based on a number of principles and hypotheses established in aerodynamics. 
One of them is the hypothesis of continuity of the moving gaseous medium, 
according to which the inter-molecular spaces and molecular motions may be 
neglected and continuous variation of the basic gas parameters in space and 
time may be assumed. This hypothesis is derived from the condition that the 
free path lengths of molecules and amplitudes of their vibrational motion are 
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negligibly small in comparison to the linear characteristic dimensions of flow, 
for example, wing span, diameter or length of cone, etc. 

The introduction of the hypothesis of continuity (solidity) should not 
contradict the concept of a gas medium even though it would seem that the 
medium must be incompressible in the absence of free molecular spaces. The 
postulation of a compressible continuous medium is based on the fact that 
the existence of molecular free spaces need not be taken into account in 
many investigations but the possibility of different degrees of concentration 
(density) may be assumed as a consequence of changes in these free spaces. 

In aerodynamic investigations the interaction between the gas medium 
and the body moving through it is determined on the basis of the principle 
of reversed motion. Thereby the interacting system of "stationary gas (air) 
medium and moving body" is replaced by the system of "moving gas medium 
and stationary body." In replacing one system with the other we have to 
observe the condition of the equality of the speed of the oncoming gas flow 
vis-a-vis the stationary body and the speed of this body in a stationary 
medium. This principle of reversed motion follows from the basic law of 
mechanics according to which the forces of interaction are independent of the 
circumstance which of the two interacting bodies (in this case gas and flight 
vehicle) is stationary and which in rectilinear uniform motion (law of 
relativity). 

From the practical point of view the principle of superposition is very 
helpful in calculation of the resultant aerodynamic characteristics (pressure, 
forces, heat flows, etc.). By the principle of superposition these characteris- 
tics can be resolved into their individual components. The calculation of 
each of the components requires the solution of an independent, simpler 
problem than the determination of the resultant values. In this way the total 
aerodynamic characteristics will take the form of superposed quantities, i.e. 
they will be obtained by the addition of respective components. 

The system of differential equations that forms the basis of the solution of 
flow-interaction problems in modern aerodynamics is treated separately as 
two main types of motions: one is free (external) inviscid flow and the other, 
flow in thin layers of gas, i.e. boundary layer flow where fluid motion is 
studied along with frictional effects. These divisions of flow are based on the 
hypothesis of the absence of adverse effects of the boundary layer on free 
flow. Then the parameters of the inviscid flow (i.e. at the external limit of 
the boundary layer) will be the same as those at the wall in the absence of 
this layer. 

Physical similarity conditions of flow interaction problems should be kept 
in mind when conducting aerodynamic experiments and calculations. The 
aerodynamic calculations of flying objects (rockets, airplanes) are generally 
based on preliminary investigations (theoretical and experimental) of flow 
over models. 
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Aerodynamic similarity conditions must be observed in such investiga- 
tions on models. These conditions are based on the characteristic, simple 
parameters determining the basic regimes of processes of investigation known 
as similarity parameters or criteria. The modern similarity problems and 
dimensional analysis widely used in aerodynamics are formulated in the 
fundamental work of Academician L.I. Sedov on Methods of Similarity and 
Dimensional Analysis in Mechanics. 

Aerodynamics is a many-faceted science with a typical structure. The 
basic scientific directions and sections are more or less distinctly established in 
line with the fast developing aviation and space rocket technology. They are 
connected with the aerodynamic investigation of flight vehicles, individual 
structural elements and specific types of gas flows and the processes associated 
with them. It is natural that the whole classification of aerodynamics will to 
some extent be conditional because all these directions and sections or sub- 
sections are interrelated. But still, this "branch-wise" specialization in aero- 
dynamic science is of practical relevance. 

Let us study some typical directions and sections of modern aerodyna- 
mics. Two basic directions in which modern aerodynamics is developing can 
be distinguished. The first represents the so-called aerodynamics of forces 
associated with the solution of problems that deal with the force-interaction 
of a medium. In other words this section of aerodynamics deals with the 
distribution of normal pressure and frictional stresses over the surface of 
flight apparatus and also the calculation of resultant forces and moments. 
The data so obtained are used in strength calculations for the structure of 
the bodies and individual elements and also in determination of its flight 
characteristics. The second direction includes the problems of science covering 
aerodynamics, thermodynamics and heat transfer and the flow-interaction 
with the heat effects being investigated. The heat flows from a heated gas to 
the wall are obtained and the wall temperature is determined. These data 
are necessary in strength calculations and in designing cooling systems for 
flight vehicles. In addition, the consideration of changes in the properties 
of a gas at high temperature facilitates the understanding of the quantitative 
criteria of the force-interactions of the external flow as well as of the 
boundary layer. 

All these problems are of great significance in very high-speed flight during 
which the heat processes take place fairly intensively. However, the solution 
of such problems becomes very complicated because they are related to the 
chemical processes taking place in the gas and also to the chemical inter- 
actions between the gaseous medium and the wall material. 

Keeping in mind the speed range of flight vehicles from low subsonic to 
very high supersonic flight, the science of the investigation of flow, as indi- 
cated in the preface, can be divided into the following fundamental sections: 
aerodynamics of an incompressible fluid or hydrodynamics (Mach number 
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M=O); and aerodynamics of high speeds. The latter is further subdivided 
into the aerodynamics of subsonic (M< l), nearly sonic (transonic M x l ) ,  
supersonic (M > 1) and hypersonic (MB 1) flows. It must be pointed out that 
in each of these sections the flow interaction processes have some different 
specific peculiarities. As a result the investigation of each of these flows may 
be based on different mathematical foundations. 

Aerodynamic investigations, as already mentioned, are based on the types 
of flow motions over a body-the free (external) inviscid flow and the 
boundary layer flow. The individual sections of aerodynamics deal with each 
of the types of motions. The aerodynamics of an inviscid (ideal) fluid is 
attributed to free flows and the aerodynamics of a boundary layer, to 
boundary layer flows. 

The aerodynamics of an ideal medium investigates the distribution of 
inviscid parameters of flow-interaction at the outer limit of the boundary 
layer. Consequently they are the boundary conditions for the solution of the 
differential equation in the boundary layer. Normal pressure is related to 
the inviscid parameters. The resultant forces and moments due to this 
pressure can be derived from the distribution of these parameters. The aero- 
dynamics of an ideal medium is mainly based on Euler's fundamental 
equations. 

Boundary layer science is one of the most widely developed sections 
of the science of fluid and gas motion. The solution of problems of motion 
in the boundary layer allows us to determine the distribution of tangential 
stresses and hence the total aerodynamic forces and moments due to friction. 
It also helps in estimating heat transfer from a heated gas flow around a 
surface to the wall of the body. 

Modern boundary layer theory is based on tlie fundamental investigations 
of L. Navier, D. Stokes, 0. Reynolds, L. Prandtl and T. Karman. Soviet 
scientists contributed significantly to the development of boundary layer 
theory. Academician A.A. Dorodnitsyn worked out the basic theory of a 
boundary layer in a compressible gas. Professor L.G. Loitsyanskii developed 
the effective method of calculation of the boundary layer on a curvilinear 
surface. In the aerodynamic investigations of high-speed flight it is necessary 
to consider heat processes in the boundary layer in spite of their low intensi- 
ties. Here the aerodynamics of forces is kept to the fore even though the 
heat transfer and effect of temperature on the boundary layer should be taken 
into account at high flight speeds. It is natural that much attention is being 
paid to the solution of such problems, particularly in these days. In the 
Soviet Union Professors L.Ye. Kalikhman, I.A. Kibel', V.I. Ievlyev and 
others are working out gas dynamic theory for heat transfer by investigating 
viscous flow in a boundary layer over different types of bodies at high tem- 
peratures. Similar problems are under investigation by many scientists in 
other countries. 
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Aerodynamic heating is not the only problem of flow-interactions at 
hypersonic speeds. The fact that at such speeds an ionization of gas takes 
place due to the high temperatures and the gas becomes a conductor of 
electricity raises new problems associated with the control of plasma flow by 
use of magnetic poles. In the formulation of problems of interactions 
between the moving body and the plasma the corresponding aerodynamic 
calculations must consider electromagnetic forces along with gas dynamic 
forces. These problems are studied in magnetoaerodynamics. 

A special section of aerodynamics, namely the aerodynamics of a conti- 
nuous medium, deals with the investigation of fluid and gas motion on the 
basis of the hypothesis of continuity stated earlier. However, it must be 
noted that this hypothesis is valid only for the conditions of low-altitude 
flight, i.e. in sufficiently dense layers of atmosphere where the length of the 
mean free paths of molecules of air is small. In the condition of highly rare- 
fied atmosphere at high altitudes this length of the free path of molecules 
becomes quite appreciable and air cannot be treated as a continuous medium. 
Hence the conclusions of the aerodynamics of a continuous medium will not 
remain valid under such conditions. 

The interaction between the rarefied medium and the body moving 
through it is studied in a special section of aerodynamics known as aero- 
dynamics of a rarefied medium. The rapid development of this science 
during the last few years was called for by space research with the help of 
artificial earth satellites and space rocket vehicles and rocket systems of 
different types (intercontinental ballistic missiles, global rockets and others) 
which circle the earth at very high altitudes. 

The conditions of flow-interaction and consequently the aerodynamic 
characteristics of an aircraft will vary according to the nature of the variation 
in the flow parameters at given points in space. The major class of problems 
of flow-interactions in practice can be solved within the framework of steady 
aerodynamics, assuming that the flow parameters at given points are indepen- 
dent of time. However, it becomes necessary to account for the unsteady 
nature of flow-interactions when investigating the stability of flow due to 
nonuniform flight velocity, oscillations or rotation of flight vehicles, etc. 
This is due to the fact that under such conditions the surrounding flow will be 
characterized by the local variation of its parameters with time. Study of this 
type of flow-interactions is related to unsteady aerodynamics. 

We have considered the classification of modern aerodynamics on the 
basis of types of gas flows. It is obvious that in each of the sections of aero- 
dynamics the investigation of flow-interaction leads in general to different 
shapes of aircraft or components. Hence it is interesting to consider the 
classification of modern aerodynamics according to the form of the aircraft or 
of its individual structural elements. 

The modern airplane in its aerodynamic scheme basically represents a 
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combination of the main body (fuselage), wing and stabilizer and control 
surfaces. The effects of aerodynamic interference-the aerodynamic inter- 
action between given elements of the flight vehicle-must be taken into 
account in the aerodynamic calculation of such bodies. Accordingly the result- 
ant aerodynamic characteristics of lift, drag and moment may be calculated 
as a summation of similar characteristics of isolated fuselage, wings, stabi- 
lizers and controls with corrections introduced as a result of given inter- 
actions. Thus a given scheme of aerodynamic calculations requires know- 
ledge of the aerodynamic characteristics of the individual components of the 
flight vehicle. 

The aerodynamic calculation of the lifting surface of wings occupies a 
special section in aerodynamic science known as the aerodynamics of wings. 
The great Russian engineer-scientists N.E. Zhukovskii and S.A. Chaplygin 
are considered to be the founders of the aerodynamic theory of the wing. The 
beginning of the 20th century saw N.E. Zhukovskii's discovery of the nature 
of the lift force on a wing. He invented the formula for calculating it which is 
commonly known as the Zhukovskii formula. The work of N.E. Zhukovskii 
on bound vortices representing a hydrodynamic model of the wing is consi- 
dered to be a very valuable contribution. The series of wing profiles he worked 
out (Zhukovskii profiles) is widely used in the design of airplanes. 

Academician S.A. Chaplygin is the author of several pioneer works on 
the aerodynamics of wings. In the work On Pressure Distribution over Bodies 
in Rectilinear Flow of 1910 S.A. Chaplygin laid the foundation of the theory 
of the infinite wing. In 1922 he published a scientific work, Theory of tlte 
Monoplane in which he gave the theory of a series of profiles (Chaplygin's 
profiles) and also worked out the theory of the stability of a monoplane wing. 
S.A. Chaplygin is the originator of the theory of a wing of finite span. 

The Soviet scientists, Academician A.I. Nekrasov (1 883-1954) and Corres- 
ponding Member of the Academy of Sciences of the USSR V.V. Golubev 
(1884-1954), contributed greatly to the aerodynamics of wings. A.I. Nekrasov 
worked out basic wing theory in an unsteady flow. V.V. Golubev invented 
various kinds of high lift devices for a wing, methods of controlling the 
boundary layer and flow-interaction of small-aspect ratio wings. 

In his work Interaction of Bodies and Gas at High Subsonic Speeds, Acade- 
mician S.A. Khristianovich developed an original and very effective method 
of accounting for compressibility effects in the interaction of profiles of arbit- 
rary shapes. 

Abroad, Professor L. Prandtl (Germany) and G. Glauert (England), who 
also contributed to the approximate theory of thin airfoils in a subsonic flow 
at small angles of attack, worked on the problems of compressibility effects 
on the flow-interaction of wings. The results they obtained can be treated as 
particular cases of the general theory of flow-interaction worked out by S.A. 
Khristianovich. 
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The theory of thin wings of various plans in a supersonic flow was 
developed in the works of Professors Ye.A. Krasil'shchikova and S.V. 
Fal'kovich. 

The results of aerodynamic research on wings are applied to the calcula- 
tion of the aerodynamic characteristics of the stabilizer and also of some 
control surfaces having plans similar to those of wings. The specific peculiari- 
ties of flow-interactions of various types of aerodynamic controls and the 
presence of other types of components for controls led to the growth of a 
special section in modern aerodynamics known as the aerodynamics of com- 
ponents of control surfaces. 

Modern flight vehicles of the rocket type in many cases have the form of 
rotating bodies or something like them. The combined rocket system of 
fuselage-wing-stabilizer has a fuselage (rotating body) as the basic component 
of the aerodynamic system. As a result the aerodynamics of conical shapes 
(rotating bodies) in recent years underwent very rapid development as one of 
the important parts of modern aerodynamic science. 

Soviet scientists Professors F.I. Frankly and E.I. Karpovich, authors of an 
interesting scientific work, Gas Dynamics of Thin Bodies, contributed greatly 
to the development of the aerodynamics of rotating bodies. A group of 
scientific workers (K.I. Babenko, G.P. Voskresenskii and others) of the 
Mathematical Institute of the Academy of Sciences, USSR, worked out the 
method of three-dimensional supersonic flow past sharp bodies, particularly 
when chemical reactions are taken into account in the flow field surrounding 
the body. Aerodynamic specialists abroad-D. Taylor (England) and 2. Kopal 
(USA)-found the solution of a very important problem in a supersonic flow 
past a sharp cone. 

The rapid development of modern mathematics and number techniques in 
the direction of perfecting the methods of aerodynamic investigations faci- 
litates the solution of many difficult problems of aerodynamics including the 
problems of aerodynamic interference and corresponding corrections to the 
aerodynamic characteristics of flight vehicles. The special section of aero- 
dynamic science called the aerodynamics of interference has developed 
rapidly in recent years. 

At low supersonic flight speeds aerodynamic heating is comparatively low 
and cannot cause damage to flight vehicle structures. The basic problem here 
relates to the selection of the technique of cooling which maintains the 
required temperature of the wall surface. More complicated problems arise at 
very high flight velocities of bodies having high kinetic energy. For example, 
if the flight vehicle has cosmic speed the conversion of even 25 to 30% of 
this energy into heat is enough to evaporate the vehicle completely. The main 
problem that arises in the safe launching of space vehicles in dense layers of 
the atmosphere is the dissipation of this energy so that the minimum amount 
is absorbed by the body in the form of heat. It was found that bodies with a 



blunt nose have such properties. This brought about the development of 
aerodynamic research on blunt bodies. 

The Soviet scientists, Academician A.A. Dorodnitsyn, Corresponding 
Member of the Academy of Sciences, USSR, G.G. Chernii, Professor O.M. 
Belotserkovskii and others greatly contributed to the study of the problems 
of the aerodynamics of blunt bodies. Similar investigations were carried out 
by M. Lighthill (England), P. Garabedyan (USA) and other scientists abroad. 

The provision of a blunt nose to the body surface can always be treated as 
an aid in the heat protection of a flight vehicle. In this process the blunt nose 
itself undergoes the most intensive heat interaction. Therefore this part 
needs more heat protection than the peripheral part of the apparatus. The 
most effective heat protection may be obtained by the use of various sheaths 
of a material that gradually erodes at such temperatures and is carried away 
bit by bit. In this process a considerable part of the energy imparted to the 
flight vehicle by the heated air is absorbed. The analysis of theoretical and 
practical methods for calculating the separated mass (ablation) is related to 
the modern section of aerodynamic science called aerodynamics of the abla- 
tion of surfaces. 

The wide range of problems of aerodynamics deals in general with the 
determination of the flow-interaction of the medium with flight vehicles of 
arbitrary shapes. The forms of flight vehicle surfaces can be selected with the 
particular aim of fulfilling this or that aerodynamic effect. The form of blunt 
bodies minimizes the heat transfer to the rest of the body. Consequently the 
blunt surface is taken to be the optimum from the heat exchange point of 
view. In designing flight vehicles the problem arises of the selection of shapes 
producing the least interaction of forces. One such problem is specifically 
related to the determination of the form of the nose of the flight vehicle that 
offers least drag at  given flight speeds. Similar types of problems are studied 
in the section of aerodynamics known as aerodynamics of optimum shapes. 

Such are the contents, basic problems and corresponding classification of 
modern aerodynamics. 
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1. Force-Interaction of the Medium on a Moving Body 

1.1 Surface force 
Let us examine the force-interaction of the medium on a body moving in 

it, assuming that the medium is a viscous gas (real fluid) and fairly dense. 
The gas is then taken as a continuous medium, i.e. there is no empty space 
between gas molecules. The force-interaction of such a fluid leads to a 
continuous distribution of forces Fn, due to normal stress, and also to the 
distribution of forces FT as a result of tangential stresses (Fig. 1.1.1). The 
resultant force, known as the surface force, acts on the elemental surface dS 
that we are considering. The vector of this force is determined by the rule 
of addition of two vectors: F=?in+FT. Here the force E, also includes the 
additional component derived from frictional force along with the force due 
to normal pressure. .*, 

Undisturbed flow direction 

Ag. 1.1.1 .- Forces acting on element of surface of moving body, 

In the case of an ideal fluid it is assumed that viscous forces are absent 
and that the force-interaction on the surface of a body produces only the 
forces that arise from normal pressure. This is quite clear, since the projec- 
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tion of a force on this-surface exists if the force vector is inclined to the 
normal at a point on the elemental surface, i.e. a shear stress exists which is 
however absent in an ideal fluid. 

The force-interaction will be the same if a uniform fluid flow over a steady 
body with the velocity at an infinite distance from the body is equal to the 
velocity of the body in the above case. The velocity is moreover called the velo- 
city at  infinity or velocity of oncoming (undisturbed) flow and is represented 
by the vector - r, in place of V (velocity vector of the flight). It is obvious - - 
that V= - V,. 

The oncoming flow is characterized by the undisturbed parameters- 
pressure p,, density p,, temperature T, in place of the corresponding para- 
meters p, p, T of the disturbed flow that exists during the interaction of the 
body (Fig. 1.1.2). The physical properties of a gas (air) are also characterized 
by the kinetic parameters: coefficient of viscosity p and coefficient of thermal 
conductivity A (the corresponding undisturbed parameters will be p, and A,), 
and also by the thermodynamic parameters: specific heats at constant pressure 
c, (c,,) and at constant volume cv (c,,) and the ratio of specific heats 
(index of isentropic flow) k = c,/c, (k, = c,,/c,,). 

Fig. 1.1.2. Notation of parameters of disturbed and undisturbed flows. 

1.2 Properties of pressure in an ideal fluid 
Let us examine the properties of pressure in an ideal fluid. Let us first 

write down the equations of motion of the elementary tetroid MlMoM2M3 
of a fluid of sides Ax, Ay, Az along the x, y, z axes respectively (Fig. 1.1.3) by 
equating the product of the elemental mass and its acceleration to the sum- 
mation of forces acting on it. These equations can be written down in terms 
of the components of forces along the axes of coordinates. Let .us restrict 
ourselves to the formulation of these equations of motion of a tetroid along 
the x axis, assuming that the other two components will have similar forms. 
The product of the elemental mass and its acceleration along the x axis is 
equal to 

pavA W (dVx/dt), 
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where pa, is the average density of fluid in the elementary volume A W; dVx/dt 
is the component of acceleration of motion of this mass along the x axis. 

The forces acting on the mass of M2 
fluid are determined in the following y 
way: As already mentioned, these forces 
consist of so-called surface forces. In a 
given case they are determined by the 
action of normal pressure on the sides 
of an elementary fluid mass with pro- 
jection on the x axis being equal to 0 

X X 
A z pxASx -pnASn cos (nx). 

The force, acting On the Fig. 1.1.3. Normal stresses acting on 
separated elementary volume of fluid, sides of elemental fluid particle in form 
is volume (or mass) force which is pro- of tetroid. 

portional to the mass of fluid particles 
in this volume. The universal gravitational forces and, in particular, centri- 
fugal forces are examples of volume forces. The mass force acting on an 
electrified (ionized) gas in an electromagnetic field is also an example of 
volume forces due to electromagnetic action. Here the motion of gas under 
such forces will not be studied (see special course in magneto-hydrodynamics). 

For the case in question the component of mass force along the x axis can 
be expressed by XpaVA W with X as the component of volume force per unit 
mass. Considering these values of components of surface and volume forces, 
the equation of motion will be 

dVx A 
~ a v A  W T= XpavAW+pxASx-pnASn cos (nx), 

where X is the x-component of volume forces per unit mass; ASx  and AS,, are 
A 

the corresponding values of areas MoM2M3 and M I M ~ M ~ ;  cos (nx) is the 
cosine of the angle between the normal n to surface M I M z M ~  and the x axis; 
px, p, are normal pressures acting on the surfaces MoM2M3 and M ~ M z M ~  
respectively. 

Divide the equation so obtained by ASx and, keeping in mind that ASx= 
A 

AS, cos (nx), take the limits of Ax, Ay, Az tending to zero. Then terms con- 
taining AW/ASx will also tend to zero as A W will have a small value of the 
third order and ASx is a small quantity of the second order in compari- 
son of the sides of the elements. As a result (p,-p,)=O and consequently 
px =pn. 

Study of the equations of motion along they and z axes gives,p,=p, and 
p z  =PI,. 
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As elementary volume is arbitrarily oriented the following conclusion can 
be drawn from the results so obtained: the pressure at any point in the ideal 
fluid flow is the same on all the surfaces passing through that point. Conse- 
quently, it can be considered as a scalar quantity which depends only on the 
coordinates of the point and time. 

1.3 Effect of viscosity on fluid motion 
Laminar and turbulent motion: Observations show that a viscous fluid is 

characterized by two types of motion. The first, laminar or layer-wise motion, 
is characterized by orderly positioned streams that do not intermix. In a 
laminar flow the transfer of momentum, heat and fluid particles takes place by 
processes of friction, heat conduction and diffusion of molecules. Such 
motion is found and is usually steady at small velocities of fluid flow. 

If the magnitude of the velocities of fluid flow exceeds its critical value at 
given conditions of interaction of the surface, the laminar motion does not 
remain steady and becomes a new type of motion characterized by movement 
of fluid particles from one layer to another. As a result the orderly layer-wise 
flow vanishes. This type of flow is called a turbulent flow. In a turbulent flow 
the mixing of microscopic particles is superposed on the molecular orderly 
motion which is typical of a laminar flow. This flow has an unsteady character 
because the velocity and other parameters at a given point depend on time. 

In analyzing turbulent flow it is convenient not to deal with instantaneous 
velocity but with its average value for some interval of time (tz). For example, 

t13-t, 
the component of velocity along the x axis will be K=(l/tz) J V' dt, where 

t 1 
Vx is a component of instantaneous velocity at a given point as a function of 
time t. In the same way, the components Fy and I, along axes y and z can 
be written down. Taking the usual meaning of average velocity, the instanta- 
neous velocity can be expressed in the form V, = V, 3- Vi, where V; is an ad- 
ditional variable component of velocity known as fluctuating velocity. The 
perturbation components of velocity along the y and z axes are denoted by 
V; and V; respectively. 

The fluctuating component of velocity can be measured by positioning a 
measuring instrument with small inertia (for example, a thermoanemometer 
has such properties) at a required point in the flow. The instrument indicates 
deviation of velocity from the average velocity (i.e. it indicates perturbation 
velocity) in a turbulent flow. 

The kinetic energy of the turbulent flow can be determined by summation 
of kinetic energies, calculated for average and fluctuating velocities. Kinetic 
energy of the pulsating flow at a point being considered can be obtained as the 
value proportional to the mean square ofthe perturbation velocity. If the pul- 
sating flow is resolved into components along the axes of co,ordinates the 
kinetic energies of each of the components of such a flow will be proportional 
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to the respective mean square of the fluctuating components designated by --- 
AVi2, AV;, AVi2, which may be determined by 

If the equality 

is satisfied at a point being considered the turbulence is called isotropic at that 
point. If this condition is fulfilled at all points it is called a homogenous 
isotropic turbulent flow. 

The meaning of average and perturbation values can be extended to pres- 
sure and other physical variables. The existence of the perturbing velocities 
leads to additional normal and shear stresses and to more intensive heat and 
mass transfer. 

Frictional stress: Let us examine the formula for frictional force in a 
laminar flow. In such case the friction appears as a result of diffusion of 
molecules associated with the transfer of momentum from one layer to another 
that results in variation of flow velocity, i.e. it leads to the appearance of 
relative motion of particles of gas in layers. The frictional force, according to 
the hypothesis first put forward by Newton, is proportional to the value of 
the variation of the velocity between the mixing particles situated in layers 
which are unit distance apart from each other. If the distance between the 
layers is An and the relative velocity of particles Av, the ratio AvlAn in the 
limit An+O, for adjacent layers, is equal to the derivatjve avian, known as 
normal velocity gradient. On the basis of the above hypothesis Newton's 
formula for frictional stress can be written as 

7 = p (a vlan), (1.1.1) 

where p is the coefficient of proportionality depending on the properties of 
the fluid, its temperature and pressure. It is also known as the coefficient of 
dynamic viscosity. 

The value of this coefficient for gas, by the kinetic theory formula, at a 
given density p is 

and depends on the kinetic properties of gas, like mean free path I and average 
velocity of motion of molecule c. This value of p is also called the coefficient 
of kinetic viscosity. 

Consider friction in a turbulent flow. Take the simplified model for the 
presence of additional frictional force in a turbulent regime suggested by 
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Prandtl for an incompressible medium and the semiempirical relations 
introduced for it. Now take two layers in a uniform flow characterized by 
variation of mean velocity only in one direction. Further assume that in one 
of the layers the velocity V,#O and G= F,= 0 .  Then for an adjacent layer 
situated at a distance Ay = 1' the mean velocity is equal to V x + ( d E / d y )  1'. 
The particle moving from the first layer to the second, by Prandtl's hypothesis, 
maintains its velocity V,. Consequently at the time of appearance of this 
particle in the second layer the pulsating velocity component will be v:= 
(dvx/dy)  1'. 

It has been found experimentally that away from a solid surface a fluid 
has properties of isotropic turbulence. So by Prandtl's hypothesis it can be 
assumed that the absolute value of component V; is proportional to the ab- 
solute value of v:: 

V ;  =aV;= al'(dTi,/dy), 

where a is some constant of proportionality. 
The absolute value of momentum due to motion of fluid mass p ~ ; d S  

through elementary area dS will be equal to p ~ ;  (E + v:) dS. This momen- 
tum determines the additional force due to stress created by the perturbation 
components of velocities. From this the absolute value of shear stress is 

I ZT I=pv;(Vx+ v;) .  

Taking the mean value of this expression we get 

where V: V i  is the mean value of the product of perturbation velocities 
and 7; is the average value of perturbation velocity. It can be shown that the 
last one is equal to zero. Integrating the derived quantity Vy = + V ;  with 
respect to t  in the interval from t~  to ( t l +  tz) and then dividing it by 52, we 
get 

t l +  t 2  

But FY=(l/t2) 1 VY& by definition. Therefore it is obvious that 
I1 

-, 
tl + t z  

vy = ( I  /t2) V; dl = 0 .  Then the mean value of frictional stress 
t l  
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where coefficient of proportionality a is absorbed in the average value of I' 
and denoted by I. The magnitude of I is called mixing path length and is, in 
its own way, an analog of the length of the mean free path of molecules in the 
kinetic theory of gases. The sign of frictional stress is determined by the sign 
of velocity gradient; consequently 

ZT = p12 I dpx/dy I (dFx/dy). (1.1.3') 

The complete value of frictional stress can be obtained by direct addition 
of the frictional stresses ZT due to viscosity and due to interchange of molecu- 
les, i.e. where the value ~ b =  p (dK/dy) is added to the value of ZT which is ob- 
tained from the energy loss of particles in their collision and irregular mixing. 
Thus 

z = t b + ~ ~ = p  (d~x/dy)+p12 1 dvx/dy I (dpx/dy). (1.1.4) 
I' 

The investigations conducted by Prandtl showed that the path length of 
intermixing I=rcy, where rc is some constant value. Consequently near the 
wall - 

Z ~ = O = Z ~ =  I p (dvx ldy) I Y=O . (1 -1.5) 

From experimental data it follows that turbulent flow cannot occur in 
the direct vicinity of a wall, where a very small rate of mixing occurs. Here 
the flow remains laminar and for that relation (1.1.5) is valid. Under these 
conditions the stress ~b is very small and hence it can be assumed that the 
frictional stress is determined by (1.1.3'). 

Concept of boundary layer: From equations (1.1. I), (1.1.3) it follows that 
the frictional stress in the different parts of a fluid is not the same for one 
and the same medium-interacting body and it is determined by the value of 
the local velocity gradient. 

Investigations have proved that the velocity gradient has its highest value 
near a wall because the viscous medium undergoes stagnation due to adhesion 
to the surface of the body under interaction. The flow velocity changes from 
zero at the wall (Fig. 1.1.4) and gradually increases with the increase in the 
distance from the surface. The frictional stress changes accordingly, i.e. near 
the wall it is significantly higher than away from the surface. The thin layer of 
fluid over a surface, characterized by high velocity gradients along normals to 
the surface and consequently by significantly high frictional stresses, is called 
the boundary layer. The physical representation of the boundary layer can be 
understood by covering the surface of a body with colored material soluble in 
fluid. It is obvious that the paint will diffuse in a layer of fluid and simulta- 
neously will be carried away downstream along with the flow. This colored 



zone will represent in itself a layer with gradually increasing thickness along 
the flow direction. This colored zone of fluid approximately coincides with 
the boundary layer. I t  breaks away from the surface in the form of a colored 
eddy stream (or aerodynamic wake, see Fig. 1.1.4). It is known that with an 
increase in flow velocity the thickness of the layer diminishes and the wake 
becomes narrower. 

The nature of velocity distribution across the section of the boundary 
layer depends on whether it is laminar or turbulent. The above-mentioned 
distribution of velocity or its mean values with respect to time seems more 
uniform for a turbulent flow than for a laminar flow (see Fig. 1.1.4) as a 
result of the cross flow of particles and their collisions. From the distribution 
of velocities in a flow field near the surface of the body it is found that higher 
frictional stress exists in a turbulent boundary layer which is usually governed 
by the increased value of velocity gradients. 

Laminar layer Turbulent layer 

Fig. 1.1.4. Scheme of interaction of body and viscous fluid flow: 
a-general flow pattern: 1-turbulent core; 2-laminar sublayer; 3-boundary 
layer; 4-surface in flow; 5-slip stream (wake); 6-free flow; b-velocity 

profile in boundary layer. 

There exists a region of flow within the boundary layer where velocity 
gradients and hence frictional forces are small. This part of the flow is called 
the external free flow. This type of flow is also called inviscid. The velocity 
across the thickness of the boundary layer varies from zero at the wall to a 
value equal to that in the external free flow. 

Fluctuating flows, as mentioned earlier, are prevented near the wall and 
this helps to reduce the fluctuating velocity components. Therefore part of the 
boundary layer is always laminar. This thin section of boundary layer is call- 
ed the laminar sublayer. The basic part of the boundary layer outside the 
laminar sublayer can be either laminar or turbulent depending on the intensity 
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of cross flows in the boundary layer. Thus study of motion in the region of a 
turbulent boundary layer, called the turbulent core (see Fig. 1.1.4), is at the 
same time connected with the investigation of fluid flow in the laminar 
sublayer. 

The variation in speed across the section 
of the boundary layer is characterized by the 
fact that after gradually increasing with the 
distance from the wall it asymptotically 
approaches the value of the velocity of the 
external flow. V, 

However, for all practical purposes it is 
convenient to separate the part of the boun- 
dary layer where changes in velocity take 
place quite fast from the upper boundary x 
where the velocity differs negligibly from its 
value in the outer free flow. The distance Fig. 1.1.5. Boundary layer scheme: 
from the wall to this boundary limit is termed I-wall; a-outer limit of layer. 
the boundary layer thickness 6 (Fig. 1.1.5). 
Usually this thickness determines the point in the boundary layer section 
where the velocity differs from its value in the outer flow by about one 
per cent. 

The introduction of the concept of the boundary layer made it easier to 
investigate friction and heat transfer because its smaller thickness compared 
to the size of the body allows us to simplify the differential equations of the 
fluid flow and hence makes their integration easier. 

2. Resultant Force-Interaction 

Components of aerodynamic forces and moments: The forces due to normal 
and shear stresses are continuously distributed over the surface of a body in a 
fluid flow. They can be expressed by one main vector Fof  aerodynamic forces 
and vector 3 of moment due to these forces about some reference point (Fig. 
1.2.1). This point may be an arbitrary point on the body, for example its 
center of gravity, the nose of a rocket cone, a point on the leading edge of a 
wing, etc. 

In practice we do not deal with vectors Fand @but with their projections 
on the axes of some system of coordinates. Let us consider two popular 
systems of coordinates in aerodynamics, nameIy the velocity and the fixed 
systems of coordinates (see Fig. 1.2.1). In the velocity system of coordinates 
the longitudinal axis Ox is always directed along the velocity vector of motion 
of the center of gravity of the apparatus; the vertical axis Oy lies in the plane of 
symmetry and directed upward (positive direction) and the axis Oz along the 
span of the right wing (right system of coordinates). For reversed motion the 
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longitudinal axis coincides with the flow direction and the axis Oz points 
along the span of the left wing so that the right system of coordinates is main- 
tained. In this case the velocity system of coordinates is also called the flow 
system of coordinates. 

In the fixed system of coordinates, rigidly connected with the flight vehicle,, 
the axis 0x1 is directed along the principal axis of inertia, the vertical axis 
Oyl lies in the plane of symmetry and the horizontal axis Ozl is directed 
along the span of the right wing and forms the right system of coordinates. 
The positive direction of axis Oxl from tail to nose corresponds to the case 
of the positive direction of motion of the vehicle (see Fig. 1.2.1). In both 
systems of coordinates-the velocity (flow) and the fixed-the origin of a 
system coincides with the center of gravity of the flight vehicle. 

Fig. 1.2.1. System of aerodynamic forces and moments acting on aircraft 
in velocity system (x,  y, z) and fixed system (xl, y1, zl)  of coordinates. 

The projections of vector on the axes x, y, z in the velocity system of 
coordinates are known as the drag force X, side force Z and lift Y. The cor- 
responding projections of the same vector on axes XI, yl, zl of the fixed system 
of coordinates are called the axial force (XI or R), the side force Z1 and the 
normal force (YI or N). 

The projections of vector M i n  both systems of coordinates carry the same 
names. The component of 2 about the longitudinal axis is called rolling 
moment (the corresponding symbols in the velocity and fixed systems of co- 
ordinates are Mx and Mx, respectively), the component about the vertical 
axis is called yawing moment (My, My,) and the component about the lateral 
axis is called pitching moment (MZ, Mz,). 
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The vectors of aerodynamic forces and moments in the velocity and fixed 
systems of coordinates are then: 

respectively, where i, j, k and il, jl, kt are unit vectors along axes correspond- 
ing to the velocity and 5xed systems of coordinates. The positive moment 
about an axis is considered to be the moment which tends to rotate the flight 
vehicle in a clockwise direction (if the observations are made from the origin 
of a moment vector). With the accepted systems of coordinates in Fig. 1.2.1 
positive pitching moment, for example, increases the angle of attack and 
negative moment reduces it. 

The magnitude and direction of action of the forces and moments depend 
on the orientation of the body with respect to the velocity vector F ( o r  if the 
reverse motion is considered it is relative to the direction of oncoming flow 
%) at given flight speed and altitude. This orientation of the body is de- 
termined by an angle of attack a-an angle between the axis 0x1 and the pro- 
jection of vector 7 in plane xlOyl-and by an angle of side slip p-an 
angle between vector Fand the plane xlOyl. 

Transformation of the aerodynamic forces and moments from one system of 
coordinates to the other: Knowing the angles a and p it is possible to transform, 
with the help of concepts of analytical geometry, the components of force and 
moment in one system of coordinates to the corresponding components in the 
other system of coordinates. The components of aerodynamic forces and 
moments in the fixed system of coordinates, for example, can be changed to 
the drag and rolling moment in the velocity system of coordinates by the 
formulas: 

A A A 
X= X1 cos (xlx) + Yl cos Qlx) +Z1 cos (ax); (1.2.3) 

A A A 
Mx= Mx, cos (xlx) +MY, cos (ylx) + Mz,  cos (zlx), (1.2.3') 

A A A 
where cos (xlx), cos (ylx), cos (zlx) are cosines of angles between the axis Ox 
and the axes 0x1, Oyl, Ozl, respectively. 

TABLE 1.2.1 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 

Velocity system 
Fixed system _ _ _ _ _ _ _ _ _ _ _ - _ _ _ - _ - - - - - - - - - - - - -  

ox OY 0 2  

0 x 1  cos a cos B sin a 
OYI -sin a cos B cos a 
OZI sin /? 0 

-cos a sin B 
sin a sin /3 
cos f3' 
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Similar expressions can be written for the other components of the force 
and moment vectors. The values of sines and cosines used for the transforma- 
tion of forces and moments from one system of coordinates to the other are 
shown in Table 1.2.1. 

Using the necessary quantities from Table 1.2.1 in formulas (1.2.3) and 
(1.2.3') we get 

X=X1 cosacos/3-Ylsinacosp+Zl sinp; (1.2.4) 

Mx= Mxl cos a cos p -My, sin a cos P + Mzl sin P. (1 -2.4') 

For example, in the case of motion of the flight vehicle shown in Fig. 1.2.1, 
equation (1.2.4) gives 

-X= -XI cosacosp- YI s i n a c o s p + Z ~  sinp. 

Similarly the forces and moments can be transformed from the velocity 
system to the fixed system of coordinates. For example, the data from Table 
1.2.1 lead to the following formulas for longitudinal force and rolling 
moment: 

Xl=Xcosacos p+ Ysina-Zcosasinp; (1.2.5) 

Mxl=Mx cosacosp+M, sina-Mzcosa sinp. (1 -2.5') 

3. Determination of Aerodynamic Forces and Moments 
from a Given Distribution of Normal Pressure and Shear 
Stress. Concept of Aerodynamic Coefficients 

Aerodynamic forces, moments and their coefficients: Let us examine the 
following problems: Assume that the distribution of the normal pressurep and 
the tangential stress z are known on the surface of a body in a flow at a given 
angle of attack and sideslip under given conditions of undisturbed flow para- 
meters (velocity V,, static pressurep,, density p, and temperature T,). It is 
required to find the resultant values of the aerodynamic forces and moments. 

The normal force ( p  -p,) dS and the tangential force zdS due to differen- 
tial pressure and tangential stresses respectively act on an isolated elementary 
area dS of the body surface. The summation of the projections of these forces 
on the x axis in the velocity system of coordinates is given by 

A A 

[( P -P,) cos ( E x )  + z cos (EX)] dd~. 
The other two projections of these forces on y and z axes can be obtained 

similarly by appropriate changes in cosines. To get the resultant of the forces 
it is necessary to integrate (1.3.1) over the complete surface S. Introducing 
terminology for the pressure coefficient p = ( p  -p,)/q, and the local friction 
coefficient cfx= z/qw in the above relations, where q, = p,V2,/2 is the velocity 
head, we get the following expressions for drag, lift and side forces: 



I A A dS. 
x=:q,s0 [Fcos (F~x)+c~cos(Ex) I -  

So' 
( S )  

I A * dS z =qm so [p cos (F,z) + c fx cos (F7z)] -. (1.3.4) 
S o  

(S )  

The characteristic area So in the above formulas may be replaced by any 
given surface like the wing plan area, the maximum cross sectional area of the 
body, etc. The integrals in (1.3.2) to (1.3.4) are nondimensional quantities 
comprising the effects of types of interaction of a body of a given geometrical 
form and the distribution of nondimensional pressure coefficients and 
friction coefficients of aerodynamic forces. 

In formula (1.3.2) for the drag force X the nondimensional quantity is 
usually denoted by cx. It is called an aerodynamic coefficient of drag. In the 
remaining two formulas the corresponding notations for nondimensional 
quantities c, and c, are introduced: the first is the coefficient of lift and the 
second the coefficient of side force. Thus 

X=cxq,S0, Y=cyq,S0, Z=czqooS0. (1.3.5) 

The general relations for moments can be obtained in a similar way. For 
example, consider relations for rolling moment Mx. Obviously the elementary 
moment dMx is determined by summing all the moments about the x axis 
arising out of the forces acting on the elementary surface area dS in a direction 
perpendicular to the x axis. If the coordinates of an elementary surface area 
dS are y and z from the x axis then the elementary moment will be 

Integrating this expression over surface S and introducing the nondimen- 
sional parameter . 

where L is some characteristic length, we get the formula for total rolling 
moment, 

Mn=:inx qm Sd. (1.3.7) 

The parameter mx is called the aerodynamic coefficient moment. 
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Similarly the formulas for the other components of moment: 

My =my 9, SOL, Mz =mz 9, SOL. (1.3.8) 

The nondimensional parameters my and m, are called the coefficients of 
pitching and yawing moments respectively. 

The corresponding aerodynamic coefficients of forces and moments can 
also be introduced in the fixed system of coordinates. With the help of these 
coefficients the forces and moments may be expressed in the following way: 

XI = R =ex, q- So = CR q, So, MXI = mxl q, SOL; 7 
YI = N= cyl q, So = CN q, So, Myl =my, q, SOL; 

I 

t (1.3.9) 
21 = czl goo So, Mzl =mzl goo SL. 

The quantities cx1 (cR), cyl (cN), c,, are called the corresponding coeffi- 
cients of axial (longitudinal), normal and cross forces and the parameters mx,, 
my,, m,,, are the coefficients of rolling, pitching and yawing moments. 
In some cases the above coefficients of moments in the fixed system of co- 
ordinates may be represented by 

Typical geometrical dimensions: The absolute values of the aerodynamic 
coefficients, though they happen to be arbitrary to some extent, depend on 
the choice of the characteristic geometrical dimensions So and L. However, 
for the sake of convenience in practical calculations the characteristic geo- 
metrical sizes are fixed on in advance in some form or other. Usually in 
rocket technology the area of maximum cross section of cone S,=S,,, and 
the length of rocket L are taken as the characteristic area and characteristic 
length respectively. 

For the aerodynamic calculations of an airplane system it is customary to 
use So=Sw, the wing plan area, and the wing span I (or the chord b) as the 
characteristic area and characteristic length respectively. The line joining the 
two farthest points of the wing profile is called the chord of the wing. For 
rectangular wing plan forms the chord is equal to the width of the wing. Usu- 
ally in practice we find wings with variable chord distribution along the span. 
For such wings usually the mean geometric chord b = bav or the mean aerody- 
namic chord b = b,, are chosen as the characteristic length, where bav = S,"/1 
and b,, is the chord of the equivalent rectangular wing with the same area 
and aerodynamic characteristics. 

In calculating the forces and moments from the known aerodynamic 
coefficients one must confine oneself to the geometrical lengths from which 
these coefficients were derived. If it is desired to carry out calculations on 
the basis of other geometrical parameters one has to recalculate in advance 
all the aerodynamic coefficients on the basis of the respective,new geomet- 
rical parameters. 



The condition of constant values of forces and moments acting on one 
and the same flight vehicle, while using different geometrical lengths, leads to 
the relations clSr =czSz (for force coefficients) and mlS1L1 =m&Lz (for 
moment coefficients). Here cl, cz and ml, mz are the force and moment coeffi- 
cients respectively for two different geometrical parameters SI, LI and SZ, Lz. 
The respective coefficients c2 and m2 recalculated for the new characteristic 
parameters S2 and LZ can therefore be found, since 

where the earlier dimensions S1, L1 and the aerodynamic coefficients cl, rnl 
and also the new dimensions S2, L2 are supposed to be known quantities. 

Drag polar of an aircraft: Let us examine the so-called drag polar of a 
flight vehicle as a practical example of use of the aerodynamic coefficients. 
It relates lift force to drag or the lift coefficient to the drag coefficients in the 
velocity system of coordinates. This curve, known as the drag polar of the 
first type (Fig. 1.3.1, c), represents the geometrical position of the vectors 
of total aerodynamic force acting on a flight vehicle at various angles of 
attack (or the vector coefficient CF for this force obtained from the relation 
CF = F/Soqm). 

Fig. 1.3.1. Construction of drag polar of first type for flight apparatus: 

a-graph of function c,=c,(a); b-graph of function c,=c,(a); c-drag polar of first type. 

The drag polar of the first type can be constructed from the graphs cx= 
c,(a) and c, = c,(a) in such a way that the values of the drag and lift coefficients 
c, and c, are plotted along abscissa and ordinate respectively. Thus each 
point of this curve corresponds to a particular value of the angle of attack as 
a parameter of the drag polar. Therefore the indication of angles of attack 
is shown on the curve c,= f(c,). 

The drag polar of the first type is convenient in practice as it easily de- 
termines, for any angle of attack, an important characteristic of the aerody- 
namic eficiencv factor. 



If the scales for c,(Y) and c,(X) are the same K is equal to the tangent of 
the angle of inclination between the abscissa and the vector drawn from the 
origin of the coordinates to the point on the drag polar diagram correspond- 
ing to the given angle of attack. 

From the drag polar it is possible to determine the optimum angle of 
attack aopt for the maximum value of the Y/X ratio 

if the tangent is drawn from the origin to the drag polar curve. 
The point c, ,, on a drag polar curve indicates the maximum lift that 

can be achieved at critical angle of attack acr. 
It is possible to find the point on the drag polar curve showing minimum 

drag coefficient c, mi, and the respective values of angle of attack and lift 
coefficient. 

The drag polar is symmetrical about abscissa if the flight vehicle is sym- 
metrical about the horizontal axis. For such a flight vehicle the value of c, d, 
occurs at zero lift c, = 0. 

The drag polar of the second type is also used in place of the above. 
This drag polar is connected with the fixed system of coordinates. The coeffi- 
cients of axial force c~ and of normal force CAT are plotted along the abscissa 
and ordinates of this drag polar respectively (Fig. 1.3.2). This curve is used, 
in particular, in strength calculations for flight vehicles. 

Theoretical and experimental investigations show 
that in most cases the aerodynamic coefficients for 
the given body shape and angle of attack depend on 
such nondimensional parameters as the Mach number 
M,= V,/a, & Reynolds number Re,= V,Lp,/p,. 
Here a, is the speed of sound in an undisturbed 
flow; p, and p, are the corresponding density and 
coefficient of dynamic viscosity of gas; L is the length 
of the body. Therefore many drag polar curves exist 

x,) for each flight vehicle. For example, it is possible to 
draw a family of curves for the given Reynolds num- 

Fig. l v 3 e 2 .  Drag polar of ber RL. Each one of these curves corresponds to its 
second type. own value of velocity Mw. The curves on Figs. 1.3.1 

and 1.3.2 correspond to the fixed value of Re, and determine the relation of 
c, and cx in a case where flight takes place at low speeds (of the order of 100 
m/sec) at which the aerodynamic coefficients are independent of M,. 

Center of pressure and aerodynamic center: The point of action of the 
resultant of distributed aerodynamic forces is called the center pf pressure of 
the aircraft. It represents some conditional point because the interaction of 



a fluid medium in reality does not lead to a concentrated force but to forces 
distributed over the surface of a moving body. Usually it is understood that 
this conditional point lies on one of the main axes of the body, for example 
the longitudinal axis of the aircraft passing through its c.g., the axis of 
symmetry of the rotating body or chord of the wing profile. 

The position of the center of pressure is usually determined by the coordi- 
nate x,., measured from the nose of the body in a fluid flow. -1f the moment 
M, about this point and the normal force N  (Fig. 1.3.3, a) are known the 
coordinate of the center of pressure is given as 

If the moment M ,  tending to decrease the angle of attack is considered 
negative (see Fig. 1.3.3, a) the coordinate x,., is positive. Keeping in mind that 

M, = m, q, Sob and N =  CN qoo So, 

we have 
Xcep= -mzb/cN, 

and hence 

xc.p/b = CC., = - inZ/cN. 

The ilondimensional value of x,.,, determined as the ratio of the distance 
of the center of pressure from the nose to the characteristic length of body 
(in this case, to the wing chord b), is called the coefficient of the center of 
pressure. At low angles of attack when the coefficients of lift and normal 
force are approximately equal (C+CN) we get 

CC., = - mZ/cy. (1.3.12) 

~ i g .  1.3.3. Determination of center of pressure (a) and aerodynamic center (6). 

The center of pressure, as seen from Fig. 1.3.4, changes its position with 
the change in angle of attack. This effect is significant at low aniles of attack. 
In such conditions the coefficient c,., of a cambered profile increases consi- 
derably with a decrease in a and becomes infinitely high at the angle of 
attack corresponding to zero lift. This directly follows from the formula 
(1.3.12) in which at c,+O the coefficient of moment m, can have sDme finite 
value m, = ~ Z O .  



Fig. 1.3.4. Variation in coefficient of center of pressure 
as a function of angle of attack: 

1--cambered profile; 2-symmetrical profile. 

The position of the center of pressure of both types of profiles (cambered 
and symmetrical), as shown in Fig. 1.3.4, is roughly constant in a fairly 
large range of angles of attack (from 5 to 20"). 

The values of c, and m, are simultaneously zero at a+O for a symme- 
trical airfoil. The following expressions 

cy = (acy/aa) a, mz = (amz/aa) a (1.3.13) 

are valid at low angles of attack (here the derivatives acy/aa and am,/aa are 
constant values which may be obtained at about a zero angle of attack awO) 
and the coefficient c,., will be equal to some constant value 

For flight machines not having horizontal symmetry the flight parame- 
ters can be easily understood from the position of the aerodynamic center 
and not from the position of the center of pressure. To understand the mean- 
ing of this take an unsymmetrical profile and calculate moment M,, about 
an arbitrary point F with coordinate x, lying on the chord of this profile. It 
is directly seen from Fig. 1.3.3, b that 

Mm = N (xn -xc.p), 

or, since 

- N .  x,., = M, about leading edge point 0, 



we get 

Mzn = Nxn + M.P 

Keeping in mind the concepts of aerodynamic coefficients and assuming 
small angles of attack for which c~wc,, we get 

m, = cy (xnlb) + mz. (1.3.15) 

The relation m,=f (c,) assumes a linear form at small angles of attack 
(Fig. 1.3.5), i.e. 

mz = mzo + (amdac,) c,. (1.3.16) 

Then 

where mzo is the coefficient of moment about the leading edge point at c, = 0. 
The second term in (1.3.17) determines CY 

the variation in that part of the moment that 
is connected with the variation in lift coeffi- 
cient. If a point F on the chord is selected 
so that the coordinate Xn=XF is obtained 
from the condition (see Fig. 1.3.3, b) - 

xn/b = X F I ~  = XF = - amz/acY, (1.3.18) 

then the coefficient of moment about this 
point will not depend on cy and at all (small) 
angles of attack it will have a constant value. 
This point is called the aerodynamic center 
or simply the focus of a given body. Obvi- 
ously the aerodynamic center represents the Fig. 1.3.5. Dependence of moment 

coefficient on coefficient of lift for point of action of all uniformly distributed unsymmetrical config ura6 on of 
forces due to the angle of attack. flight vehicle. 

The relation between the center of pres- 
sure and the aerodynamic center is given by 

mz - - md + (amzlacy) cy ccq,= --- 
CY CY 

where 



For symmetrical profiles m,o =O and consequently the center of pressure 
coincides with the aerodynamic center. 

Static stability: A chance disturbance (initial throb on starting, a gust of 
wind, a change in engine functioning from the previous condition, etc.) may 
change the angles of attack and yaw for a body in motion. After the distur- 
bance disappears the moment arising as a result of this leads to further 
variations in those angles. If during the subsequent motion the changes in 
the angles a and P tend to the initial values the flight will be statically stable. 
If the deviation continues to increase the flight will be statically unstable. 

Static stability of a flight vehicle is subdivided into longitudinal, direc- 
tional and lateral static stability. 

In the case of longitudinal static stability the general longitudinal moment 
will be stabilized, i.e. will tend to bring back the angle of attack to its initial 
value. In this case the direction of change of moment M, (and the corres- 
ponding coefficient m,) is against the direction of change of the angle a. Thus 
the condition of longitudinal static stability can be expressed by the inequa- 
lity aM,/aa<O or am,/aa=m;<O. 

A positive destabilizing moment which, if it exists, tends to increase the 
angle of attack is responsible for longitudinal static instability. Therefore 
the condition of longitudinal static instability will be given by the inequality 
aM,Iaa>O, i.e. am,/aa=m;>O. 

Static directional stability is characterized by the inequality a My/ a p < 0 
or amy/ag=mf < 0; static directional instability by the inequality a Mylap > 0 
or amy/ap=m$ > 0. In the first case the directions of changes of yawing 
moment and the angle of yaw are different and in the second case they are 
equal. Consequently the yawing moments will be stabilizing and destabilizing 
in the first and the second case respectively. 

Lateral static stability (or static stability in bank) is represented by the 
derivative a MJ a p or am,/ a/3 = m;. If the derivative m; < 0 the flight appara- 
tus has lateral static stability. If m; > 0 it has lateral static instability. 
- The flight apparatus is neutral in the sense of longitudinal, directional and 
lateral static stability if it has the properties of m:=O, m$=O, mc=O 
respectively. 

Use of the concepts of the coefficient of center of pressure and the aero- 
dynamic center in evaluation of longitudinal static stability: The distance 
between the center of pressure x,., and the center of gravity x,.,, i.e. the 
difference x,., - x,.,, or in nondimensional form - 

(xcap/b) - (~c.g/b) = ~c.*- xc-g, 

can be taken as the criterion for longitudinal static stability of a flight 
vehicle. If the coefficient of center of pressure c,., is more than the relative 
value of the coordinate of the center of gravity x,.,, i.e. if the center of 
pressure lies behind the center of gravity, then the flight will be statically 
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stable. If the center of pressure is in a forward position (the difference - 
cc.,-x,., being - negative) there exists static longitudinal instability. The cri- 
terion CC.,-XC.~ is called the static stability margin. It can be positive, neg- 
ative or equal to zero depending on static longitudinal instability or neutral 
longitudinal stability respectively. 

The concept of the aerodynamic center is used for evaluation of the static 
stability of unsymmetrical machines or symmetrical flight machines with 
controls deflected. The coordinate of this point is determined by the formula 
(1.3.18). Then, assuming the value of x, equal to the coordinate of center of 
gravity x,., in (1.3.17), we get 

from which 

Differentiating (1.3.20) with respect to c,, we obtain 

This shows that longitudinal static stability depends on the position of the 
aerodynamic center relating to the center of gravity of the flight vehicle. 
For a rearward position of the aerodynamic center with respect to the 
center of gravity (the difference %F - %,., being positive) the derivative amz/ 
acY< 0 and the flight will be statically stable. On the other hand if the aero- - 4 

dynamic center is ahead of the center of gravity (the difference xp-x,., being 
negative), then amz/acY>0 and consequently the flight will be statically 
unstable. 

4. Basic Properties of High-Speed Gas Flow 

4.1 Compressibility of gas 
One of the important properties of gas is its compressibility, i.e. the 

capacity to change density under the action of pressure. All the processes con- 
nected with a gas flow are characterized by variation in pressure and, conse- 
quently, to some extent by the effect of compressibility on these processes. 
Research has shown that the variations in density arising out of small changes 
in pressure are insignificant at low speeds and hence the compressibility effect 
can be neglected. The equations of hydrodynamics for the study of the laws 
of motion in an incompressible flow may be considered valid in pursuing 
investigations on a body in a ffuid at low speeds. 

In practice the effect of compressibility can be neglected at speeds of air 
flow ranging from a few meters per second through 100 to 150 meters per 
second. This range of speeds, in actual conditions, corresponds to the Mach 
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numbers from M,= V,/a,wO to M,=0.3 to 0.45 (a, is the speed of sound in 
an undisturbed flow). This idealization of the flow processes assumes that in 
the given range of speeds the Mach number is taken to be zero because the 
small disturbances (sonic vibrations) in an incompressible medium propagate 
at an infinitely high speed and hence the ratio of the flight speed to the sound 
speed tends to zero. 

Modern flight vehicles fly at high speeds for which the flow-interaction is 
associated with a significant change in pressure and hence there exist consi- 
derable variations in density and temperature. In high-speed flight conditions 
it is necessary to take into account the compressibility effect on the flow- 
interaction with the body as it may be quite appreciable. The compressibility 
effect of a gas on the aerodynamic characteristics of a body at high speed is 
one of the important features of high-speed aerodynamics. 

4.2 Heating of gas 
The rise in flight speeds resulted in the need to investigate the special 

characteristics of gas flows in aerodynamic research. These characteristics are 
connected with the physico-chemical properties of air. Compressib~lity is 
taken as the most important characteristic of high-speed gas flows in "usual" 
supersonic aerodynamics; the effect of high temperatures on thermodynamic 
parameters, the kinetic coefficients of air and the physico-chemical processes 
occurring in it are neglected. On the other hand at very high (hypersonic) 
speeds the properties of air related to the effects of high temperatures are 
given first place. 

The high temperature appears as a result of stagnation of a gas flow during 
which the systematic undisturbed flow of gas particles changes to a chaotic 
motion of the molecules. The kinetic energy of a uniform undisturbed flow 
is transformed into internal energy of the gas. 

The excitation of the vibrational modes of the internal energy of the 
molecules of oxygen and nitrogen in air begins to play an important role at a 
temperature of about 1,500°K. The free vibrational modes of oxygen mole- 
cules are found to be completely excited at a temperature of about 3,000"K 
and pressure of 1 atmosphere. A further increase in temperature makes the 
atoms break their intra-molecular bonds as a result of which, for example, a 
diatomic molecule breaks into two separate bonds. This process is known as 
dissociation. Along with dissociation there occurs the phenomenon of 
recombination, i.e. formation of a new molecule during the collision of two 
atoms (02+20). This reaction is accompanied by the generation of heat 
which encourages the collision of the two atoms with a third particle, which 
carries with it a part of the energy generated and thus helps to create a 
more stable molecule. Besides this, the chemical reactions taking place in air 
result in the formation of a certain quantity of nitrogen oxide NO. Further 
heating leads to the formation of atomized nitrogen and 'oxygen and the 
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dissociation takes place according to the equations 

The molecules of oxygen are almost completely dissociated at tempera- 
tures of the order of 5,000-6,000°K and pressure of 1 atmosphere. In addi- 
tion the dissociation of a major part of the nitrogen along with the recombi- 
nation of atoms in molecules takes place at such temperatures. This process 
continues according to the equation N222N. The degree of dissociation is 
determined by the intensity of dissociation, which is equal to the ratio of the 
number of air particles breaking up during dissociation to the total number 
of molecules. The degree of dissociation depends on the temperature and 
pressure. 

The intensity of dissociation increases with a rise in temperature because 
the speed and energy of the moving molecules increases with the temperature. 
This enhances the probability of their collision and disintegration. During 
this process the rate of dissociation increases with any reduction in pressure 
(density) as a result of the decrease in the probability of triple collisions of 
particles leading to the formation of molecules out of atoms. For example, 
oxygen starts dissociating at T=2,000°K if the pressure is equal to 0.001 
atmosphere but at normal atmospheric pressure the dissociation of 0 2  begins 
at T=3,000°K. The temperature at which the dissociation of nitrogen starts 
has a tendency to fall from 6,000°K at a pressure of 1 atmosphere to 4,000°K 
at a pressure of 0.001 atmosphere. 

One more process begins at temperatures of 5,000-6,000°K as a result of 
the excitation of electrons due to the large energy flow, which induces the 
separation of electrons from the atoms of nitrogen and oxygen and also from 
the molecules of nitrogen oxide. This process is called ionization. Primarily 
it takes place as a result of the collision of air particles during movements in 
a heated condition. Hence this kind of ionization is called thermo-ionization. 
The process of ionization takes place more intensively with a rise in tem- 
perature and it is naturally associated with an increase in the concentra- 
tion of free electrons. The intensiveness of this process is characterized by 
the degree of ionization, which is equal to the ratio of ionized atoms (mole- 
cules) to their total number. Experiments have shown that nitrogen, for 
example, is fully thermodynamically ionized (degree of ionization is one) at 
a temperature of 17,000°K and pressure of 1 atmosphere. 

Variation of specific heats: At high enough temperatures the heat added 
to air is dissipated not only in terms of an increase in the energy of irrota- 
tional and rotational flows of molecules but also in some other processes. 
These processes are the rise in the vibrational energy of atoms and molecules, 
the work done to overcome the forces of interactions between the atoms 
during dissociation of molecules and the separation of electrons from atoms 
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during ionization. As a result the specific heats increase. 
The change in the specific heats of air is determined by its temperature 

until dissociation sets in. For an approximate estimate of the effect of 
temperature on specific heat at constant pressure the formula 

is used, where q in its turn depends on temperature (Fig. 1.4.1). For 
T >  1,000"K this index may be assumed constant and equal to 0.1. At 
T,=28g°K the specific heat cp,=0.24 k .  cal/kg-degree (in the SI system it is 
1,000 J/kg degree). Formula (1.4.1) is applicable up to T= 2,000 to 2,500°K, 
during which the intensity of free vibration reaches the state of excitation. 

x,flr cp In the first phase of dissociation the 
specific heat depends not only on tempera- 
ture but also on pressure. The calculations 
of specific heats and also of the ratio of 
specific heats k=c,/c, under conditions of 
thermodynamic equilibrium at high tem- 
peratures were carried out on electronic 
computers by a group of Soviet scientists 
under the guidance of the member of the 
Soviet Academy of Sciences, Prof. A.S. 

loflo 2000 3000 4000 T,'X Pryedvodityelyev [17], [la]. These calcula- 
Fig. 1.4.1. Variation of indices p, n, tions were conducted for the temperature 
IC in respective formulas for determi- range from 1,000 through 6,000°K without 
nation of specific heats, coefficient consideration of ionization since its effect 
of dynamic viscosity and coefficient 

of heat transfer. in this interval of temperatures is infinite- 
simally small. At very high temperatures 

the effect of simple ionization in equilibrium was considered. This was 
assumed to be complete at T= 12,000"K and pressure p = 0.001 atmosphere. 

The data of k=cp/c, at temperatures up to 2,000°K and pressures of 1 
atmosphere or more are governed by temperature and are practically 
independent of pressure. The curves drawn from the data of works [17] and 
[I81 characterizing the variation of cp and k at high temperatures are given in 
Figs. 1.4.2 and 1.4.3 [7]. 

Kinetic coefficients: The processes of friction and heat transfer occurring 
in a viscous heat-conducting gas depend on the kinetic coefficients of the gas, 
such as the coefficients of dynamic viscosity p and heat conductivity A. It is 
found that in the absence of dissociation the coefficient p depends on 
temperature only and can be determined by the formula 

where index n depends on temperature (see Fig. 1.4.1). In approximate cal- 
culations the average value of n,w0.7 can be used for quite a wide range of 
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Fig. 1.4.2. Variation of specific heat c,  of air at high temperatures. 

Fig. 1.4.3. Variation of ratio of specific heats a t  constant pressure and 
volume (k= c,/c,) for air at high temperatures. 

temperatures where the initial value of p may be assumed to be ,u,= 1.82 x 
kg sec/m2 (1.79 x N . sec/m2) at T,  = 288°K. Formula (1.4:2) is appli- 

cable up to temperatures of the order of 2,000 through 2,500°K. With the rise 
in temperature the error in this formula increases significantly. Experiments 
show that at high temperatures up to 9,000"K the coefficient of dynamic 
viscosity of air under a steady state of dissociation can be estimated within an 
accuracy of 10% by Sutherland's formula 



At temperatures less then 1,500°K this formula gives somewhat better 
results than (1.4.2). 

More accurate calculations proved that the coefficient of dynamic viscosity 
at high temperatures also depends on pressure. Fig. 1.4.4 shows the graph [7] 
characterizing the variation in coefficient p at temperatures up to 12,000°K in 
the pressure range from 0.01 through 100 atmospheres. 

Fig. 1.4.4. Variation of coefficient of dynamicviscosity of air at high temperatures. 

Heat conductivity, in the same way as viscosity, does not depend on 
pressure at temperatures up to about 2,000°K and can be estimated by the 
formula 

n/n, = (TIT&, (1.4.4) 

where the index IC in its turn depends on temperature, as seen from Fig. 1.4.1. 
The average values lcav = 0.85 and 1, = 5.53 x k .cal/m. sec . degree (23.2 
wattlm. degree) at T,  = 26 1 O K  may be assumed for approximate calculations. 
The relation of the coefficient of heat conductivity to the temperature and 
pressure is typical for dissociating air. The corresponding diagram is given 
in Fig. 1.4.5. 

The existence of viscous forces, like the process of heat conductivity in 
gas, is connected with the molecular structure of the substance. During their 
movements the gas molecules transfer energy and momentum from one place 
to another. The result of the change of momentum is the viscous force and 
the transfer of energy leads to the process of heat transfer. From this discus- 
sion it is clear that the coefficients of heat conductivity and the dynamic 
viscosity in gas increase with an increase in temperature. At,the inception of 
dissociation the nature of variation of A and p will be very complicated. Their 
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Fig. 1.4.5. Variation of coefficient of heat conductivity of air at high temperatures. 

values diminish at a low degree of dissociation, which is called for by the 
losses in internal energy during the process of breaking of molecular bonds 
and the consequent reduction in the temperature of the gas. With a rise 
in the degree of dissociation the more intensive breaking up of molecules 
into atoms leads to an increase in the number of particles that take part 
in transferring energy and momentum, and thereby elevates the kinetic 
coefficients. 

4.3 Condition of air at high temperatures 
Equation of state: Experiments on the interaction between an air flow 

and a body showed that the relations of conventional aerodynamics are quite 
reliable as long as the air remains comparatively "cold." These relations 
assume constant thermodynamic characteristics and constant physico-chemi- 
cal structures. "Cold" air is confined within the limits of the hypothesis of 
constant specific heats and the possibility of applying the thermal equation of 
state for a perfect gas: 

where R and RO are absolute and universal gas constants respectively (Ro= 848 
kg-mlmol. degree); p and T are density and temperature; (pa& is the average 
molecular weight of air with constant ingredients; ( ~ l , , ) o  is constant. 

Any gas satisfying equation (1.4.5) is called thermodynamically perfect. 
The calorical equation of state i=pcp/pR which determines the enthalpy of 
a gas corresponds to equation (1.4.5). If cp /R=k/ (k -  1) is assumed this 
equation is transformed to 
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The gas is called calorically perfect if its state is defined by equation 
(1.4.6) following the condition that c, and c, are constant and independent of 
temperature. 

It should be borne in mind that the necessity of considering the variation 
of specific heats with temperature comes into the picture before the equation 
of state is applied, this being different from that for a perfect gas. For exam- 
ple, the variation of specific heats with temperature, as shown by calcula- 
tions, begins at the Mach number of undisturbed flow M,=3 through 4 

i .lo-!m2/sec2 

25 

20 

15 

5 

Fig. 1.4.6. i-S diagram for dissociating air. 
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during motion across a normal shock wave. At M,=6 through 7 the equa- 
tion of state for a perfect gas and also the equation of sound speed 

a2=kRT, (1.4.7) 

are valid because the components of the heated gas behind the shock wave 
remain unchanged. 

Thus a gas is calorically not perfect in this case but it will have the pro- 
perties of a thermally perfect gas. 

For a gas with varying heat coefficients the calorical equation of state 
(1.4.6) gives large errors. The actual relation between the enthalpy and 
temperature is determined by the more complicated function fi (T) in place 
of (1.4.6). 

The equation 

P = ( R o / P ~ v )  pT, (1.4.8) 

where ,u,=f2 (p, T) is valid for dissociating air having specific heats and 
molecular weight as the functions of its state. 

The calorical equation of a dissociating gas medium also has a more 
complicated nature; in general it can be expressed by i=f3 (p, T). Such a 
medium does not have the properties of a perfect gas for which an enthalpy 
depends only on temperature. 

The nature of thermal and calorical equations of state for a dissociating 
(real) gas, not following equation (1.4.5), is still more complicated. This is 
because these equations also take into account the forces of interaction bet- 
ween molecules and the volume of the molecules themselves. These equations 
can be solved by numerical methods with the help of electronic digital com- 
puters and are usually expressed in the form of tables and diagrams of state. 

Fig. 1.4.7. Average molecular weight of air at high temperatures. 





The results of the calculations of parameters for the state of air under 
thermodynamic equilibrium at high temperatures and under pressures of 
0.001 through 1,000 atmospheres are given in the works [17], 1181. On the 
basis of these results the atlas of diagrams of state was composed by a group 
of scientists [7]. The famous i-S diagram (diagram of enthalpy-entropy) of 
dissociating air for heat calculations in aerodynamics is reproduced in Fig. 
1.4.6. In this diagram, showing the calorical equation of state in graphic 
form, the curves of p=const (isobars), T=const (isothermal) and p=const 
(isochor-dotted lines) are drawn. 

In some cases the diagram of calorical state expressed by the relation of 
i-p with the curves of T=const, p=const and S=const may be more con- 
venient for calculations. This diagram, prepared on the basis of data from the 
i-S diagram, is to be found in work [7]. In the same work there are diagrams 
of different variants graphically representing thermal equations of state. 

These graphs, helpful in determining an average molecular weight /I,, for 
dissociating and ionizing air (Fig. 1.4.7) and also the speed of sound (Fig. 
1.4.8) as a function ofp and T [I81 or i and S 171, are important for practical 
calculations. In studying these graphs it may be noted that the speed of 
sound changes considerably with temperature and to a lesser extent with 
pressure. This is explained by the insignificant effect of the composition of 
air on the nature of the propagation of small disturbances. At the same time 
any change in the constituents of air during its dissociation considerably 
affects its molecular weight, which has its own expression in the powerful 
effects of pressure on the value of pa,. The three characteristics of the section 
on reduction in pa, depending on temperature may be noted from the curves 
plotted in Fig. 1.4.7. The first of them is decided by dissociation of oxygen, 
the second by dissociation of nitrogen and the third by ionization of air 
components. 

5. Basic Relations for a Diatomic Dissociating Gas 

5.1 Degree of dissociation 
Almost always the working medium in aerodynamics is a mixture of 

gases. Such a mixture in itself is a homogeneous system if the values of all 
parameters at all points of the system are equal under conditions of thermo- 
dynamic equilibrium. At the same time this mixture is not a simple system if 
the mass components of the different gases, in addition to thc usual para- 
meters of state of gas, are taken into account. 

The mixture of gases can be taken as a simple perfect gas if its components 
are inert gases and will not react among themselves. Air under normal 
atmospheric conditions is such a mixture of NZ and 0 2  with some admixture 
of Ar, CO2, etc. 

At high temperatures air behaves as a reacting mixture because the 



diatomic gases become dissociated and atoms so formed take part in recom- 
bination. To simplify each project in terms of models of working medium 
air is assumed to be a mixture of dissociating components N2 and 02, not 
reacting with one another. Then each component is assumed to be some 
conditional diatomic gas consisting of symmetrical molecules of the same 
type which dissociate into two atoms as a result of double collisions. The 
atoms can also recombine into lnolecules by triple collisions. This system 
helps in the study of the mechanism of dissociation of pure dissociating 
diatomic gas ([46], 1957, No.1). The dissociation is assumed to be uniform. 
This indicates that during chemical reactions determined, for example by the 
simple equation for the binary process, 

I'D 

A2 A+A, (1.5.1) 
r~ 

the rates of reaction from left to right r~ and right to left r~ (corresponding 
to the rate of dissociation and recombination) are equal. 

Investigations of all flows of dissociating medium are connected with 
the definition of degree of uniform dissociation a. In chemical thermody- 
namics its value for pure dissociating diatomic gas is given by the relation 

An interpretation of this equation is found in the work ([44], 1957, N0.5). 
In equation (1.5.2) the degree of dissociation a is found by the expression 

where n~ is the number of atoms of element A in a given volume; 
nA2 is the number of molecules of gas A2 in the same volume. 
In equation (1.5.2) the quantities pd, Td represent characteristic density 

and temperature of dissociation respectively. The characteristic temperature 
Td is determined by the ratio D/k, where D is the energy of dissociation of 
one molecule of A2; k is the gas constant for a single molecule (Boltzmann's 
constant). Calculations show that the value of Td does not depend on the 
temperature of the gas. It is equal to 59,000 and 1 13,000°K for oxygen and 
nitrogen respectively. The characteristic density of dissociation in general 
depends on the temperature of the gas. However, the variation of pd in the 
range of temperatures from l,OOO°K through 7,000°K for oxygen as well as 
nitrogen is very small compared to the very high changes in the values of 
e-TdlT in the same range. Therefore it is in practice accepted that the charac- 
teristic density pd in this interval can be replaced by its average constant 
value. Calculations show that in approximate estimates the values of pd= 150 
g/cm3 for oxygen and pd= 130 g/cm3 for nitrogen may be accepted. 

With the help of the diagram (Fig. 1.5.1) prepared on the basis of equation 
(1.5.2) the degree of dissociation for any nondimensional values of T/Td and 
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p/pd can be determined. From an analysis of equation (1.5.2) we arrive at 
the conclusion that dissociation starts at temperatures much lower than the 
characteristic temperature. If p/pd= 10-5 is assumed as the most probable 
value in the vicinity of the ground then from (1.5.2) or from the graph in Fig. 
1.5.1 it follows that the values of a=0.05 (5%) at T I T ~ 0 . 0 5 7  and the degree 
of dissociation a = 0.92 (92%) at T/Td = 0.105. For the values of density typi- 
cal of the upper layers of the atmosphere, for example pdlp = lo7, the ratio of 
T/Td corresponding to the values of a=0.05 and 0.92 comes down to 0.045 
and 0.071. 

'5 ,b 

Fig. 1.5.1.  Relation of degree of dissociation of diatomic gas 
with density and temperature. 

5.2 Equation of state 
Let us consider an equation of state for a gas mixture appearing as a result 

of the dissociation of diatomic molecules. This equation can be obtained by 
using the relations for determining pressure p and gas constant R of the 
mixture of gases, and also the partial pressure component pi: 

where p, is the density of component, mi is the mass of the atom or molecule, 
Ri is the gas constant of component; V is the volume of mixture of gases. 

Equations (1.5.3) are popularly known as Dalton's law. Now let the 
component of atom (i= 1) be denoted by an index 'A' and the molecular 
component (i= 2) by an index 'My. Since concentration of component ci= 
pilp, where p is the density of the mixture, we get 
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for atomic and molecular components respectively. 
Now from (1.5.3), if the condition m ~ = 2 m A  and the relation between the 

masses of xi components pi, p and a are fixed by the usual expressions 

we get equation of state in the following form: 

where kl(2rn~) is the gas constant for 1 gram of component of A2 in the mix- 
ture. Multiplying by (1 +a) this formula gives the value of gas constant R 
(absolute gas constant) for 1 gram of mixture of components A and A2, the 
ratio of their masses being expressed as a/(l -a). 

Let us assume some conditional value which is determined by characteris- 
tic values of density and temperature following the expression 

This value is known as the characteristic pressure. Numerical values of 
pd are shown in Table 1.5.1. With the help of expression (1.5.5) the equation 
of state (1.5.4) can be written in more convenient nondimensional form: 

- -- 
p=pT(l+u),  (1.5.4') 

TABLE 1.5.1 
........................................ 

Characteristic parameters of dissociation 
................................... 

Element pa. lo-"', Pdr Td.10-3, ud.10-3, ud.10-7, vd.lo-3, 
kg/cm% g/cm3 OK k.  callkg mzlsecz mlsec 

........................................ 
Oxygen 2.3 150 59 3.7 1.5 3.9 
Nitrogen 4.1 130 113 8.0 3.4 5.8 
Air 3.7 135 100 7.1 3.0 5.4 
__----------------------------_--------- 

Mean molecular weight: As is known from thermodynamics, the mean 
molecular weight of the mixture of gases 

where Cj is the mass concentration of an arbitrary component; pi is its mole- 
cular weight; the summation sign determines the number of niolecules in the 
mixture. For diatomic dissociating gas 
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Since 

we have 

5.3 Thermodynamic relations 
Let us examine the thermodynamic relations used in the investigation of 

a diatomic dissociating gas flow. One is the equation of internal energy. It 
can be obtained from the condition that the internal energy is determined 
as the sum of the average translational energy of atoms and molecules 
(312) k T n ~ ,  and also from the rotational and vibrational energy 2(3/2)kTn~, 
that the molecules possess additionally. Here the energy of electrons can 
be neglected. Besides this if the chemical energy of dissociation, equal to 
(112) D ~ A ,  is taken into account we get an equation for internal energy 

The value of internal energy per unit mass of gas is 

where V =mA ( n ~  + 2 n ~ ~ ) l p  is the volume occupied by the gas. 
Introducing the characteristic energy of dissociation per unit mass (per 1 g 

of A21 

Ud = D/2m~, (1.5.9) 

equation (1.5.8) can be written in nondimensional form 

where u = u/ud ; values of ud are given in Table 1.5.1. In the same table are 
shown the values of parameter Vd =.I&, representing characteristic velo- 
city of dissociation. Physically this parameter represents the velocity that 
provides kinetic energy to the flow which is equal to half of the energy neces- 
sary for complete dissociation of the gas. 

Comparing (1.5.5) and (1.5.9) and bearing in mind that Td= Dlk, we get 
the formula 



from which it follows that pd characterizes pressure developing during 
stagnation of the flow, with velocity and density represented by Vd and pd 
respectively. 

Now let us examine an equation of enthalpy. It is well known that 

i= u+(p/p). (1.5.11) 

Dividing terms of this equation by ud, we get the relation for enthalpy in 
nondimensional form 

T=U+($;), (1.5.12) 

where i=i/u,. Substituting expression (1.5.8') from u in (1.5.12) and using 
equation (1.5.4'), we get the enthalpy relation 

- 
i=a+T(4+a), (1.5.13) 

If the value of T= TIT, in equation (1.5.2) is replaced by an expression 

based on (1.5.13) we get the relation for the degree of dissociation a as a func- 
tion of enthalpy ?and the ratio of densities p,/p. This relation is graphical- 
ly shown in Fig. 1.5.2. 

Fig. 1.5.2. Relation of degree of dissociation of diatomic gas 
with density and enthalpy. 

Let us find the enthalpy of dissociation, i.e. quantity of heat necessary for 
dissociation of a unit mass of gas component at constant p and T. To do this 
we use the second law of thermodynamics, i.e. 

d9 = di - (dplp), 
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which can be reyritten in the form 

Then under constant p and T conditions we get an equality 

This quantity also determines the heat of dissociation iR = ailaa. Differentiat- 
ing (1.5.13) with respect to a, we get, $/aa = ?;+ 1. For the real temperatures 
at which dissociation takes place the relative temperature T< 1. Consequent- 
ly the enthalpy of dissociation of the gas component will be 

5.4 Coefficient of dynamic viscosity 
Experiments show that Sutherland's modified formula can be used for 

calculation of the coefficient of dynamic viscosity for a dissociating diatomic 
gas 

Here the concentrations of atomic and molecular gas components are ca=a, 
CM = (1 -a) respectively. In the absence of dissociation ( c ~  = a = 0) the rela- 
tion (1.5.16) changes to the usual Sutherland formula. At complete dissocia- 
tion (a= 1) the quantity in the square brackets in (1.5.16) is equal to 1.42, 
which shows that the coefficient of viscosity increases by 42% in comparison 
with an undissociated gas. 

5.5 Mixture of diatomic gases 
Degree of balanced dissociation: So far we have been considering pure 

dissociating diatomic gas. Strictly speaking these relations are not accurate 
for calculations of the parameters of gas dynamics and thermodynamics for 
a mixture of diatomic gases and in particular for estimation of the degree of 
dissociation. However, since the values of the molecular weight of nitrogen 
and oxygen are known fairly accurately a modified gas model postulating a 
mixture of diatomic gases can be reasonably correct. In this context the 
difference in the characteristic temperatures of nitrogen and oxygen has to be 
taken into account. Oxygen, with the smaller energy of the atomic bond in 
its molecules, starts dissociating at comparatively lower temperatures than 
nitrogen and is found to be completely dissociated when nitrogen is only 
entering the dissociation phase. 

If the temperature at the beginning of dissociation of N2 is 3,500°K the 
degree of resulting dissociation of a diatomic model of air at this temperature 



will be determined by the relative mass of oxygen in the mixture, i.e. by its 
value of 0.235. At T< 3,500°K the degree of dissociation of the air model is 

whqe ao2 is the degree of dissociation of pure oxygen. After completion of 
dissociation of 0 2  (at temperature T= 3,500°K) the value of ao,= 1 and 
degree of dissociation of air at T>3,500"K will be determined by the 
expression 

a =0.235 +0.765 a ~ , ,  (1.5.18) 

where aN2 is the degree of dissociation of pure nitrogen and the quantity 
0.765 determines the volume of Nz in air. For completely dissociated air 
ao2=aN2= 1 and thus the degree of dissociation of mixture a =  1. 

For approximate calculations of the degree of dissociation a simplified 
mass composition of undissociated air is taken as 76.5% of N2 and 23.5% of 
0 2 ,  where the 1% of inert gases in the atmosphere is included in the nitrogen. 

Effective characteristic parameters: The effective characteristic parameters 
for the dissociation of air model can be determined from the above-mention- 
ed mass components of undissociated air. For example, effective characteristic 
pressure for dissociation 

where pm2 pdo2 are characteristic pressures for dissociation of nitrogen and 
oxygen respectively. Similarly the effective values of other characteristic 
parameters can be calculated. Values ofpd, pd, Td, ud and Vd for a given air 
model calculated in this way are shown in Table 1.5.1. 

Enthalpy for uniform dissociation: In the case of the air model in the form 
of a mixture of nitrogen and oxygen the enthalpy for uniform dissociation is 

where the enthalpy of dissociation of component for nitrogen iRN2 = udNZ = 

( D / ~ ~ A ) N ,  and for oxygen iRo, = udo, = (D/2m*)o2 (see Table 1.5.1); CN and 
co are the atomic concentrations of nitrogen and oxygen in air respectively 
(values of concentration can be found in the work [l7]). 

If air is considered as a diatomic model of gases 

i~ = aud, (1.5.21) 

where ud=7.1 x lo3 k.cal/kg according to the data of Table 1.5.1. For a 
more complicated model of air, representing in itself the mixture of diatomic 
oxygen and nitrogen, the enthalpy of dissociation can be calculated in the 
following way: We assume that the whole of the oxygen is dissociated by 
the time the nitrogen begins to dissociate. Consequently atomic concentra- 
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tion is decided only by the breakdown of oxygen, the value of ao2= 1 and 
aN, = 0. According to this 

If conditions are such that the dissociation of oxygen takes place partially, the 
degree of dissociation of the mixture is a< 0.235 and 

At high temperatures nitrogen, like oxygen, starts dissociating and 
enthalpy of dissociation of the mixture will be 

For an approximate estimation of the values of i~ we can use tables or 
diagrams of the state of air at high temperatures. In this case the enthalpy ia 
at temperature T and pressure p can be found with consideration of dissocia- 
tion and io can be determined as a difference 

where i,=o is enthalpy at the same temperature T but without taking into 
consideration dissociation. Its value can be calculated by the formula 

ia=o = cpw (TIT,)? T, (1.5.24) 

in which for T > 1 ,OOO°K, the index (p = 0.1, and at T, = 273°K specific heat 
cp,=0.24 k.cal/kg.deg. 

The determination of the thermodynamic parameters of air as a model of 
a pure dissociating gas in the form of a mixture of N2 and 0 2  is limited to 
the condition that the given gas medium seems to be heated in advance in the 
initial (undissociated) phase. The adiabatic index k = 1.33 corresponds to the 
condition of excited vibrational mode of energy. 

Strictly speaking such a medium does not seem to occur under normal 
flight conditions. Even then the relations shown above have practical impor- 
tance. The transition through a shock wave appearing ahead of the body 
represents itself as an unbalanced process. In practice, it is found that even 
at very high velocities and temperatures the extent of dissociation is zero 
immediately behind the wave front but vibrational levels of energy are excit- 
ed. Thus behind the shock wave the properties of a real and a hypothetical gas 
coincide. Therefore the accuracy of thermodyilamic and gas dynamic calcu- 
lations improves with increase in flight speed when the gas behind the shock 
wave is heated to very high temperatures. 

Average heat coefficient of mixture: The average heat coefficient of a 
mixture is given by 



For the,mixture of monoatomic and diatomic gases 

or, because cA = a, c~ = 1 -a, 

where the first term on the right side represents the atomized component of 
average heat coefficient and the second term represents the molecular 
component of average heat coefficient. 

Enthalpy of gas: Enthalpy of the mixture of gas is given by 

where s and ii are the concentration and enthalpy of the i-th component of 
the mixture respectively. The value of ii is equal to the total energy including 

T 
heat energy ( j cp d T ) i  of the i-th component of the gas and the chemical 

0 

energy of its formation, i.e. 
T 

Enthalpy ii is called the total enthalpy of the i-th component and enthalpy 
i in ( 1 . 5 . 2 7 )  is the total enthalpy of the mixture of gases. 

If the mixture of interacting atom-molecules is considered, keeping in 
mind that (&hem)*= 0 for molecules, we get 

During the flow of a mixture of gases the enthalpy of some of the total 
volume may be changed as a result of heat flow into or out of it due to heat 
exchange, transfer of energy directly during inflow and outflow of gas and 
transfer of energy due to diffusion. The heat of formation (iChe,)i for each 
component has a constant value. This value for atomized components of 
nitrogen and oxygen, which occurs as a result of dissociation of air, is equal 
to the corresponding values of enthalpy of dissociation, i.e. 

( i c h e m ) ~  = U ~ O  = iRo 

and 

(see Table 1 .5 .1 ) .  



KINEMATICS OF A FLUID MEDIUM 

1. Methods of Kinematic Investigation of a Fluid 

The main problem of aerodynamic research is the determination of the 
force of interaction and heat exchange between the fluid medium and the body 
under interaction. Solution of this problem involves study of the motion of 
the fluid medium adjacent to the body. From this the variables entering into 
the governing motion, namely velocity, pressure, density, temperature, etc., 
are determined for every point in the flow field. 

Under certain assumptions the investigation can be reduced to the deter- 
mination of a flow field representing a close link with the velocities of the 
particles of a fluid, i.e. to the solution of the kinematic problem. Then, from a 
known velocity distribution the remaining parameters as well as the resultant 
forces, moments and heat flows are obtained. 

There are two methods of kinematic investigation of a fluid medium. One 
is called Lagrange's method and the other Euler's method. 

1.1 Lagrangian method 
The Lagrangian method deals with the motion of the individual particles 

of a fluid and determines the trajectory for each of them, i.e. their coordinates, 
as a function of time. 

Since there are an infinite number of particles it is necessary for this pur- 
pose to characterize in a given way the particle which has this trajectory. Thus 
the coordinates of a particle a, b, c at a given moment t= to designate the 
particle. This indicates that from an infinite number of trajectories the one 
that passes through the point with coordinates a, b, c belongs to the given 
particle. Therefore the equation of the trajectory in a functional form will be 
as follows: 



where a, 5, c, t are called Lagrangian parameters. The quantities a, b, c are 
parameters determining the trajectory. The components of the velocity vector 
at any point on the trajectory are equal to the partial derivatives Vx=ax/at, 
Vy = aylat, Vz= azlat, and components of the acceleration vector are equal to 
the corresponding second partial derivatives Wx = a2x/at2, Wy = a2y/at2, 
wZ = a2z/at2. 

1.2 Eulerian method 
The Eulerian method is often used in aerodynamic research. Unlike in 

Lagrange's method, not the particle of the fluid but a point in space with co- 
ordinates x, y, z is considered to be fixed and the variations of velocity with time 
at this point are investigated. The Eulerian method consists of expressions for 
velocities of particles of fluid as functions of time t and coordinates x, y, z of 
a point in space, i.e. in a field of velocities, which are determined by the vector 
V= Vxi+ Vyj+ Vzk, where i, j, k are unit vectors along axes of coordinates and 
Vx = dxldt, V, = dyldt, V, = dzldt are components of velocity vectors described 
by the equations 

The quantities x, y, z, t are called Euler's variables. Solving the system of 
differential equations, 

the equations of the family of trajectories in a parametric form coinciding 
with equations (2.1.1) can be obtained. Here a, b, c are constants of integra- 
tions. Taking the complete derivative of the velocity vector with respect to 
time we get the acceleration vector, 

In this expression a?/;lat indicates local acceleration and the remaining 
three terms give convective acceleration. Projecting vector on axes of co- 
ordinates we get the components of total acceleration as follows: 
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The relation (2.1.5) for acceleration corresponds to the flow which is char- 
acterized by the variation in velocity with time at a given point and hence 
the inequality aV7/at#o. This kind of fluid flow is called an unsteady flow. A 
fluid flow in which velocity and other parameters at a given point are indepen- 
dent of time (ai?/at = 0) is called a steady flow. 

1.3 Stream line and streak line 
At the moment t = to a line can be drawn in a fluid flow so that at every 

point it coincides with the direction of velocity. This line is known as a stream 
line. 

To get a stream line we have to proceed as follows: Let us take some point 
A1 in a flow at a moment t =to (Fig. 2.1.1, a) and express the velocity of a 
particle at this point by vector 71. Then take another point A2 in the neigh- 
borhood of point A1 and lying on vector vl. Let the velocity vector at this 
point at time t=to be 7 2 .  Similarly we examine point Ag on vector &, the 
velocity at which is determined at the same moment by vector 7 3 ,  and so on. 
As a result of these constructions we get a stepped line consisting of segments 
of velocity vectors. Reducing these segments to zero and simultaneously in- 
creasing their number to infinity we get, at the limit, the line that follows the 
complete set of velocity vectors. This is the stream line. 

Fig. 2.1 . l .  Construction of stream line (a) and stream tube (b): 

I-stream lines; 2-contour. 

To get the equation of the stream line we make use of the property that at 
every point on the line the direction of velocity vector 7 must coincide with 
the vector di=dxi+dyj+dzk, where dx, dy, dz, are projeotions of the element 
of an arc d ion  a stream line. Consequently vector product d ix  V=O, i.e. 
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So the problem of determining the stream line reduces to the integration 
of a system of equations (2.1.6). Each of the integrals Fr (x, y, z, CI) = 0 and 
F 2  (x, y, z, C2)=0 of this equation represents a family of surfaces which de- 
pend on one parameter C1 or C2. An intersection of these surfaces gives a 
family of stream lines. 

In contrast to the stream line, whose formation is calculated for a fixed 
moment of time, the concept of a streak line is connected with some interval 
of time during which the particle follows a certain path. From this it follows 
that the stream line and streak line are the particle-paths of one and the same 
particle and in a steady flow case they coincide. If the fluid motion is unsteady 
the stream line and streak line will not coincide. 

In aerodynamics the concepts of a stream tube and jet of fluid or gas are 
used. If stream lines are drawn through the points on an elementary closed 
contour (see Fig. 2.1.1, b) they form a surface which is known as the surface 
of a stream tube. If streak lines are drawn through points on an elementary 
closed contour the surface so formed by restricting part of the fluid is called 
the fluid jet. The stream tube and gas jet, constructed through a point on one 
and the same closed contour in a steady flow, coincide with each other. 

i f  j k 
dx dy dz 
v x  vy vz 

2. Analysis of Motion of Fluid Particles 

=i(V,dy-Vydz)-j(V,dx-Vx dz)+k(Vy dx-Vxdy)=O. 

Investigation of a fluid flow is based on the application of the Lagrangian 
method with the help of which the motion of a given particle of fluid can be 
studied and the correct analysis of this motion established. The motion of a 
solid body is determined by its translational motion or shift and its rotation 
about an instantaneous axis passing through its center of gravity. Unlike a 
solid body, the motion of a fluid particle is characterized, in addition, by the 
presence of deforming motion changing the form of this particle. 

Let us examine a fluid particle in the form of an elemental parallelepiped 
with its sides dx, dy, dz. Let us analyze the motion of its side ABCD (Fig. 
2.2.1). Since the coordinates of corners of this side are different, the veloci- 
ties determined at a given moment of time t =  to will also be different: 

Since, for example V,dy- Vydz=O, etc. we obtain a system of differential 
equations: 

dx/ Vx = dy/ Vy = dz/ V,. (2.1.6) 

VXA = VX (x, y), v~ = v, (X -/- dx, y); 
VYA = Vy (x, Y), VYB = Vy (X + dx, y); ! (2.2.1) 
v ~ ~ = V x ( ~ + d x , y + d y ) ,  Vx~=Vx(~,y+dy) ;  
VYC = VY (X + dx, Y + dy), V ~ D  = Vy (x, J] + dy), 
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where x, y are coordinates of point A. 
Let us resolve the expressions for velocities in Taylor's series by retaining 

values of only the first order, i.e. the terms containing dx, dy, dz of the first 
order. Denoting that velocity V ~ A =  Vx and V,A = Vy at a point A, we get 

From these expressions it follows, for example that the velocity compo- 
nent along the x axis at point B differs from its value at point A by the 
amount (aVx/ax) dx. This indicates that the point B, undergoing gradual 
change in velocity V, in the direction of the x axis, has the velocity (aVx/ax) dx 

Fig. 2.2.1. Scheme of motion Fig. 2.2.2. Angular deformation 
of fluid particle. of fluid particle. 

with respect to velocity at point A along the x axis. As a result linear defor- 
mation of the segment AB takes place. The rate of this deformation is 
ex = a vx/ax. 

Point B also moves in the direction of the y axis with velocity V, together 
with point A and simultaneously rotates about it with velocity aV,,/ax. 

Similarly it can be established for point D that the relative linear velocity 
of this point along they axis is (aVy/ay) dy and hence the rate of linear defor- 
mation of segment AD will be By = aV,/ay. The angular velocity of rotation 
of this segment about point A is equal to -aVx/ay (the minus sign indicates 
that point D rotates about point A in a direction opposite to the rotation of 
point B). As a result of rotation of the element AD and AB a change in angle 
DAB (Fig. 2.2.2) takes place, i.e. angular deformation of the particle occurs. 
Simultaneously, the bisector A M  of angle DAB rotates and hence some angle 
dp comes into the picture between it and the bisector AN of deformed angle 
D'AB'. Thus the particle will undergo rotation along with deformation. 

Now, the angle of rotation of the bisector (see Fig. 2.2.2) is 
~ / ~ = F Y - - z ,  



where' 

The angles daz and dal shown in Fig. 2.2.2 are equal to (aVy/ax) dt and 
(a  V,/ay) dt respectively. Hence 

Therefore the angular velocity dp/dt of the rotation of a fluid particle about 
the z axis can be obtained. Denoting it by w,, we can write 

d p  1 av, avx ---=-( "-dt 2 ax--= ). 
If the motion of an edge AD relative to segment AB is considered it is clear 

that the angular velocity of this sector is 

2 ~ ,  = ( a v x / a ~ )  +(a vYiax).  

The quantity 

is known as the semi-rate of deformation of the right angle DAB. 
Let us extend all these results to a three-dimensional flow and examine 

point C, occupying a particle in the form of an elemental parallelepiped with 
lengths of sides dx, dy,  dz. The velocity at this point at time t= to is a function 
of coordinates x + dx,  y + dy, z + dz. Expressing velocity components in the 
form of Taylor's series and retaining terms only of the first order we get: 

a vz avZ av, i Vzc= Vz+- dx+-dy+- dz. 
a x  a~ a2 J 

We introduce notations similar to those in the analysis of the motion of a 
plane particle. Assume that 8,=aVz/az. This value determines the rate of 
linear deformation of a three-dimensional particle along the z axis. Now we 
introduce the notations: 

The quantities cox and o,, represent the components of angular velocities of 
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this particle about the x and y axes. The components of angular velocity 
COX,  my, w, of a particle are taken as positive if rotation takes place from the x 
axis to the y axis, from the y axis to the z a& and from the z axis to the x 
axis respectively. Accordingly, the signs of derivatives 8 V,/ax, aV,/ay, aVx/az 
will coincide with signs of angular velocities and the signs of derivatives 
aVx/ay, aVy/az, aVz/ax will be opposite to those of the angular velocities. 

By analogy to (2.2.4') we write the expressions: 

which are equal to the semi-rate of deformation of two right angles of a 
parallelepiped in planes yOz and xOz respectively. 

With the help of simple manipulations it can be shown that 

avz /aJ '=Ex+COx;  aVx/aZ=Eyf my; aVy/ax=&z+COz ; 
~ V ~ / ~ Z = E , - O ~ ;  ~ v , ~ ~ x = E , - u ~ ;  ~ v , ~ ~ Y = E , - w , .  

Considering these expressions, the components-of velocity at a point C 
(2.2.5) can be written as follows: 

Vxc= Vx+8x d x f  ey d ~ + ~ z  ~ Y + C O ,  d ~ - 0 2  dy; 
VYc=Vy+Oy dy+&,  dx+ex d z + o ,  d x - o x  dz; (2.2.8) 
V ,c=VZ+eZ dz+cxdy+ey  d x + o x  d y - o , d x .  

Thus the motion of point C can be taken as the result of summation of 
three types of motion: translational motion along the trajectory together with 
point A at a velocity V ( v x ,  Vy,  V,), rotation about it with an angular velocity 

and deforming motion. This concludes the essence of Helmholtz's theorem. 
Deforming motion, in its way, is built up from linear deformation charac- 

terized by coefficients ex, OY, 8,  and angular deformation which is represented 
in terms of EX,  cY, E,. 

The linear deformation of the edges of an element limits the variation of 
its volume z = dxdydz, which is determined by the difference 

where dx,, dy l ,  dzl are lengths of sides of the element at time t+d t .  
Substituting the values of side lengths, we get 

dz = (dx + 8 ,  dx dt) (dy + 8, dy dt) (dz + 8, dz dt)  - dxdydz. 

Neglecting terms higher than of the fourth order in this expression, we 
have 



From this, the rate of change of relative volume or rate of deformation of 
specific volume 0 = (117) dtldt can be determined as 

which is equal to the sum of rates of linear deformation along any three mu- 
tually perpendicular directions at every point in the flow. The quantity 0 is 
also known as the divergence of the velocity vector at a given point, i.e. 

div V=e=ox+ey+eZ. (2.2.11) 

So it is clear that the motion of a fluid particle is of a complex nature and 
that it can be expressed as the summation of three types of motion: transla- 
tional, rotational and deforming. 

A flow in which the fluid undergoes rotation is called a rotational flow and 
the components of the angular velocity of rotations OX, coy, coZ are called the 
vortex components. To identify rotational flow the concept of rotation of 
velocity rot v ,  represented by rot v=2& is used. The rotation of velocity 
represents by itself a vector 

rot F=(rot ex i+(rot v), j+(rot V ) ,  k, (2.2.12) 

and the components 

(rot F)x= 2wX, (rot v), =2wy and (rot V),= 2wz 

are equal to twice the corresponding values of the vortex components. 

3. Irrotational Motion of a Fluid 

In investigating fluid motioil its rotation is often not taken into account 
due to the infinitesimally small angular velocities of the particles. This kind 
of motion is called irrotational motion. 

For irrotational flow ;=O (or curl F=o) and hence the vortex components 
wx, wy, wt are zero. Accordingly, formulas (2.2.3), (2.2.6) give 

a vx/ay = a v,lax, a v,/a~ = av,/az, avx/az = a vzlax. (2.3.1) 

These equalities are the necessary and sufficient conditions for the sum of the 
three terms (V,dx+ Vydy + Vzdz) to be a total derivative of some function 
which characterizes fluid flow in the same way as the velocities Vx, Vy, Vr. 
Denoting this function as p (x, y, z, t )  at any time t, it can be written as 

dp= Vx dx+ Vy dy+ Vz dz. 

On the other hand the same differential will also be 

dp = < a ~ / a x )  dx + ( a ~ ~ a y )  dy + (a~ iaz )  d..  

Equating the last two expressions we get 

v, = apiax, V, = ap~ay  , vz = a ~ ~ a z .  (2.3.2) 
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This function p is called the velocity potential or potential function of an 
irrotational flow. The existence of this function characterizes the flow as a 
potential flow. It follows from the relation (2.3.2) that the partial derivative 
of function p with respect to any coordinate is equal to the projection of 
velocity on the respective axis of coordinates. This property of potential 
function is maintained even for any arbitrary direction. In particular, the 
tangential component of velocity at any point on an arbitrary curve s will be 
equal to the partial derivative V,=ap/as and the normal component will be 
V, = aplan, where n is normal to the arc s at the point being considered. The 
projections of velocity vector T i n  polar coordinates r and 6' at some point in 
the directions of the polar radius vector and the perpendicular to this radius 
vector will be the partial derivatives 

vr= aplar and V, = ap/as= (llr) aplae. 

respectively. 
It is obvious that the magnitude of velocity in any given direction is deter- 

mined by the rate of change of potential p in the same direction. The rate 
of change of potential along direction s is equal to the partial derivative of 
potential function along this direction, i.e. aplas. The quantity ap/as is the 
projection of some vector along the directions, while the gradient of p is the 
direction of the highest rate of increase of this function. Obviously this vector 
is equal to the velocity vector Expressing the gradient of the function in 
the form of grad 9, we can write 

- 
V=grad p, (2.3.3) 

or the same thing in the form 
- 
V= grad p = (grad i + (grad p), j + (grad p), k, (2.3.4) 

where the coefficients in brackets on the right side indicate the projections of 
the vector of the velocity gradient on the coordinate axes: 

(grad p)x = Vx = aplax, (grad ply = VY = a p / a ~ ,  

(grad p), = Vz - aplaz. (2.3.5) 

The use of a potential function considerably simplifies the study of fluid 
motion because in place of investigating three unknowns such as the compo- 
nents of velocity Vn, Vu, VZ, it is enough to find one unknown function p. 
Then, with the help of this function, the velocity field can be fully determined. 

4. Equation of Continuity 

4.1 General form of equation of continuity 
The equation of continuity of motion in mathematical forin represents 

by itself the law of conservation of mass-one of the fundamental laws of 



physics. This equation is related to a number of basic equations in aero- 
dynamics which are used to find the parameters governing the motion of a 
gas medium. 

Let us take some moving volume of fluid and obtain the equation of con- 
tinuity. This volume, consisting of the same particles, varies with time. 
According to the law of conservation of mass it can be written that p,,z = const 
for this volume, where pa, is the average density of the fluid contained in the 
volume z. Hence the derivative d (pavr)/dt =O or, seeing that the density and 
volume are both variable quantities, 

This equation deals with any arbitrary finite volume. To get the relation 
characterizing fluid motion at a point we take the limit of r+O in the above 
equation. This indicates contraction of the volume z to some inner point. If 
it is assumed that the moving fluid completely fills the volume we are consi- 
dering, i.e. if there is no vacuum or discontinuity, then density p at a given 
point will be completely determined and can be expressed by the equation 

where the quantity lim ( l / r )  dtldt is replaced by divergence of a vector as 
7+0 

indicated in (2.2.10) and (2.2.1 1). 
The equation (2.4.1) represents the equation of continuity in general form. 

4.2 Cartesian system of coordinates 
Let us study the equation of continuity in the Cartesian system of coordi- 

nates. This could be done by finding the derivative dp (x, y, z, t)/dt and 
replacing div in (2.4.1) by (2.2.1 1). The continuity equation will then be 
obtained in the following form: 

Introducing the usual meaning of divergence of vector pv 
- a ( p V )  a ( p v y ) + a ( p v Z )  div ( p V ) = z + -  - 

ax a~ a. 
we get 

( a p ~ a t )  + div (PV)  = 0 (2.4.3) 
in place of equation (2.4.2). 

The equation of continuity was obtained by assuming that the moving 
volume is filled with the same fluid particles. In a given case we studied fluid 
motion using Lagrange's method. The same equation could be obtained from 
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the analysis of the flow of different fluid particles through some fixed volume 
by the application of Euler's method. 

The difference between the fluid flow rate from the control volume and the 
momentum of the fluid entering this volume during a given interval of time, on 
the assumption of continuity of medium, is equal to the change in momentum 
of the fluid in the given volume in the same interval of time. Let us put this 
condition in mathematical form. Take a control volume in the form of an ele- 
mentary parallelepiped having sidesdx, dy, dz. Let the fluid mass fx= pV,dydzdt 
flow from the left side of the volume in time dt. The mass efflux during this time 
through the right side is equal to fA+(afx/ax) dx. Consequently the differ- 
ence between the mass efflux and the influx along the x axis will be 

Similarly the expressions for the difference between the mass outflow and 
inflow along they and z axes could be written as 

The change in mass of the fluid in the control volume occurs due to the 
change in density of the fluid. At time t the mass of fluid in control volume 
is pz and at time t +dt is equal to pz+(ap/at) zdt. That is, change in mass is 
equal to -(ap/at)zdt. By the condition of continuity this quantity is equal 
to the sum (af,/ax) dx+(af,/ay) dy+(af,/az) dz, which leads to equation 
(2.4.2) obtained above. 

The continuity equation (2.4.2) describes an unsteady flow. For a steady 
flow we have ap/at = 0 and hence 

or 
div (p v) =0. (2.4.4') 

The equation of continuity in a two-dimensional flow will be 

For an incompressible flow p = constant; therefore 

or 
div V= 0. (2.4.7) 

The continuity equation for potential flow, taking into account (2.3.2), 
can be put in the following form: 
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For an incompressible flow p = constant; hence 

The equation so obtained is known as Laplace's equation. It is known that 
any harmonic function could be the solution of this equation. Therefore the 

velocity potential q in an in- 
Y compressible flow represents 

such a harmonic function. 

Formulas of transformation: 
dynamic problems 

can be conveniently solved by 
x using a system of orthogonal 

Fig. 2.4.1. Elementary particle of fluid in curvilinear coordinates. The 
cylindrical system of coordinates. cylindrical and the spherical 

systems of coordinates, in parti- 
cular, are such curvilinear systems of coordinates. 

In the cylindrical system of coordinates the position of any point P in 
space (Fig. 2.4.1) is determined by angle y between the reference plane and 
the plane passing through point P and coordinate axis Ox, and the rectan- 
gular coordinates x and r in this plane. The formulas of transformation from 
the Cartesian coordinates to the cylindrical ones take the following form: 

x=x; y = r  cos y; z = r  sin y. (2.4.9) 
In a spherical system of coordinates the position of point P (Fig. 2.4.2) is 

determined by the angular coordinates 0 (polar distance), yl (azimuthal angle) 
and the polar radius r. 

The relation between rectan- 
gular and spherical coordinates is 
given by the following relations: 

X = ~ C O S ~ ,  y=rsin0coscy, 
z=r sin B sin cy. (2.4.10) 

The corresponding transforma- 
tions of the above aerodynamic 
equations from Cartesian coordi- 
nates to one or other system of 
orthogonal curvilinear coordinates Fig. 2.4.2. Elementary particle of fluid in 
may be achieved in two ways: spherical system ofcoordinates. 



either by direct substitution of (2.4.9), (2.4.10) in these equations or by 
application of a more general method based on the concepts of generalized 
coordinate curves [8]. Let us examine the latter method. 

The elementary arc-lengths of coordinate-curves about a point P can be 
written in the following general form: 

ds1= hl dqi , d ~ 2  = h2 dq2, d ~ 3  = h3 dq3, (2.4.1 I) 

where q, (n = 1, 2, 3) are curvilinear coordinates; 
hi coefficients are known as Lame's paraaeters. 
Then we have for cylindrical coordinates 

and for spherical coordinates 

From Fig. 2.4.1 it directly follows that for cylindrical coordinates 

dsl = dx, dsz = dr, ds3 = rdy. (2.4.14) 

From Fig. 2.4.2 the arc-lengths of corresponding coordinate lines in a 
spherical system of coordinates will be 

Lame's parameters in cylindrical coordinates will then be: 

and for spherical coordinates they will be: 

Let us examine some expressions for vector and scalar quantities in cur- 
vilinear coordinates which will be necessary for transformation of the conti- 
nuity equation in these systems of coordinates. The gradient of some scalar 
function @ is 

a@ aa, aa, grad @=- il+-iz+- i3 
asl as2 ass 

where il, i2, i3 are unit vectors along the corresponding coordinate lines. From 
formulas (2.4.1 I) it follows that 

it+-. - 1 a a , .  a@ a@,+-.- grad @=--.- 
h, aql hz aq2 h3 aq3 13' 

For further transformations the material of a course in mathematics on 
vector analysis may be used. The divergence of the velocity vector can be 
obtained by expressing it as a sum of components along coordinate lines 



Taking the divergence of both sides of this equation, we get 

div F= 2 (Vn div in + in grad V,). (2.4.20) 
n=l 

The following well-known relation of vector analysis is used in determination 
of div in, 

div in = div (i, x ij) = ij rot im - im rot ij, (2.4.21) 

where n takes the successive values of n = 1, 2, 3 corresponding to the values 
of m=2, 3, 1 and j= 3, 1, 2. In this relation there appear the vectors rot im 
and rot i. for which the general representation of rot in can be introduced. 
Keeping (2.4.18) in mind and using general methods of transformation of 
vector quantities, we find 

Now we substitute (2.4.22) in (2.4.21). Naturally, for this substitution it 
is necessary to change index n in rot in to indices m and j and also to effect 
corresponding changes of indices on the right side of (2.4.22). Then we arrive 
at 

Now it is possible to substitute these equations in (2.4.20). Considering 

1 aVn in grad V,, = - . -, 
hn aqn 

from (2.4.18) and using it in the above expressions, we get the following rela- 
tion for divergence: 

- 1 a (v l  h2 h3) + a cv2 h3 hi) +a (v3 h2 hi)]. (2.4.24) div V= - 
hi h2 h3[ aql aq2 a43 

Keeping this expression in mind, the transformation of continuity equa- 
tion (2.4. l )  to different forms of orthogonal curvilinear coordinates can be 
discussed. 

Equation of continuity in cylindrical coordinates: In cylindrical coordinates 
Lame's parameters are given by the relations (2.4.16) and the values of 
qn (n = 1, 2, 3) are given by relations (2.4.12). The velocity components along 
the axes of cylindrical coordinates are: 



Vl = Vx = dxldt, V2 = Vr = drldt, V3 = Vy = r (dyldt). (2.4.25) 

Taking this into consideration, the divergence of the velocity vector in 
(2.4.24) will be 

The transformation formula 

where f (x, y, z, t) is a function in Cartesian coordinates and may be used for 
transformation of derivative dp/dt in equation of continuity (2.4.1) to the 
cylindrical coordinates. Then 

Introducing values of div V and dp/dt in equation (2.4. l), one gets 

This equation could be written in somewhat different form: 

For the particular case of a steady flow it will be 

For potential flow, the following relations could be substituted in the equa- 
tion of continuity: 

vx= aplax, vr=aqlar, VY = (llr) . ( a ~ l a ~ ) .  (2.4.251) 

If the motion of the gas is axisymmetric, like the flow past a rotating body at 
zero angle of attack, the flow parameters do not depend on the angular co- 
ordinates y. The continuity equation will then have a still simpler form: 

Equations (2.4.5) and (2.4.32) can be combined into one equation by writing 

where E = 0 for two-dimensional plane motion and E = 1, y = r for two-dirnen- 
sional axisymmetric flow. 
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Spherical coordinates: Using relation (2.4.24) and taking into account 
formulas (2.4.13) for spherical coordinates, relation (2.4.17) for Lame's para- 
meters and the expressions for velocity components 

dr 1 de V1=Vr=-& V2=Ve=-.-7 V3== Vr = r sin 0 9 3  (2.4.33) 
r dt dt 

the divergence of velocity can be written as 

- i a cv, r2) 1 a cv. sin 8) divV=-.- -. 
r2 ar + r  sin 8 a0 

The total derivative of density dp/dt, taking into account equation 
(2.4.27), could be represented in the following form: 

- ap ve ap  V+ ap -aP+V,-+-.-+-.- 
at ar r a6 r sin O ay '  

Using values of div P from (2.4.34) and the derivative dpldt from (2.4.35) 
into (2.4.1) and grouping the terms properly, we will have 

For a steady flow the partial derivative ap/at =O. Consequently, 

1 a (pr2 Vr) 1 a ( P V ~  sin 0) 1 a ( P V ~ - ~ .  (2.4.37) -. +-. +--- - 
r ar s ~ n  0 ae sine a y  

In the case of an incompressible fluid (p=const) the above expression 
reduces to 

1 a ( v , . r 2 ) ~  . a ( v 6 s i n e )  1 av@-o. -.- (2.4.38) 
sin 0 a y  r ar a n 8  88 '-'-- 

The following changes are used for transforming the continuity equation 
for the case of potential motion: 

1 aP 1 ar , , = . -  a~ Vo=-.- vr = %, r 80' r sin 8 8 y' 

4.4 Equation of continuity for gas flow over curvilinear surface 
Let us examine the particular form of continuity equation in orthogonal 

curvilinear coordinates that is applied in the study of a flow over a curvilinear 
wall. The x axis, in this system, coincides with the wall contour and they 
axis is directed along the normal to this wall at a selected point. The coordi- 
nates of point P in a plane (Fig. 2.4.3) are equal to length x measured along 



the wall and distance y along the normal to the wall respectively. Assume that 
the wall is a surface of rotation interacted by an axisymmetric flow of gas. The 
curvilinear coordinates of point P 
will be 

The elemental arc-lengths of 
coordinate lines are 

d s ~  = [I +(y/R)] dx,  dsz=dy, 
ds3 =rdy. (2.4.41) 

where r. is the radial coordinate of 
point P measured along the nor- 
mal to the axis of the rotating 
surface; R is the radius of cur- 
vature of the surface at a given 
cross section. 

Then Lame's parameters will be 

h ~ =  1 +(ylR), h2= 1, 
h3 = r. (2.4.42) Fig. 2.4.3. Equation of continuity in 

curvilinear coordinates. 
Now we use formula (2.4.24) 

for div where the velocity components are 

Substituting these values of velocity components in (2.4.24), we get 

- I a cvxr) , 
div V= ------ I ax (2.4.44) 

The total derivative of density can be obtained by 

dp ap+ap day + ap d~ ap +, ap+ vy ap. -=- 
dt at a x  dt ay d t -a t  Y a~ (2.4.45) 

1 +x 

Incorporating expressions (2.4.44) and (2.4.45) in (2.4.1), the equation of 
continuity, after some modifications, will be obtained in the following form: 



In'investigating a gas flow near a wall with curvature in a thin layer on the 
surface (for example, in the boundary layer), the coordinate y -g R. Conse- 
quently we have 

The equation so obtained is similar to that for a surface with no curvature. 
In the case of a steady flow we get 

For a flow near a plane curvilinear surface the continuity equation will 
have the following form: 

For y -g R it will be approximately given by 

Thus for a flow near a wall the continuity equation in curvilinear coordi- 
nates will be the same as in the case of Cartesian coordinates. 

For a steady flow ap/at=O, so the equation of continuity will be 

Equations (2.4.48), (2.4.50') can be combined into one equation as below: 

where E = 0 for two-dimensional plane motion and E = 1 for two-dimensional 
axisymmetric flow. 

4.5 Equation of mass flow 
Consider the particular form of continuity equation for a steady fluid flow 

in the form of a jet. The mass of fluid in some fked volume enclosed by the jet 
surface and the plane cross sections does not change with time because at 
each point in the flow the condition of ap/at=O is satisfied. Then the quantity 
of fluid entering the volume across a plane cross section of area SI per unit 
time will be equal to ~ I V I S I .  This is the same as the mass of fluid p2V2S2 
flowing out through the opposite section with area S2 (pl, p2 are densities and 
VI, V2 are velocities at the first and second cross sections of the jet respective- 
ly). Thus PI VIS1 =p2VzSz6 As this equality can be applied, to any section it 
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can be written in general form as 

p VS= const. 

This equation is known as an equation of mass flow. 

5. Stream Function 

The study of irrotational gas flow can be simplified if it is connected with 
the solution of only one unknown potential function which fully determines 
this flow (see Section 3). It will be shown that for certain types of rotational 
flow there exists a function that also determines its kinetic characteristics. 

Let us take a two-dimensional (plane or axisymmetric) steady rotational 
flow of fluid. From continuity equation (2.4.32') it can be shown that some 
function I,U of coordinates x, y exists that can be determined by the relations: 

~ I , U I ~ Y  = PY' VX, a y ~ a x  = - pyC v,. (2.5.1) 
Then from (2.4.32') it follows that a2t+v/ayax=a2cy/axay, i.e. this identity is 
obtained. Substituting (2.5.1) in the equation of stream line V,/dy = Vx/dx, 
which can be expressed in the form 

we get 

From this it follows that equation (2.5.2) represents the differential of func- 
tion I,U and hence 

~ I , U  = 0. (2.5.3) 

Integrating (2.5.3), the equation of stream line is obtained in the form: 

I,U (x, y) =const. (2.5.4) 

The function cy, known as a stream function, completely determines the 
velocity of rotational flow by the relations 

It should be noted that it is necessary to take E = 0 for a plane flow and E = 1, 
y = r for a three-dimensional axisymmetric flow. 

The family of stream lines for a potential flow can also be characterized 
by a function ly=const, which is related to velocity potential by relations 



Assuming p=const, in (2.5.5) and (2.5.6), we get the corresponding ex- 
pressions for an incompressible flow: 

Assuming E = 0 in these last equations we get equations for an incompres- 
sible plane flow: 

Knowing the velocity potential, the stream function can be determined from 
these equations with an accuracy to the arbitrary constant and vice versa. 

In a potential flow the family of equipotential lines (in a plane flow) or equi- 
potential surfaces (in an axisymmetric flow) can be drawn besides the stream 
lines. This family of lines or surfaces can be determined by the equation rp = 

const. 
Let us examine the vectors 

arp a~ a~ a ~ .  gradrp=-if - j  and  grad^=-i+-J, 
ax a~ ax a~ 

whose directions coincide with the directions of normals to the curves y=  
const and ly= const respectively. 'The scalar product of these vectors is 

Taking into account formulas (2.3.2) and (2.5.5), it can be shown that this 
scalar product is equal to zero. It follows that stream lines will be orthogonal 
to equipotential lines (in a plane flow) or to equipotential surfaces (in an axi- 
symmetric flow). 

6. Vortex Lines 

A curve S drawn in a flow field at a given moment of time such that at 
each point the angular velocity vector 6 coincides with the tangent to this 
curve at that point is called a vortex line. 

A vortex line is developed in a similar way to a stream line (see Fig. 2.1.1). 
The difference between them is that in place of uniform velocity vectors the - - 
angular velocity vectors (WI, co2, etc.) for rotation of particles are considered 
for vortex lines. So now the vector product w x d$=0, i.e. 
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Keeping in mind that, for example, wy dz-o,dy=O, etc., we get the equation 
of the vortex line from the above condition 

A vortex tube can be obtained by drawing vortexlines through the points on 
an elementary contour with cross sectional area o. The product of wo is 
called the intensity or strength of the vortex tube or of the vortex. 

We will now prove that the intensity of the vortex tube is constant at all 
its sections. For this purpose we will use the analogy of an incompressible 
fluid flow. For the case of incompressible fluid motion it was shown that 
div V=O. The mass flow rate of jet VISI= VzS2= ...= VS=constant is an 
example of this equation. 

Let us study the vortex motion and the expression for divergence of the 
angular velocity vector, 

Substituting here the values of components of o from (2.2.3), (2.2.6) we get 
the expression div &=o under the condition that the second derivatives of 
of Vx, Vy, Vr should be continuous. Using the analogy of the equation of 
mass flow rate VS=const, we get the equation of flow for vector; along a 
vortex tube in the form 

This equation represents Helmholtz's theorem that the vortex strength re- 
mains constant along the vortex tube. From this theorem there follows the 
property of a vortex tube that it cannot suddenly terminate or end in a point. 
The latter is based on the fact that as the area of the cross section of a vortex 
tube 0-0 the angular velocity w tends to infinity by Helmholtz's theorem, 
which is physically impossible. 

7. Circulation of Velocity 

7.1 Concept of the circulation of velocity 
The concept of the circulation of velocity is very important in aero- 

dynamics. It is used to investigate the flow interaction of an aircraft and, in 
particular, to determine the lift force acting on a wing. 

Let us consider some known closed contour K in a fluid flow. Assume 
that the velocity 7 at each point on this contour is known. Let us now find 
the integral along this contour 



where. T. 7.; is the scalar product of two vectors V and d i  The quantity r 
calculated in this way is known as circulation of velocity around a closed 
contour. As v= V,i+ Vyj+ V,k and di=dxi+dyj+dzk, the above integral 
may be written as 

r = vx dx + vY dy + V, dz. I (2.7.2) 
(K) 

-A- 
Now, taking into account that the scalar product Vdi= V cos (Vds) ds= 
Vsds, where V, is the projection of velocity on the tangent to the given con- 
tour at a given point, then 

r= vs d ~ .  I (2.7.3) 
(K) 

If the contour coincides with the stream line of circular form of radius r, 
at  each point of which the velocity Vs is constant in magnitude and direction, 
then 

r= 27crVs. (2.7.4) 

The circulation of velocity in an irrotational flow can be expressed'in 
terms of velocity potential. Assuming that Vxdx i- Vydy + Vzdz = dp, we get, 
for an open contour L, 

r 

where qA and q, are the values of the potential function at the ends of the 
contour. For a closed contour pA and p, represent the values of velocity 
potential at  points A and B on the contour which coincide with one another. 
If the potential function is single-valued qA = p, and the circulation of velo- 
city around the closed contour is equal to zero; a multi-valued velocity 
potential (pA#p,) gives a value of circulation different from zero. 

7.2 Stokes' theorem 
Let us consider an elementary contour ABCD (see Fig. 2.2.1) and find 

the circulation around this contour. Assume that the velocities are constant 
along each side and are given by the following values: 

a vy 
v x  ~ J J  + dx (BC), vx += dy (CD), Vy (AD).  

ay 
Taking anticlockwise circumvention of the contour as positive (from the x 
axis toward the y axis), we get for circulation 
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av, avx d r z  = (- - - ) dxdy. 
ax a~ 

According to (2.2.3) the value in brackets is equal to double the value of the 
component of angular velocity about the z axis, i.e. 2wz. Consequently 

d r z  = 2 o, dxdy. (2.7.6) 

Similarly it can be shown that 

d r x  = 2ox dydz, d r y  = 2mY dxdz. 

The products of differentials in these expressions represent areas contain- 
ed in the corresponding elementary contours. Taking into account the results 
obtained above for an area da arbitrarily oriented in space and restricted 
within an elementary contour, the circulation may be given by 

dm = 2 &do, (2.7.7) 

where on is the component of the angular velocity about the direction of 
normal n to the elementary area da. From(2.7.7) it can be seen that the cir- 
culation of velocity around any closed contour is equal to twice the value of 
the intensity of vorticity lying inside the contour. 

The relation (2.7.7) can be extended to the case of contour L of finite size 
having some surface area S for which the value on is known at each point. 
Then the circulation of velocity around the contour is 

Formula (2.7.8) represents Stokes' theorem: the circulation of velocity 
around a given closed contour L is equal to twice the value of the integral of 
intensities of vortices through the surface enclosed in the contour. The quan- 
tity on the right-hand side is called the vortex strength and is designated by 

If the circulation r in (2.7.8) is replaced by the formula (2.7.3) we get a 
relation representing the integral along the contour K by an integral over the 
surface S enclosed by the same contour K, 

The above relations are given for a singly connected contour (the region 
being considered is limited by one contour, Fig. 2.7.1, a). However, Stokes' 
theorem can also be extended to multi-connected contours (the region is sur- 
rounded by one external and some internal contours). Here equation (2.7.8") 
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is applicable under the conditions that the external contour is connected with 
the internal contours by auxiliary lines (section) so that the singly-connected 
region may be obtained. Then the double integral in (2.7.8') can be extended 
to the shaded region (Fig. 2.7.1, b) and the line integral is taken around the 
singly-connected region so obtained, i.e. around the external contour along 
all sections and also along all internal contours. In accordance with this and 
by formula (2.7.8") and also from Fig. 2.7.1, b, where a triply-connected 
region is shown, we get 

from which the circulation around contour K for the given region will be 

Fig. 2.7.1. Singly connected and triply-connected regions in plane: 

a-singly-connected region (TK-circulation along contour K); 
b-triply-connected region (TK-circulation along external con- 
tour; r K 1  and TK~-circulations along internal contour K1 and K2 

respectively). 

Extending this formula to the case of n internal contours, we find 

7.3 Velocities induced by vortices 
The vortices appearing in a fluid create velocities in the surrounding 

space. This effect is similar to the electromagnetic effect of a conductor 
carrying electric current. Velocities created by a vortex are called induced 
velocities. 

The electromagnetic analogy above acknowledges the fact that the Biot- 
Savai-t formula, used to determine velocity induced by a vortex, is similar to 
that representing the law of electromagnetic induction established by Biot- 
Savart. 
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Let us consider a curvilinear vortex of arbitrary form (Fig. 2.7.2). The 
velocity vector d i  induced at a point A by an element of vortex dZ is deter- 
mined by the radius vector 7 and coincides with the direction of vector 
product 7 x dE, i.e. the vector d; is perpendicular to the plane containing 
vectors F and dZ. The value of dG is determined by means of the Biot-Savart 
formula which has the following form in vector notations: 

where r is circulation of velocity, equal to double the value of the intensity 
of the vortex. Conclusions of formula (2.7.9) can be found in the book [23]. 

Since I. x dI; = r sin a dL, where a is the angle between the direction of an 
element of the vortex and the radius vector & the value of induced velocity at 
a point A is given by 

Let us apply the Biot-Savart formula for calculation of the velocity in- 
duced by the section of line vortex (Fig. 2.7.3). 

Since r = hlsin a, dL = rdalsin a = hda/sin2 a, we have 

r 
4zh 

sin a da = - (COS a1 - cos az). 
4zh 

For a vortex with both ends 
extending to infinity (infinite 
vortex) a1 = 0, a2 = n and conse- 
quently 

r 
w=- (2.7.12) 

2nh 

For a vortex with one end 
extending to infinity and the 
other at the origin point A 
(semi-infinite vortex) a1 = 0, Fig. 2.7.2. Scheme of vortex-interaction. 
a2 = n/2. Therefore 

If there are two or more vortices in a fluid they interact with each other. 
As a result the vortex system will be in motion. The velocities of this motion 
are determined with the help of the Biot-Savart formula. Consider, as an 
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Fig. 2.7.3. Effect of line vortex on fluid particle 
situated at point A. 

example, two infinite vortices having equal intensity and direction of rotation 
(Fig. 2.7.4, a). These vortices impart velocities V2= - (r/27~h) and Vi = r/271h 
to each other, which are equal in magnitude and opposite in direction. As a 

result of this both vortices will rotate 
a) about an axis passing through the mid- 

point between them. If one of the two 
vortices has an intensity of vortex 
opposite in sign (Fig. 2.7.4, b) the in- 
duced velocities will be in the same direc- 

b) 
tion and consequently the system of 
vortices will be displaced uniformly 
with velocity V=T/2nh in a direction 
perpendicular to the line joining these 
vortices. 

8. Complex Potential 
Fig. 2.7.4. Interaction between vortices: 

a-vortices with same direction of The motion of an incompressible 
rotation; 6-with opposite directions potential flow can be completely deter- 

of rotation. mined if the potential function p or 
stream function cy is known. The rela- 

tion between these two functions is given by equations (2.5.9), which are 
known as the Cauchy-Riemann equations in the theory of functions of 
complex variables. These equations represent the necessary and sufficient 
conditions such that the combination of the two functions p + iy happens to 
be the analytical function of complex variable z = x -I- iy, i.e. the functions can 
be differentiated at all points of the given domain. Let us introduce the 
symbol for this function: 

W(z)=p+iy. (2.8.1) 

The function W (z), which can be determined if the functions of the two real 
variables p = p (x, y) and cy = cy (x, y) satisfy the differential equations (2.5.9), 
is called the complex potential. If the values of the function p(x, -v) or ~ ( x ,  y) 
are known uniquely in the flow field the complete two-dimensional plane flow 
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can be obtained by the complex potential. Hence the problem of estimating 
such a flow can be reduced to the determination of function W(z). 

Let us find the derivative of function W(z) with respect to the complex 
variable z: 

This expression is known as the complex velocity, the modulus of which gives 
the velocity itself, i.e. Id W/dzJ = 4 V; + V,2_ V. It is obvious that the actual 
velocity vector V= Vx+iVy happens to be the reflection about the x axis 
of the vector of complex velocity. 

Denoting the angle between the vector dW/dz and the x axis by 9, the 
velocity components will be Vx = V cos 6 and V, = V sin 9. 

Using Euler's formula 
cos 9 - i sin 9 = e-j8, 

we get 
dW/dz = Ve-ie. (2.8.4) 

9. Typical Fluid Flows 

Let us consider simple incompressible fluid flows, their geometrical 
pattern (aerodynamic specter), expressions for complex potentials and the 
corresponding potential functions and stream functions. 

9.1 Uniform flow 
Let the fluid motion be given by a complex potential 

W(z)=V(cos 9-isin 6) z, (2.9.1) 

where V and 6 are some quantities constant under given conditions. In 
accordance with (2.8.1) 

q+iiy=V(cos 9-isin 9) (x+iy), 

from which the velocity potential and stream function are obtained: 

a ,=V(xc0~9+ys in9) ;  (2.9.2) 

ty=V(ycos9-xsin9). (2.9.3) 

It follows from the expressions for y, and ly that the given flow is plane and 
steady because time does not appear here as a parameter. The stream lines 
and the streak lines coincide in such a flow. 

The velocity components of flow can be found from (2.9.2): 
aplax = V, = v cos 9, splay = vy = v sin 9, av/az = V, = O. (2.9.4) 



Here Y is the resultant velocity of flow and B is the angle between its direc- 
tion and the x axis. Equating stream function y/ (2.9.3) with constant, in- 
cluding in it the velocity V, we get the equation 

y cos B -x sin B = const, (2.9.5) 

from which it can be seen that the stream lines themselves represent the 
parallel lines inclined to the x axis by an angle B (Fig. 2.9.1). Since the velo- 
city components Vx and V, are positive the flow direction will be that shown 

in Fig. 2.9.1. This kind of flow is 
known as plane uniform flow. 

In a particular case where the flow 
is parallel to the x axis (8 = 0, V,= V, 
V, = 0) the complex potential will be 

W(z)=VZ. (2.9.6) 

9.2 Plane source and sink 
Consider the complex potential 

W(z) = (q/2n) ln z, (2.9.7) 

Fig. 2.9.1. Steady uniform flow. where q is a constant quantity. This 
equation can be rewritten in the form 

rp + iy = (q/2n) In (rei8) = (q/2n) (In r + iB), 
where r is the distance to the point with coordinates x, y (polar radius), 0 is 
the polar angle. From the equation obtained above it follows that 

Ir/ = (9/2n)B. (2.9.9) 
From (2.9.8) we find that the radial 
component of velocity (along radius r) is 

and the component along the normal to 
this radius \ 

The flow so obtained consists of 
stream lines (trajectories) representing a 
family of straight lines passing through 
the origin of coordinates (this follows 
from the equation of stream line y= 
const). This radial flow starting from Fig. 2.9.2. Plane point source. 
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the origin of coordinates is called the plane source (Fig. 2.9.2). 
The fluid flow rate across a contour of radius r will be equal to 2zr Vr = Q. 

Substituting here the value of T / ,  from (2.9.10), we get Q=q. Conkequently 
the constant q is determined by the fluid flow rate of the source. This quantity 
q is known as the strength or intensity of source. 

There exists a fluid flow, along with the source, called the plane sink. The 
complex potential of sink is 

W (z) = - (9127~) In z. (2.9.1 I )  

The minus sign indicates that unlike a source flow the fluid flow for sink will 
be toward the center. Sink, in the same way as source, is characterized by 
strength or intensity q (flow rate in unit time). 

9.3 Three-dimensional source (sink) 
Three-dimensional source (sink) occurs in a similar way to plane source 

(sink). The flow from such a source (sink) is given by the following condi- 
tions: 

where R = 2/x2 + y2 +z2; q is the intensity of source (plus sign) or sink (minus 
sign). The intensity of source (sink) is equal to the quantity q determined as 
the flow rate per second through a spherical surface of radius R. The total 
velocity is 

and it coincides with the direction of radius vector R. Therefore the velocity 
potential depends only on R and can be written as 

After integration it leads to 

p = T q/4z R, 
where the minus sign is for source and plus sign for sink. 

9.4 Dipole 
Consider a flow for which the complex potential is 

where M is a constant quantity. From this equation we can write 



Transform the right side of this equation. Bearing in mind that 

1 -- 1 =-- 1 (cos 8-i sin 8), 
ref@- r(cos 8 + i sin 8) r 

one gets 

y, + iy/ = (M/27rr) (cos 8 - i sin 8). 

From this it is found that 

M cos 8 v=s 'u '  
M sin 8 

y / = - - - - *  2n r 

Assuming cy=const and taking into account that r=  .r/x2+ y2 and sin 8= 
y/r = y/.fx2 + y2, the equation of the family of stream lines for a given flow 
will be 

y/(x2 + y2) = const. (2.9.1 8) 

The family of stream lines represents an infinite series of circles each passing 
through the origin of coordinates with centers on they axis (Fig. 2.9.3, a). 

Fig. 2.9.3. Determination of dipole: 

a-stream lines of dipole; b-scheme of formation of dipole. 

To get the physical picture we assume a flow resulting from the superposi- 
tion of flows from a source and a sink of equal strength situated on the 
x axis at a very small distance E from the origin of coordinates (Fig. 2.9.3, b). 
The velocity potential at a point M (x, y) due to flow from source at a distance 
rl will be qsourc,=(q/2~) ln rl .  Similarly the velocity potential at point M due 
to sink at a distance rz from this point will be y, sink= (- 9127~) In r2. 

The principle of superposition of incompressible flows can be used to 
determine the resultant flow from a source and a sink. The velocity potential 
of the resultant flow by this principle y = y,,ur,,+ @ink. In line with the 
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equation of continuity (Laplace equation) the following relation is obtained 
from (2.4.8'): 

Since the functions fpswce and Vsink satisfy the equations 

the value of a2q/ax2 + a2rp/ay2 is also uniformly equal to zero. Consequently 
the resultant function a, satisfies the equation of continuity. The resultant 
potential due to source and sink, then, is 

As r ~ = d ( x + e ) ~ + y ~ ,  ~2=d(x--e)~+y2,  we get 

The value of E can be selected so that the second term in brackets will be 
small compared to unity. Applying the formula for expansion of a logarithmic 
series and neglecting terms of higher order, we get 

Let the source and sink come closer (e+O) and at the same time their inten- 
sities increase in such a way that the product 9.28, in the limit of source and 
sink approaching each other, tends to some finite quantity M. The combined 
flow appearing as a result of this is called the dipole. The quantity M charac- 
terizing this flow is called the strength of the dipole and the x axis, the axis 
of the dipole. In equation (2.9.19), for y, using the limit of E+O and 2ge+M, 
one can get the expression for the dipole, 

which coincides with (2.9.16). So the flow under study, characterized by the 
complex potential (2.9.15), happens to be for dipole. The same thing can be 
shown if we consider the stream function of a mixed flow that coincides with 
(2.9.17). It can easily be seen that the formulas (2.9.16) and (2.9.17) can also 
be expressed in the form: 



l,y= -- a In sin 0. (2.9.17') 

Performing differentiation of (2.9.16), we determine the velocity compo- 
nents of dipole: 

Let us take a three-dimensional case. As in (2.9.14), the potential functioil 
for the flow created by the source and sink of equal strength q, which are 
placed on axis Or (r = d y 2  +z2) at points r = - E and r = + E, will be 

' 

For small values of E we have 

and the quantity 

By substituting these in (2.9.20') we get 

If we take the limit of c-0 and assume that the product 9.28 tends to a finite 
quantity M, the velocity potential from the above expression for a flow 
created by dipole with strength M will be 

If the source and sink of equal strength q are located on axis Ox at the 
points x= -E and x= +E, then at E+O the velocity potential of dipole is 

9.5 Flow with circulation (vortex) 
Let us study the flow given by a complex potential 



where a is a constant quantity. Rewriting this equation in the form 

we find 

From (2.9.23) it is found that radial component of velocity V,. = ap/ar=O 
and the normal component V, perpendicular to the radius is equal to the 
derivative of p with respect to arc length s along the stream line, i.e. 

The equation of stream line can be obtained from the condition of I,V= 
const which, according to (2.9.24), gives the equation r=const. c his equa- 
tion itself represents a family of stream lines in the form of concentric circles. 
Along these circles the direction of motion is positive if it is anticlockwise 
(from axis x to y), in which case the coefficient a in (2.9.25) will have the plus 
sign. 

This kind of flow with particles moving (circulating) along concentric cir- 
cles is called a flow with circulation or vortex flow (Fig. 2.9.4). 

The circulation of velocity in the 
flow being considered has r = 2 n r  
(aplas). Since aplas = (l/r)aplae = a/r 
the circulation r = 2 n a  or a=r /2n .  
Thus the physical meaning of the 
constant a lies in the fact that its 
value is determined by the circula- 
tion of flow which, as established 
earlier, is equal to the strength of the 
vortex. The flow created by a vortex 
lying at the origin of coordinates 
where V, =a/r-+w is called the plane 
vortex source or simply the vortex. 

We have examined Fig. 2.9.4. Circulating flow (vortex). 
cases of flow for which the velocity 
potential and stream function are exactly determined. Combining these flows 
i t  is possible, under given conditions, to determine more complicated poten- 
tial flows equivalent to those arising during a flow past bodies of given 
shapes. 
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1. Equations of Motion of a Viscous Fluid 

The equations of motion constituting the theoretical foundations of aero- 
dynamics form part of the group of basic equations of aerodynamics. They 
connect the variables determining motion such as speed, normal and tangen- 
tial stresses, etc. The solution of equations of motion helps to determine 
these unknown quantities. 

Let us examine the different types of equations of motion useful in the 
study of gas flows. 

1.1 Cartesian coordinates 
Let us study the motion of fluid particles having the form of elementary 

parallelepipeds of sides dx, dy, dz about a point A with coordinates x, y, z. 
The velocity components at this point are given by V,, V,, V,. The motion of 
fluid particles with mass pz (z=dxdydz, elemental volume) takes place under 
the action of the mass and surface forces. The components of mass force are 
represented by Xpz, Ypz, Zpz, and the components of surface force by Pxz, 
P,z, P,z. The values of P,, P,, P, themselves represent the projections of vec- 
tors of surface force counted per unit volume of body. 

Equations of particle motion in projection on the x axis will have the 
form 

pz dVx/dt = Xpz + Px 2, 
from which 

dVx/dt = X+ (11~) Px, (3.1.1) 

where dVx/dt is total acceleration along the x axis. Similarly, two more 
equations for projections on axes y and z can be obtained: 

dVy/dt= Y+ (11~) Py; (3.1.2) 
dV,/dt=Z+(l/p) P,. (3.1.3) 

The surface force can be expressed in terms of stresses acting on the sides 
84 
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of an elemental parallelepiped. The peculiarity of the surface forces in com- 
parison with the ideal (inviscid) medium lies in the fact that not only normal 
but also tangential stresses will be acting on the surface. 

Every surface force acting on the side will have three components along 
coordinate axes (Fig. 3.1.1). The projections of surface forces acting on unit 
area of the left-hand side are p,,, z,, .c,,. The quantityp, represents normal 
stress and zx,, Z X ~  are tangential stresses. It is obvious that the first index 
shows the axis perpendicular to the side being considered and the second 
index indicates the axis along which the given stress is projected. The 
components of stress p,, zzx z,,, act on the given side perpendicular to the 
z axis and the components pyx, z,,, zzy act on the lower side perpendicular to 
they axis. 

Here the normal stresses are assumed to be positive if they are directed 
away from the separated element and place the body under stress as shown 
in Fig. 3.1 .l. The tangential stresses will have the plus sign if these stresses 
are oriented along directions opposite to the positive directions of the axes of 
coordinates for three sides intersecting at the starting point A. For the other 
three sides they are positive if directed toward the positive directions of these 
axes. Having noted this we will study the components of surface forces along 
the x axis. The force due to normal stress pxx dydz acts on the left side and 
the force [px, + (ap,/ax) dx] . dydz due to normal stress acts on the right 
side. Consequently the resultant of these forces is equal to (ap,/ax)dydzdx. 
The components of forces as a result of tangential stresses acting on these sides 
will be equal to zero. 

It is, however, necessary to consider the tangential stresses z, and zyx. 
Force zzX dydx acts on the rear face and force [zzr+ (azZx/az)dz] dxdy on the 
front face. The resultant of these forces is equal to (az,,/az) dxdydz. Similar- 
ly the resultant of the forces acting on the lower and upper faces will be equal 
to (a~yJay) dxdydz. 

Fig. 3.1.1. Surface forces acting on fluid particle. 



In this way the projection of surface force on the x axis taken for unit 
volume is 

Similarly the projections of surface force on other coordinate axes per unit 
volume are: 

Tangential stresses acting over orthogonal sides are equal to each other, 
i.e. zzx = T.*z, zzy = zYz and zy, = zxp This can be proved by writing the 
equations of moments about the axes acting on the particle as a result of 
forces which are perpendicular to the sides and passing through the center of 
the parallelepiped. For example, the equation of moments of forces about an 
axis perpendicular to the front and rear faces will be as following: 

-zyx dxdz (dy12) - [zyx + (azYxlay) dyl d-~dz (dy/2) + zxy dydz (dxI2) 
+ [zxy + (a~~,/ax) dxl dydz (dx/2) =AM,, 

where AM, is the moment of inertial forces during relative motion of the ele- 
ment about this axis. In this equation, the moments of gravitational forces 
and normal components of surface forces do not exist because it is assumed 
that the resultant of these forces passes through the center of the parallele- 
piped. i 

It is worth noting that the inertial force, by nature, is the volume force 
proportional to the elemental volume z=dxdydz and is consequently in this 
context a small quantity of the third order. Therefore the inertial moment 
obtained by multiplication of this force by an infinitesimally small arm will be 
a small quantity of the fourth order and hence can be neglected. Neglecting 
other small values of the fourth order in the equation we get an equality 
zxy=zyx. Similarly the other two equalities of tangential stresses can be 
proved. In this equality of tangential stresses, lying in two mutually per- 
pendicular elemental areas passing through some point and acting in the 
plane normal to both the elemental areas, the property of mutual dependence 
of tangential stresses is included. Thus only three tangential stresses will be 
unknown out of the six. 

The law of proportionality of stresses to strains is used to determine the 
values of tangential stresses. Newton's formula for determination of friction 
arising during motion of a viscous fluid relative to a solid wall is an illus- 
tration of the application of this law. According to this formula zyx= 
p(a Vy/ax), i.e. the stress proportional to semi-speed e, = (112) (avY/ax) of 
angular deformation in the direction of the z axis, from which we may write 
* ~ y * = 2 p ~ ~ .  This relation can be extended for the general case of spatial 
motion in which the angular deformation in the direction of the z axis is 
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determined by semi-speed of deformation E Z  = (112) (aVy/ax + a  Vx/ay). The 
other two values of frictional stresses can be written in the form ~,,=2,ue,, 
T ~ ~ = ~ , U E ~ .  In this way: 

TYX = 2peZ = ,U ( a  vYlax + a vxlay);  
TYZ = p ( a  vYlaz + a v ,I~Y);  (3.1.5) 
TZX = 2pEy = p ( a  v,lax + a vx /az ) .  

The above-mentioned law of proportionality can be used to establish the 
relation for normal stresses p,, pyy, pzz. Under the action of stress p, 
the fluid particle experiences linear deformation along the x axis. 1f 8: repre- 
sents the value of linear strain, it can be stated that pXx= E B ~ ,  where E is the 
coeRcient of proportionality or modulus of elasticity of the fluid. The parti- 
cle will also be deformed in the directions of axes y and z under the action of 
stresses pyy and p,,, which reduces the deformation along x axis. 

It will be recalled from courses on the strength of materials that the 
reduction of this strain,for elastic bodies, i.e. the quantity d o x ,  is propor- 
tional to the sum of strains along the y and z axes under the action of given 
stresses. Accordingly 

where m is a constant quantity, known as the coefficient of transverse linear 
deformation. The complete strain along x axis will therefore be 

Similarly the strains 8, and & along axes y and z can be calculated. The 
normal stresses can be found from the expressions so obtained: 

P X X = E  8x+(lIm) (pyY+~zz ) ;  
pYY=E & + ( I 1 4  (pzZ+p*); I (3.1.7) 

pzz=E &z+(llm) ( PX~+PYY) .  
The relative linear deformations of a particle along the directions of coor- 

dinate axes determine its relative volumetric deformation. Expressing the value 
of this deformation by 87 we can write 

B=8,+By+ez .  (3.1.8) 

Performing summation of (3.1.7) and considering an expression for 8, we get 

mE - 
Pxx +pyy +pzz= - 6 m - 2  

Determining the sum of pyy +pzz from this expression and substituting it in 
(3.1.6), we find 

m m E -  
PXX = - ~ 8 , + - -  - 0 -  m + l  m + l  m - 2  
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The known relation between the modulus of rigidity G, the modulus of linear 
elasticity E and the coefficient of transverse deformation can be used for the 
last derivations. This relation is valid for elastic media, including compres- 
sible fluids: 

G = mE/2 (m + 1). (3.1.11) 

Transferring this relation to equation (3.1.10), we get 

Introduce the notation 

Addition and subtraction of the quantity a on the right side of (3.1.12) 
gives 

Using (3.1.9) and (3.1.1 l), we write 

Similarly the expressions for p,, and p,, will be 

It has been established that for an inviscid fluid the pressure p at any point in 
the flow (see Chapter 1, Section 1) is equal for all the elemental areas passing 
through this point, i.e. in terms of established notations p,=p,,=p,,= -p. 
Consequently, p =  (- 113) (pxx +pH +pzz). So in investigating the motion of 
a viscous fluid the pressure can be determined as the arithmetic mean, with 
negative sign, of the three normal stresses corresponding to three mutually 
perpendicular planes. ~ccordingly a= -p. 

The following relations for shear (tangential) stresses acting on a solid 
body are established in the theory of elasticity: 

where yyx, yYz, yzx are angular strains about axes z, x, y respectively. It can 
be seen from a comparison of formula (3.1.15) with the corresponding rela- 
tions for a viscous fluid (3.1.5) that they can be obtained from each other if 
the modulus of rigidity G is replaced by coefficient of dynamic viscosity p 
and angular strains y by the corresponding values of angular deformation 



rates E .  Accordingly, in replacing G by p  in formulas (3.1.14), (3.1.14') the 
linear strainsg;, 8,, 8, must be replaced by the corresponding values of the 
rates of linear deformation ex= aVx/ax, 0, = aV,/ay, eZ= aVz/az (see Section 
2 of Chapter 2) and the rate of volumetric deformation 

e = (a vx/ax) + (a v, la~) -1- (a vz/az) = div y . 
After these substitutions in (3.1.14), (3.1.14') we get 

pxx= - p + p  ( 2 %-$ div T) ; 1 

The second terms on the right side of expressions (3.1.16) give additional 
stresses due to viscosity. 

Using the relations (3.1.4), (3.1.4'), (3.1.5) and (3.1.16), one can find P,, 
P, and P,. For example, from (3.1.4) the value of P, will be 

where A is the Laplace operator: 

A = a2/ax2 + a2/ay2 + a2/az2. 

In particular, 

Similarly the relations for P, and P, can be obtained. 
The relations for the stresses due to surface forces in a fluid were obtained 

here by applying the generalized rules connecting stresses and deformations 
in solid bodies to the case of a fluid medium having the properties of elasti- 
city and viscosity. The same relations can be obtained from the series of 
hypothetical statements about molecular forces acting in the fluid itself (see 
[212], [81). 

Writing the components of t ~ t a l  acceleration by the law of calculating the 
derivative of multi-variable function f (x, y, z, t )  (x, y, z are also functions of 



time t), the equations of motion (3.1.1) to (3.1.3) can be obtained in the 
following form, taking into account the above expressions for Px, Py, PI: 

where v =,u/p, coefficient of kinematic viscosity. 
The differential equations (3.1.17) form the theoretical basis for the gas 

dynamics of a viscous compressible fluid medium and are known as the 
Navier-Stokes equations. It is assumed in these equations that the coeffi- 
cient of viscosity ,LL is a function of coordinates x, y, z, i.e. ,u=f (x, y, z). 
Assuming that p=const, the Navier-Stokes equations can be written in the 
following form: 

The effect of mass forces need not be taken into account in the investigation 
of gas flows. Consequently, we take X= Y=Z= 0. In that case 



For two-dimensional plane motion with variable values of coefficient of dyna- 
mic viscosity (,u#const): 

If div V=O and /'=const these equations lead to the equations of a viscous 
incompressible fluid. 

Let us examine the equation of motion of an ideal (inviscid) compressible 
fluid. Taking the coefficients / L  an v as equal to zero in (3.1.17), we get 

These equations were first obtained by Leonard Euler and are known as 
Euler's equations. They form the theoretical foundation of the science of the 
motion of an ideal gas, the hypothetical properties of which are determined 
by absence or negligibly small effect of tangential stresses. 

1.2 Equation of motion in vector form 
Multiplying equations (3.1.18) by unit i, j, k, respectively and summing 

them, we get the equation of motion in vector form: 

dV - 1 
- - = G - -  gradp+v A V  +L grad div 7 ,  
dt 3 

(3.1.21) 
P 

where the vectir of mass forces in Cartesian coordinates 

gradient of pressure 

grad P = (aplax) i + ( 8 ~ 1 8 ~ )  j + (aplaz) k; 

vectors 

A ~ = A V ~  i+AVy j+AVZ k; 

- a div 7 a div 7 a div 7 
grad div V= - i+ - a~ j + -  k- 

ax a2 
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If the fluid is incompressible, div V=O and consequently 

In the absence of mass forces G=o and therefore 

d v d t  = - (lip) grad + v  dT+(v/3) grad div (3.1.21 ") 

The complete acceleration vector can be expressed in the following form: 

d e d t  =ap /a t  +grad (V2/2) + r o t F x  7. (3.1.22) 

Taking (3.1.21") and (3.1.22) together, the equation of motion can be written 
in the form 

a 7  vZ 1 - +grad +rot x 8= - - grad p + v ~ V  +: grad div V. (3.1 22') 
at P 3 

1.3 Curvilinear coordinates 
Let us transform equation (3.1.22') with the help of the concept of genera- 

lized curvilinear coordinates qn discussed in Section 4 of Chapter 2. This helps 
us to carry out changes comparatively easily in the equation of motion per- 
taining to the particular form of curvilinear orthogonal coordinates in the 
same way as in the equation of continuity. 

Let us consider the transformation of individual terms in (3.1.22'). The 
following expressions, bearing in mind (2.4.18), represent the second term on 
the left side and also the first and third term on the right side of (3.1.22'): 

3 3 
1 grad p = C (grad P), in = 2 . in ; (3.1.24) 

3 a div V 
grad div 8- 5 (grad div )., in = i,. (3.1.25) 

For the transformation of vector product rot Vx Vit  is necessary to find 
the formula for vector rot T i n  generalized coordinates. To do this, find the 
rotation of both parts of equation (2.4.19): 

where 

grad Vn x in = (grad Vn)j i, - (grad Vn),, ij. (3.1.27) 
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Here the components of vector grad V, in the corresponding coordinates are 
determined from 'expression (2.4.18), where @ is replaced by Vn. Inserting 
the values of (3.1.27) and the expressions for rot in from (2.4.22) in (3.1.26), 
the rotation of velocity will be 

Now the vector product can be determined by 

rot F x P = x ( r o t  'F x B), i n ,  
n=l 

where the component of this vector on a tangent to the corresponding coordi- 
nate line is 

Note that the indices m = 2, 3, 1 and j = 3, 1, 2 correspond to the values of 
n= I, 2, 3. 

- The left side of equation (3.1.22) represents vector of total acceleration 
W =  dF/dt which can be written as 

where Wn is a component of the acceleration vector along the direction tan- 
gential to the coordinate lines g,. It is obvious that each value of Wn can be 
taken as the sum of the corresponding components of vectors aF/at and of 
vectors (3.1.23) and (3.1.29) along the given directions. Accordingly 

To transform the Laplacian operator which is given in the form of vector 
AT the following identity can be used: 

AT = 1 AY, i,2=grad div 7 -rot rot P ,  (3.1.33) 
n=l 
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where dVn is the component of velocity vector along coordinate lines q,. The 
first 'vector on the right side of (3.1.33) has already been determined in 
(3.1.25) and the second vector can be obtained with the help of equation 
(3.1.28). Performing rotation of both parts of this equality, we get 

rot rot 7 = y ( r o t  rot Y 1, in 

3 

'F)j] 8 [h, (rot V),] - (3.1.34) 
aqi 

where the corresponding components of the vector of rot V are found from 
(3.1.28). With these data the transformation of the equation can be studied 
with respect to the particular form of curvilinear orthogonal coordinates. 

Cylindrical coordinates: Using (2.4.12), (2.4.16) and (2.4.25), we get 

ql=X, q2=r, q3=7, h l= l ,  h2=l, hs=r, 

v, = v,, V2 = v,, v3 = vy. 
Hence 

(grad P)I = aplax. 
Moreover we find that 

(grad div 61 = a div vax .  

Keeping in mind that div v i s  determined by the formula (2.4.26), we get 

Equation (3.1.28) results in 

- avr av, (rot V)3=--- (rot V)2=- -.--r - 
ax a. * - t. (:: 7 )  

Substitution of these expressions in (3.1.34) gives 

1 avx 
a -  ~ [ ~ ( ~ - ~ g ) ] {  (rot rot j?), =- - 

I a7 

Further, since (grad div7)I =a  div v a x ,  the equation (3.1.33) leads to 
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7 a2 vx a2 vx (AV)~=(grad div Y)I-(rot rot V)l=-+- ax2 

1 a2vx 1 a s ;  
+ r ~  - 

a y 2  +u ' ap. ' 
So the equation of motion for the component along the x axis in a cylindri- 
cal system of coordinates will be 

- a div V - - L . @+v AVx+L . - . 
P ax 3 ax 

In the same way the other two equations for the components along coordi- 
nate lines r and y wilil be: 

i 
I 

(3.1.35'j 
av, --+vx av, -+vr-.2+2. av v av L+L v v, I 
at ax ar r a? r I 

a div Y J 
The following convention for A is observed in these equations: 

Divergence of velocity is obtained by formula (2.4.26). 
For an axisymmetric flow the equations of motion are simplified so 

that 

avx -+vX-+vr avx avx -= -1 . 2+v A,x+- . a d i v v .  - I 
at ax ar p ax 3 a x I  t (3.1.36) 

a vr avr avr a div I -+V,-+Vr-=-l. !@+v Avr+-. - 
at ax ar P ar 3 ar J 

where 

- aVx av, vr div V =-+-+ J ,  
ax ar 

In the case of a steady flow it is necessary to take 



a v,lat = avrlat = a v,lat = o. 
these equations. 
Spherical coordinates: Spherical coordinates, Lame's parameters and 

components of velocity vectors along the directions of coordinate lines are 
related by the formulas (2.4.13), (2.4.17) and (2.4.33): 

q ~ = r ,  42=e, q3=y, h ~ = l ,  h2=r, hs=r sin 0, 
V1=Vr, Vz=Ve, v3=v,. 

Using these details, equation (3.1.32) gives the component of acceleration in 
the direction of coordinate line r: 

aVr avr ve avr v, avr v$+vi w ~ = - + v ~ + - . -  - (3.1.37) 
at ar r a0 + r  sin 0 a y  r 

The pressure gradient component will be 

(grad P) I = aplar. (3.1.38) 

Further, using (2.4.34) for div F w e  get the relations 

(grad div V)I = - = - 

1 a (Ve sin e) +- 1 .a%]e 
' r s i n ~  ' ae i a n  0 a y  

This relation is used to determine the component (AV), of vector AT by for- 
mula (3.1.33). Before doing this we find the value of (rot rot pj from (3.1.34) 
which occurs in (3.1.33). From (3.1.28) we have: 

- 1 a(Ver) 8Vr 
(rot v)3=; [--;i;-- - -1 as ' 

- 1 [ a  Vr a (r sin 0 VI) (rot V)2= - - - 
r s i n e  a y  ar 

Substitution of these relations in (3.1.34) gives 

r- 
- 1 i (rot rot V), = - { 

r2 sin 0 I 

{ [" f l  Wr]} a sin 0 ------ - as 

a Vr a (r sin 0 V,) 

- a{&[%- ar  
a y  J 

1 
= - [ ( v ~ + ~ ~ - ~ )  cos o 

r2 sln 0 a r  ae 
+sm . e ($! -+r---- g: Fi a;;) 

1 -- (EWr sineaiVY-sin eaYY)]. 
sin e a y 2  m y  av 
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Considering relations (3.1.39) and (3.1.40), we get 

2 av, 2 v r  2 c o * e v e ,  -- .--- 
r2 sin 0 a y  r2 r2 

2Vr 2 aVe 2 VO cot 0 2 avr, (3.1.41,, (AV)l=AVr-T--Z -- --.- 
r r 80 1'2 1.2 sin 0 ay  

where 

Using relations (3.1.37) to (3.1.39) and (3.1.411), the equation of motion 
for the component along coordinate line r will be 

a -+v,.-+- vr aVr Ve .-+--, aVr V, aVr vE+vf -=--. 1 ap - 
at ar Y ae r sin e at,v r P ar 

2 aVe 2 aV, 2Vr 2V~ecot0 
+V AVr---. --------..---- a div V 

( r2 as r2 sin e ap r2 

The other two equations, in the same way, will be: 

we ave vo avo v, avo VrV~-V:cote  1 ap 1 -+Vr-+- .-+--.-+ = - - .  - 
at ar Y ae Y sin 0 a y  r rp a0 I 

1 = -- v, - + v A Vr - ------ 2 aVr ( r Z ~ i n 2 e + ~ ' a j  pr sin 0 ay/ 

a div p i 
J 

(3.1.43') 
where the operator 

1 
a (  (0) 1 

(3.1.44) 2 -  - .  - sine- +r,sin20.~e ~ = ; i . $ (  g) +sine ?e 
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The equations of motion can be written in still simpler form in the case 
of two-dimensional gas flows with variations in variables (velocity, pressure, 
density, etc.) along two coordinate lines only: 

where 

- 1 a(vrr2) 1 . a ( v ~ s i n e ) .  div V = - . ------- ae (3.1.47) 
r2 ar +r  sin 8 

Equations of two-dimensional motion of gas along curved surface: For the 
case we are considering the curvilinear coordinates, Lame's parameters and 
velocity components are determined by equations (2.4.40), (2.4.42) and (2.4.43) 
respectively. Consider a further condition, that the motion takes place near 
a wall and consequently y < R. Then 

q ~ = x ,  q2=y, q3=y, h t=l ,  h2=l, hs=r, 

Vl = dxldt = Vx, V2 = Vy, V3 = 0. 

The acceleration component from these data will be 

wl = (a vxiat) + vx (a v,iax) + vv (a VXI;Y), (3.1.48) 

and the pressure gradient component 

(grad p)l= apiax. (3.1.49) 
Besides, we have 

(grad div V) 1 = a div Flax, (3.1.50) 

where divergence of velocity is determined by the relation (2.4.44). So 

The rotation of velocity component can be found with the help of (3.1.28): 

(rot 7 1 3  = av,/ax- a vxlay, (rot Vlz= O. (3.1.52) 

Substituting these expressions in (3.1.34), we get 
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- 1 '(rot rot V)I=--. - aVv avx . 
r L P ( a x  a y ) I  

From (3.1.51) and (3.1.53) we have 

(AV)1 =(grad div -(rot rot 61 

Similarly, the following expressions can be obtained for components along 
coordinate line q2: 

w2 = av,lat+ vx (av,/ax) + VY <av,>lav>; (3.1.55) 

(grad ~ 1 2  = ~ P I ~ Y ,  (3.1.56) 

(grad div V)2 = a div flay; (3.1.57) 

Using the relations so obtained, the equations of motion can be written as: 

avx avx - + v x - - + v , ~ = - ~ .  ap v a div y 7 
ax 

- + v  (AV)l + Ti- . --- 
at a~ P ax 

a v, F+v, -+~,av,=-r. ap+v( i ,2++ 
ax 'l(3.1.59) a div f7 I 

ax 
.- 

a~ p a~ a~ ,J 
where (A V)I and (A V)2 are given by formulas (3.1.54) and (3.1.58) respec- 
tively. 

This way we get different forms of equations of motion of a viscous fluid. 
This was done because experience in research shows that in some cases it is 
convenient to use one form of equation, in other cases another form. The 
analysis of particular types of fluid motion using the most suitable form of 
equation will be discussed in the following chapters. 

2. Equation of Energy and Diffusion of Gas 

2.1 Equation of diffusion 
Investigation of the motion of a dissociating viscous gas is related to the 

effect of diffusion of gas on this motion. This is due to the fact that diffusion 
is considered to be one of the basic equations of gas dynamics occurring in 
the study of an energy equation. 

The process of dispersion of concentration as a result of molecular trans- 
fer is called diffusion. This is a thermodynamically irreversible process 
which acts as one of the sources of loss of mechanical energy on the part of a 
moving gas medium. 

An equation of diffusion represents an equation of transfer of the i-th 
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component of a gas mixture (this equation will be the equation of continuity 
for the same component). 

For simplification of research we assume that the difference between 
thermodiffusion and barodiffusion is infinitesimally small and the diffusion 
rate of the i-th component in any direction n is determined by the equation 

Qidn = - pDi (acilan), (3.2.1) 

where ci is concentration of the i-th component; Di is the coefficient of diffu- 
sion determined by the diffusion flow in the presence of a concentration 
gradient. 

For a mixture of gas components it is necessary to keep in mind the 
coefficients of binary diffusion corresponding to each pair of components, 
for example, for each pair of atoms and molecules of oxygen or nitrogen. 
The coefficient of binary diffusion in approximate calculations may be taken 
to be of a unique value 5 for each pair of components. Then Qidn = - pp 
(aci/an). Assuming that diffusion takes place along x, y and z directions, we 
have: 

Qidx= -p fi(a~i/ax), Qidy= --p ~ - ( a ~ i / a ~ ) ,  Qidr= - p D-(acilaz), (3.2.2) 
or in vector form - - 

Qid= - p D grad ci. (3.2.3) 
Diffusion of a substance takes place in a region of low concentration. 

Consequently, acilan has a negative sign. Hence Qid will be positive. The 
equation of diffusion can be examined on the 

r assumption that motion is steady and takes 
place with respect to the cylindrical system of 
coordinates. Here the flow is supposed to be 
three-dimensional and symmetrical about the 
x axis, i.e. the component of velocity V, = 0. 

0 Let us separate out an elemental volume of 
gas in the form of a ring with thickness dv and 
length dx (Fig. 3.2.1). Let the components of 
velocity be V, and Vr at a point P having 
coordinates x and P. Assume that the diffusion 
flow occurs in a radial direction only. Hence 

Fig. 3.2.1. Elementary gas 
the flow rate of the i-th component through 

particle in axisymmetrical an internal surface of the element is m,= 
three-dimensional flow. 22nrp V,s dx + Qid2~rdx, where ci and Qid 

are the concentration and diffusion flow rate 
of the i-th component, calculated per unit area. 

The flow rate of the i-th component through the external surface is 
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Ignoring the diffusion flow rate of the substance along the x axis, the gas flow 
rate through a left-hand element area perpendicular to this axis will be 

mx = p VXc j 2ardr, 
and through a right-hand elemental area 

Thus the flow rate of the i-th component in a given volume will be equal to 
[a (pVxrci)/ax] 2ndrdx. 

As the quantity of gas in a given volume must not change the general 
inflow of the i-th component will be equal to its consumption in chemical 
reactions. If the rate of transformation of the i-th component in unit volume 
of gas due to chemical reactions is (Wchem)i [kg/m3.sec] the consumption rate 
of the i-th component in a given elemental volume will be (Wchem)i 2zrdrdx. 
Then the balance of mass of the i-th component in a given volume can be 
written in the following way: 

This equation is known as the equation of diffusion in cylindrical coordinates. 
Similarly the equation of diffusion for a plane flow can be obtained in the 
Cartesian system of coordinates x and y: 

where Qid is found from (3.2.3). 
If a binary mixture of atoms and molecules is taken L'c~ = cA + CM = 1 and 

hence Q A ~  = - Q M ~ .  The value of (Wchem)i for a given reaction in a dissociat- 
ing gas is determined by the formula of chemical kinetics (4.9.7'). 

2.2 Equation of energy 
An equation of energy comes into the picture along with the equations of 

state, motion and continuity in the system of differential equations. The 
solution of these equations completely determines the motion of a gas. 

Consider a system of Cartesian coordinates and formulate the equation of 
energy for a fluid particle in the form of an elemental parallelepiped. This 
equation represents the law of conservation of energy according to which the 
change in total energy consisting of the kinetic and internal energy of parti- 
cles in time dt is equal to the work done on an elemental particle by external 
forces plus the heat flow to it from outside. 

The kinetic energy of a particle having volume z=dxdydz is equal to 
(pV2/2)z and its internal energy is Upz (U is the internal energy of unit mass 
of fluid). Consequently the change in total energy for the time dt will be 



102 AERODYNAMICS 

The work done by external mass (volume) forces during the motion of a - - 
particle in time dt can be expressed by the scalar product G .  V, multiplied by 
the mass of particle pr and time dt. The vector of mass force is &Xi+ Yj+ 
Zk and hence 

(z.7) pz dt = (XV, + YV,+ZVz) pz dt. 
Let us now calculate the work done by surface forces. First we will 

consider the work done in time dt by the forces set up by stresses acting on 
the right and left sides. The work done by such forces on the left side is equal - - 
to the scalar product gx - V multiplied by area dydz and time dt. In a scalar 
product the vector of surface forces is 

- 
GX =pxx i + rxu j + zxz k. 

The work done by the surface forces acting on the right side is equal to 

This expression has a positive sign because the forces on the right side are 
directed to the opposite side. 

Summation of the work done by all surface forces acting on the left and 
right sides gives: 

Similarly the expressions for work done by the surface forces acting on the 
lower and upper faces and on the rear and front faces of the element can 
respectively be obtained by: 

[a (g,. v) /ay]  zdt and [a (&. @/az] zdt. 

As the vectors of surface forces acting on the lower and rear faces are 
respectively equal to 

the expressions for work done will be: 
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The stresses in expressions (3.2.6), (3.2.6') and (3.2.6") are determined by the 
relations (3. I .5) and (3.1.16) respectively. 

The heat flow to a particle takes place through heat conduction, diffusion 
and radiation. Let qxdydz (where qx is the specific heat flow rate) represent 
heat flow due to heat conduction or diffusion to the partick through its left 
side in unit time. The amount of heat flow rate to the particle is q,dydzdt in 
time dt. Heat flow through the right side is equal to -[qx+(aqx/a.~)dx] 
dydzdt. The amount of heat flow to the particle across both these sides is 
-(aqx/ax) zdt. Similar expressions can be obtained for sides perpendicular to 
axes y and z. The resultant total heat flow to the particle will then be equal to 

If heat transfer due to heat conduction is examined the heat flow rates, 
equal to the flow of heat along corresponding coordinate directions through 
unit area in unit time, can be expressed by Fourier's rule: 

Taking this into account, we get 

- [(aq~xlax) + ( a q ~ ~ l a ~ )  + ( a q ~ ~ l a ~ ) ]  z dt = div ( A  grad T )  ~ d t ,  (3.2.8) 

where 

grad T =  (8TIax) i + ( a T l 8 ~ )  j + (8Tlaz) k. 

The energy flow to the.particle of gas as a result of diffusion can be 
written in the following way: 

qdx = Qidx 6 qdy = 2 Qidy ii, qdz = Qidz b; 
i i C i 

where ii is the total enthalpy of the component of gas mixture. 
Consequently 

Inserting the value of Qid from (3.2.3) in this, we get 

- [(aqdx/ax) + (aqdy/ay) + (aqdz/az)] zdl = 2 ii div ( p  5 grad C) zdt. (3.2.9) 
i 

Besides the energy brought to the particle by means of heat conductivity 
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and diffusion the heat due to radiation equal to ~ z d t  (E is the heat flow rate 
due to radiation in unit time per unit volume) also flows to it. 

Equating the change in energy of this particle in time dt to the summation 
of work done by mass and surface forces and the heat flow due to heat 
conductivity, diffusion and radiation, we get the equation of energy: 

+ pzz Vz) + div (A grad T) + ii div ( p  grad ci) + 8.  c i J 
During the motion of a chemically reacting mixture of gases the equation 

of energy must show the condition of heat balance, which includes heat 
appearing as a result of chemical reactions. However if we assume that the 
resultant enthalpy of gas mixture Z ~ i i  during reactions remains unaltered, we 
need not separately consider in equation (3.2.10) the liberation or absorption 
of heat due to chemical reactions. 

Substituting expressions for stresses from (3.1.5), (3.1.16) to (3.2.10) and 
ignoring the term for the work done by mass forces, we get, after suitable 
changes, an equation of energy for gas in the following form: 

+ div (1 grad 7') + ii div ( p  grad ci) + E. C i 
i 

I 
J 

Equation (3.2.1 1) shows the reason for change in the kinetic energy of a 
fluid. Besides heat conduction, diffusion and radiation, this energy varies 
due to the work done through compression div (p- and work done by 
frictional force (terms containing the coefficient of dynamic viscosity p). The 
dissipation (from Latin dissipare-"disperse") of energy is related to the 
losses of mechanical energy in overcoming frictional forces. Dissipation of 
energy occurs due to the fact that part of the mechanical energy will be 
unidirectionally transformed into heat. Therefore frictional forces are known 
as dissipating forces. The terms on the right side of equation (3.2.11) contain- 
ing ~r form the dissipating function. 

For a two-dimensional plane motion of a viscous medium the energy 
equation will be: 



+ div ( A  grad T) + ii div (pfi grad ci) + E, c i J 
where 

- 
v=v,i+Vyj,  divV=aVxlax+aVy/a~, 

grad T= (aT/ax) i + (aTlay) j, grad Ci = (aci/ax)i+ (acilay) j. 

Let us transform the equation of energy (3.2.12). Multiply the first equa- 
tion of (3.1.20) by V,, the second by Vy and add. Then 

Using simple transformations, it can be shown that 

vx (aplax) + V, (splay) = div ( ~ 7 )  -p  div F, 
where p div 7 can be found from the equation of continuity 

p  div y= - (plp) (dpldT), 

or 

Two other terms on the right side of the equation can be transformed into 
the following form: 

2 2 - - div (p  Fdiv 1) + p (div 7))'. 
3 

For the last term of (3.2.13) we get the expression 



Introducing a corresponding change in (3.2.13) and subtracting the 
equation so obtained from (3.2.12), we get 

di dp p - = -  

C ) (3.2.14) + div (A grad T )  + ii div ( p  5 grad ci) + e .  1 
i J 

where enthalpy i= U+ ( p l p ) .  
In the absence of the heat transfer due to diffusion and radiation the 

equation of energy can be written in the form 

At low speeds of gas flow, i.e. when the work done by frictional forces is 
small, the dissipating terms can be neglected. Moreover the work done by 
pressure forces (dp/dt%O) under such conditions is also small. In this case, in 
place of equation (3.2.15) we will have 

(dT/dt)  = (Alp c,) div (grad T ) .  (3.2.16) 

The quantity A/(pc,) =a, known as the coefficient of temperature flow, charac- 
terizes the intensity of molecular heat exchange. 

3. System of Gas Dynamic Equations. 
Initial and Boundary Conditions 

Study of the motion of a gaseous medium, i.e. determination of the para- 
meters at each point in space that characterize this motion, consists of solu- 
tion of the appropriate equations connecting these parameters. All these 
equations are independent and together they form the system of gas dynamic 
equations. The number of such independent equations in the system is deter- 
mined by the number of unknown gas parameters that we wish to know. 

Let us consider the case of the motion of an ideal compressible gas. If the 
flow velocity is not high the variation of specific heats with temperature can 
be ignored and the radiation of energy can also be ignored. In this case the 
gas flow represents itself as a thermodynamically isolated system and will be 
treated as an adiabatic flow. The unknown quantities for the case we are 
considering will be the three velocity components Vx, Vy, Vr, pressure p, 
density p and temperature T. Hence the system of gas dynamic equations 
must consist of six independent equations. The equations of motion, con- 
tinuity, state and energy, known as the basic equations of gas dynamics, are 
included in this system. 



Before writing down this system of equations we will study the equation 
of energy independently. According to the assumption of adiabatic flow the 
energy equation (3.2.14) can be transformed into 

di = dplp. (3.3.1) 
Keeping in mind that di=cpdT and taking into account the expressions 
cp - cv = R and p =  RpT, it can be shown that 

Then equation (3.3.1) leads to 

~P /P  = k (dplp). 
Hence we get an expression for pressure in the form 

p=Apk, (3.3.2) 

where A is a constant quantity typical for given conditions of gas flow. 
As we know, equation (3.3.2) is called an adiabatic (isentropic) equation. 

So in the present case the equation of energy coincides with an adiabatic 
equation. Then all the equations of the system can be written as follows: 

Let us now study the system of equations for a more general case of 
motion of an inviscid gas at high speeds during which the specific heat 
changes with the temperature and the processes of dissociation and ionization 
may occur in the gas. Here, for the sake of generality, we acknowledge the 
possibility of radiation of energy by the heated gas. Then the thermodynamic 
process in the gas flow will no longer be adiabatic. Accordingly, the quantity 
E determining the radiating heat flow remains on the right side of the energy 
equation (3.2.14). Further, the equation of state should be taken in the form 
of (1.4.8) where the variation of average molecular weight pa" with tempera- 
ture and pressure is considered. Assuming that the equations of motion and 
state do not change in form, the basic equations of the system will have the 
following form: 

dvx 1 ap dvY l a p . ]  -- _ - -.- -= --.- 
dt p a x '  dt p a y '  I 
-- 1 a~ I dvz- --.- dp+pdiv T=o; > 
dt p a z Y  dt 

Ro di dp 
I 

p=- pT, p-=-+E. I 
Pav dt dt J 



It can easily be seen that three more quantities, i.e, enthalpy i, average mole- 
cular weight of gas pav and heat flow due to radiation &, appear in this system 
in addition to the above-mentioned six unknown quantities (V,, V,, V,, p, p, 
2"). Along with these quantities it is necessary to determine entropy S and 
also speed of sound a in studying the behavior of the gas flow. So the total 
number of unknown parameters figuring in the gas flow problem becomes 
five. Therefore it is necessary to add the same number of independent rela- 
tions for these additional unknowns to the system of basic equations. 
These relations can be written in the form of general equations determining 
unknown quantities as functions of pressure and temperature: 

Investigation of these functions is the subject of special departments of 
physics and thermodynamics. 

The solution of equations (3.3.4) to (3.3.9) determines the parameters of 
motion of an inviscid, dissociating and ionizing gas with consideration of 
radiation effects. Study of such motion is dealt with in the aerodynamics of 
radiating gas. 

Finally we will consider a still more general case of flow, taking in the 
effects of frictional forces and heat transfer. We assume here that chemical 
reactions take place in the gas. The main equations of this system will there- 
fore be written in the following way (for brevity only a plane two-dimensional 
flow will be considered): 

Ro %+pdiv Y=O; p=-pT; 
dt Pav 

+ div (A grad T )  + ii div (p 3 grad ci) + E .  C I 
I 

i J 



This system is ,to be completed by the relations (3.3.5) to (3.3.9) and by the 
general relations for the coefficient of heat transfer 

2 =f6 ( P, TI;  (3.3.11) 
coefficient of dynamic viscosity 

/.1=f7 (PY T )  (3.3.12) 
and specific heats 

The last two quantities do not enter directly into equations (3.3.10). How- 
ever, they are used in their solution so far as the determination of the 
thermodynamic characteristics of the gas is concerned. In addition, it is 
necessary to use the equation of diffusion (3.2.5) because the heat exchange 
due to diffusion is taken into account in the energy equation. At the same 
time it should be borne in mind that the concentration ci appearing in the 
equations of energy and diffusion is a function of pressure and temperature 
and may be expressed by the general relation 

The system of equations given above, consisting of the basic equations of 
gas dynamics and the corresponding number (depending on the number of 
unknown quantities to be found) of additional relations, is studied in the 
aerodynamics of viscous gas. This system, in principle, helps in the deter- 
mination of the distribution of normal and tangential stresses and also the 
aerodynamic heat flows from a heated gas to the wall under interaction. The 
given system is simplified in some particular cases for which determination of 
the scheme of interaction processes is possible. This makes the solution of 
differential equations easy. 

In the process of solving these equations the necessity arises for additional 
relations for determination of the characteristic parameters of motion. These 
include, for example, relations for determining specific heats and the degree 
of dissociation as functions of pressure and temperature, formulas for 
calculation of frictional stress depending on velocity, etc. 

The solution of a system of gas dynamic equations, describing a flow 
over a given surface, must satisfy the given initial and boundary conditions of 
this flow-interaction. 

The initial conditions are determined by the values of the gas parameters 
for a given moment of time and obviously they have significance only for 
unsteady motion. 

The boundary conditions are imposed on the solution of the problem for 
both steady and unsteady flows and they must be fulfilled at every moment of 
time for this motion. The solution under this condition must be such that 
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the parameters so determined at the boundary dividing disturbed and undis- 
turbed regions of flow are equal to the values of the undisturbed parameters. 

The second boundary condition is obtained by the nature of the gas flow 
on the surface being studied. If the gas is viscous and the surface is imperme- 
able the flow is characterized by motion adhering to the surface (no separa- 
tion). According to this condition of flow the component of velocity normal 
to the surface at any point over it is equal to zero and the resultant velocity 
vector coincides with the direction of the tangent to the surface at that point. 

It is known that the vector grad F [F ( q ~ ,  q2, q3)=0 is the equation of the 
surface in a flow, ql, q2, q3 being the generalized curvilinear coordinates] 
coincides with the direction of a normal to the surface. Then a smooth flow 
over the surface leads to the condition that the scalar product of this vector 
and the velocity~vector will be equal to zero. So the condition of smooth 
flow over a body can be expressed in mathematical form as 

- 
V .  grad F= 0. 

Bearing in mind that 

the condition of flow without separation can be written as 

In Cartesian coordinates 

aF aF a~ grad F=- il + - i2+- i3. 
ax a~ a~ 

Consequently equation (3.3.16) will be 

In the case of a two-dimensional plane flow 

If the equation of surface is given in cylindrical coordinates, 

a ~ .  aF 1 wi3; grad F=-ZI+- i2+ -.- 
ax ar r a y  

hence the condition of zero normal velocity will be 

Fvx+aF,r+l.a_Fvy =,. 
a x .  al r a y  
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In the case of a rotating surface in a gas flow we get 

from which the ratio of velocities will be given by 

Other boundary conditions determined for any particular body can also 
be formulated. Here, boundary conditions for a viscous gas differ from those 
of an ideal medium. In particular, the solution of the corresponding equa- 
tions in the case of motion of a viscous gas in the boundary layer must 
satisfy the conditions on the surface and on the external limit of the boundary 
layer. Experimentally it is found that the gas particles seem to adhere to the 
surface and hence the velocity over the surface is equal to zero. At the 
external limit of the boundary layer the velocity will be the same as in the 
free (inviscid) flow and the frictional stress will be equal to zero. 

4. Integrals of Equations of Motion in an Ideal Fluid 

The differential equations written for the general case of motion cannot 
be integrated in their final form. But the integrals of these equations can at 
least be obtained for a particular case of ideal (inviscid) gas flow. 

The equation of motion of an ideal gas is written in vector form as: - v2 - - 1 
E + g r a d  Z. +rot V X  V= - - gradp. 
at P 

This equation can be obtained from the vector relation (3.1.22') in which the 
terms on the right side, accounting for the viscous effect, are supposed to be 
zero. 

The equation of motion in the form (3.4.1) was first obtained by the 
Russian scientist Prof. I.S. Gromyeko. In the presence of mass forces 
Gromyeko's equation takes the following form: 

Assuming the unsteady flow to be potential, we get rot v=0, v= grad p. 
Besides, we assume that the mass forces have potential U and therefore 
c= -grad U, where 

au a u .  auk. grad U=- i+- J + -  
ax a~ az 

If the medium is barotropic, characterizing a single-valued relation between 
pressure and density (this takes place, for example, in the case of an adiabatic 
flow for which p= Apk) the ratio dp/p is equal to a differential for some func- 
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tion P and hence 

(1 /p)  grad p = grad P. 

Taking this into account, equation (3.4.2) can be written in the following 
form: 

@/at) grad p +grad (V2/2) = -grad U- grad P. 

Replacing the derivative @/at) grad p by the quantity grad (&/at), we get 

grad (ap/at) +grad (V2/2) = -grad U- grad P. (3.4.3) 

Transferring this relation of gradients to the relation of corresponding scalar 
functions we get 

(ap~at)  +(v2/2) +p+ U= c (t), (3.4.4) 

where 

Equation (3.4.4) is called Lagrange's equation or Lagrange's integral. The 
right side of equation (3.4.4) represents the function of time independent of 
coordinates, i.e. it is unique for any point in a given potential flow. The terms 
on the right side have a simple physical meaning: V2/2 is kinetic energy per 
unit mass and P=Jdp/p is potential energy due to pressure per unit mass; Uis 
potential energy due to the position of fluid particle per unit mass. We recall 
the relation for potential function ap/as=Vs to understand the physical 
meaning of the first term, where Vs is the projection of a velocity vector along 

S 

some direction s. Function p can be determined from the condition p= J Vsds 
So 

(where so  and s are coordinates of fixed and arbitrary points respectively). 
S 

The derivative ap/at = J (aVs/at)ds. Local acceleration aVs/at can be taken as 
so 

the projection of inertial force due to the presence of local acceleration per 
unit mass and the product (aVs/at) ds is the work done by this force on seg- 
ment ds, Then the derivative ap/at is equal to the work done by inertial force 
on the segment between points SO and s. It can be considered as the energy per 
unit mass due to the rate of change of velocity at a given point and due to the 
pressure in that condition. 

Then the expression on the left side of (3.4.4) represents energy per unit 
mass of gas. Thus Lagrange's equation establishes the fact that the total 
energy per unit mass of gas at a given time in potential flow is the quantity 
that is constant for all points in the flow. 

For an incompressible fluid, whose motion takes place under the action 
of pressure force and weight, the integral (3.4.4) is given by 



If, in particular,.the y axis is directed vertically upward U = g y  and 

( a ~ ~ a t )  + ( v 2 / 2 )  + ( P I P )  + g ~  = c (t) .  (3.4.6') 
The particular case of steady potential flow, for which ap/at=O and func- 

tion C(t) = const, i.e. q independent of time, is of great practical value. In this 
case equation (3.4.4) reduces to 

This particular form of Lagrange's equation is known as Euler's equation. It 
represents the limitation of steady potential motion of a gas, indicating that 
the total energy per unit mass of gas has constant value at all points in the 
flow. In this way the constant in Euler's equation is not only unique for the 
whole region of flow but, unlike the function C(t)  of Lagrange's integral, it 
is independent of time. 

Euler's equation for an incompressible fluid ( p  = const) will be the same as 
(3.4.7) in form with the difference that the ratio p / p  replaces Jdplp. 

Let us consider the more general case of a steady potential flow of gas. 
The equation of this type of motion will be given as 

grad (V2/2)  + rot v x  v= -grad P - grad U (3.4.8) 

- - 
grad [V2 /2  + 2fl (dplp) + U] = -rot V x  V .  (3.4.8') 

The right side of equation (3.4.8') is equal to zero if the vectors rot and - 
V are parallel, i.e. under the condition that the vortex line and stream line 
coincide with each other. In that case 

This equation was first obtained by I.S. Gromyeko. The constant CI will be 
the same over the whole region in which the condition of coincidence of the 
vortex line and stream line is satisfied. This flow-interaction is characterized 
by formation of vortices practically coinciding with the direction of stream 
lines near a wing. However, such regions are not always found in a flow. A 
flow is usually characterized by the presence of vortex lines and stream lines 
not coinciding with each other. In such condition the family of vortex lines is 
given by equation (2.6.1) and the family of stream lines is given by equation 
(2.1.6). The flow we are considering can be described by equation (3.4.8'). 

Let us take the vector of an arc in the form ds= dx . if dyajf dz . k belong- 
ing to a stream line or vortex line and determine the scalar product 

- - 
d; grad [V2/2  + (dplp) + U ]  = - di(rot V x V ) .  
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The left side of this equation shows the total differential of the three terms 
in square brackets. Consequently 

- - 
d [V2/2+ (dpip) + U ] =  -dT(rot V x  V). 

The vector product rot v x  represents the vector perpendicular to the 
vectors rot v a n d  The scalar product of this vector and vector dFwill be 
zero in two cases: when vector d i  coincides with the direction of the stream 
line (trajectory) and when this vector coincides with the direction of vortex. 
In these two cases the equation 

is valid, where C;! will vary depending on the type of stream line or vortex 
line. 

Integral (3.4.1 1) is known as Bernoulli's equation. It is obvious that the 
constant for different vortex lines, passing through points on given stream 
lines, will be the same as for the stream line. In the same way the constants 
will be the same for the family of stream lines (trajectories) and for the vortex 
through the points in which the stream lines pass. 

It is necessary to explain clearly the difference between these equations of 
Gromyeko's and Bernoulli's. Both of them are worked out for rotational (not 
potential) flow. However, the first equation shows the constant total energy 
per unit mass of gas in the whole region where vortex lines and stream lines 
coincide. The second equation establishes the limitation about the constant 
value of this energy along a given stream line or along a given vortex line. 
Then the constant in Gromyeko's equation will be the same for the whole 
region of flow. In Bernoulli's equation the constant is related only to a given 
stream line or a given vortex line. It is obvious that the two constants CI  and 
C2 in a general case are not the same. From the above discussion the differ- 
ence between these equations follows. At the same time the difference bet- 
ween Lagrange's and Euler's equations also becomes clear, namely that they 
are related to unsteady and steady vortex-free (potential) flow respectively. 
The difference between any two of the equations considered above is clear 
from the above discussion. 

Bernoulli's equation, related to the conditions along stream lines (trajec- 
tories), is very widely used in the study of the flow of a fluid or gas. It is 
known that the constant C2 of this equation (3.4.11) is determined for each 
of the stream lines being considered. If the steady flow is vortex-free (poten- 
tial) Bernoulli's equation coincides with Euler's equation and therefore the 
constant will be the same for all stream lines, i.e. for the whole region of flow. 

Let us study some particular forms of Bernoulli's equation. For an in- 
compressible flow under the condition that the function U=gy  this equation 
can be written in the form 
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The effect of weight can be neglected in the case of a gas flow. Consequently 
we can assume U=O in equation (3.4.11) and in other integrals. In this 
particular case equation (3.4.12) is replaced by 

Let us consider the motion of an ideal compressible gas. The heat transfer 
processes connected with the property of viscosity (heat conduction, diffusion) 
are absent in such a gas. Assuming that the gas does not radiate energy we 
will be dealing with the adiabatic (isentropic) motion of a gas. From equation 
of energy (3.2.14) it follows that equation (3.3.1) represents the motion of 
this inviscid gas without radiation (8 =O). Hence Bernoulli's integral is 

( V2/2) -f- i= C. (3.4.14) 

Bernoulli's integral in this form represents the equation of energy for isentro- 
pic flow. According to this equation the sum of kinetic energy and enthalpy 
of a gas particle has constant value. Assuming that i= cPT= c, p/(pR), 
C, - cV = R and k = c,/c, we get 

Hence 

Bernoulli's equation for an ideal compressible gas happens to be the theoreti- 
cal basis for investigation of the limitations of isentropic flows of a gaseous 
medium. This is examined in Section 6. 

5. Aerodynamic Similarity 

5.1 Concept of similarity 
The aerodynamic characteristics of flight vehicles or of their individual 

elements can be determined theoretically as well as with the help of experi- 
mental research. Theoretical methods are based on the application of a system 
of gas dynamic equations which are solved with respect to a flow over a body 
of a given form having in general arbitrary values of absolute sizes. 

In running experiments to obtain the aerodynamic parameters, which can 
be directly used for further research and for confirmation of theoretical find- 
ings, the actual body cannot always be used due to its large size. It is often 
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necessary to use a model of the body on a reduced scale. There the problem 
arises of transferring the experimental findings to the real body. Dimensional 
analysis and the theory of similarity take care of this problem. They establish 
the conditions that must be observed in experimental work with models and 
indicate the characteristic, convenient parameters determining basic effects 
and flow regimes. 

Let us assume that the drag force, measured on a model in an aerodynamic 
wind tunnel, is equal to X, = cXmqmSm according to equation (1.3.5). We will 
now determine how the result so obtained can be used to estimate the drag 
force on the prototype body which is given by the formula Xp=cxpqpSp 
where cXp is the unknown coefficient of drag for the actual body and qp and 
Sp are the given velocity head and characteristic area respectively. Dividing 
Xp by X,, we get 

It can be seen from this expression that estimation of the force on the real 
body Xp from the experimental value of Xm can be achieved only on the basis 
of equality of aerodynamic coefficients CX, and cxp because the values of qmSm 
and qpSp are uniquely determined by the given values of velocity heads and 
characteristic areas. 

In this case the flows over model and prototype will have the property of 
aerodynamic similarity which, in this case, yields force charaoteristics of one 
flow (force Xp) from the given force characteristics of the other flow (force 
Xm) by simple calculation involving transfer of one system of measurable 
quantities to the other. 

The requirements that bring about the equality cnm = cxp in a given case, 
and in the general case for other aerodynamic coefficients, are established by 
the theory of similarity and dimensional analysis. They follow either from the 
physical nature'of the problem being investigated or from the corresponding 
differential equations of aerodynamics. 

Examining the expression for aerodynamic coefficient 

obtained from (1.3.2), it may be noted that this coefficient depends on non- 
dimensional geometric parameters and on nondimensional quantities like the 
coefficients of pressure and local friction. It follows from this that the aero- 
dynamic coefficients for the real body and for an experimental model of 
different absolute sizes are maintained constant if these bodies are geometri- 
cally similar and the distribution of coefficients pand cfx is kept the same over 
their surfaces. 
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Consider a steady uniform flow of compressible gas over a body without 
heat transfer. It follows from physical considerations that the coefficients p 
and cfx for the given form of body and known values of angles of attack and 
banking will be functions of velocity V,, pressure p,, density p,, coefficients 
of dynamic viscosity lr,, specific heats of gas c,, and c,, in an undisturbed 
flow and some linear characteristic dimension of body L. Hence the coefficient 
of drag force will also depend on these parameters, for which the functional 
relation can be written in the form 

cx = f (V,, p,, p,, P-9 CP,, cv,, L). 

Since this coefficient is a nondimensional quantity the parameters of this 
function in the above expression must be nondimensional. From the general 
discussion on dimensional analysis it follows that the seven dimensional vari- 
ables of function c, can be reduced to three parameters which represent non- 
dimensional combinations of V,, p,, p,, /roo, cp,, CV,, L. This is because there 
are four independent measurable quantities; mass, length, time and tempera- 
ture. These nondimensional combinations can be expressed in the following 
form: ~ , /dk ,  p,/p, = V,/a, =M,, Mach number of an undisturbed flow; 
V,p, L/,u,=Re,, Reynold's number calculated on the basis of undisturbed 
flow parameters and the characteristic linear dimension L; cpw/cv, = k,, index 
of adiabatic process. 

In the expression f ~ r  M, it is assumed that dk, p,/p, =a,, the speed of 
sound in an undisturbed flow. According to the general expression for speed 
of sound a2=dp/dp. Assuming the adiabatic nature of the propagation of 
sonic disturbances in a gas so that p=Apk (where A is a constant to be 
determined by initial conditions), we have 

For the propagation of sound in an undisturbed flow it will be given by 

a% =km (pmlpoo). 

In this way the ratio v,/-,= V,/a,. All the other nondimension- 
a1 combinations except M,, Re,, k, composed of the given seven parameters 
or, in general, of any other quantities determining them will be functions of 
combinations of M,, Re, and k,. The coefficient of drag can therefore be 
written as 

cx = f (Mm, Re,, k,). (3.5.3) 

Similar expressions can be formulated for other aerodynamic coefficients. It 
follows from these expressions that in equating M,, Re, and the parameter 
k, of the model with those of the prototype the aerodynamic coefficients of 
geometrically similar bodies are taken as identical. So we arrive at the impor- 
tant conclusion of the theory of similarity and dimensional analysis according 
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to wliich the necessary and sufficient condition of aerodynamic similarity is 
identical values of the nondim'ensional parameters forming the so-called basis 
of analysis, i.e. the system of nondimensional quantities determining all 
remaining flow parameters. These nondimensional combinations are known 
as the similarity parameters. 

The similarity criteria given above have a particular physical meaning. 
The expression a2=dp/dp shows that the speed of sound can be taken as a 
parameter depending on the compressibility of a gas, i.e. depending on the 
property of gas whereby it changes its density with any change in pressure. 
Therefore the Mach number happens to be that nondimensional similarity 
criterion that characterizes the relative value of the compressibility effect on a 
gas flow. Reynold's number represents by itself a criterion to account for the 
relative value of viscous force on a moving gas and the parameter k,= 
c,,/c,, determines the peculiarities of flow that are based on the thermo- 
dynamic properties of a gas. 

5.2 Similarity criteria to account for 
viscosity and heat conductivity effects 

In more general cases of flow-interaction, characterized by the effe~t of a 
series of other physical parameters on the aerodynamic and thermodynamic 
properties of the flight vehicle, the criteria of dynamic similarity are more 
complicated and of various types. The other method of the theory of similari- 
ty and dimensional analysis can be applied to establish these criteria. This 
method is based on the use of the equation of motion of a viscous heat-con- 
ducting gas. 

Let us write down these equations in nondimensional form, i.e. in a form 
such that the parameters entering into the equations (velocity, pressure, tem- 
perature, etc.) are expressed in terms of some characteristic parameters. For 
a given flow these parameters are constant quantities and they represent the 
characteristic quantities of the flow. In the name of characteristic quantities 
we select the flow parameters of undisturbed flow: velocity V,, pressure p,, 
density p,, temperature T,, coefficient of dynamic viscosity ~ l ,  (or corres- 
ponding value of v,), etc. It is necessary to bear in mind that only two of the 
three parameters p,, p,, T, may be given and that the third can be calculated 
from the equation of state. The characteristic time indicating a period of 
unsteady flow will be quantity t,, the characteristic length will be the charac- 
teristic linear size L (for example, length of the body in a flow). Gravitational 
acceleration g can be taken as the characteristic acceleration of mass forces. 
The nondimensional parameters of length and time may be given by 

and the nondimensional coefficients of speed, pressure, density, viscosity and 
mass forces can be written in the following form: 
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Let us introduce nondimensional quantities in the equation of motion 
(3.1.17) and the continuity equation (2.4.2). In this process of transformation 
we take the first equation of the system (3.1 -17) because the remaining two 
equations can be written similarly. The above-mentioned equations in non- 
dimensional form will have the form: 

- - - - avx - av, v- a ~ x + G ( V x _ + v y  _+vz %) -.- 
t ,  a i  L a x  a Y a z  

From the characteristic quantities entering into these equations it is possible 
to form a series of nondimensional numbers characterizing the similarity of 
gas flows. These numbers are known by the names of the scientists who first 
conceived them and are written in the following form: 

Sh = V ,  t,/L, Strouhal number; 7 
Fr = V ~ I ~ L ,  Froude number; 
M = V,/a,, Mach number; != (3.5.6) I 
Re = (V, L p,/p,) = V,L/v,, Reynolds number 1 
(index "co" for M and Re is dropped). J 

Here a,= d k , ~ ~ ,  is the speed of sound in an undisturbed flow (k, and T, 
are respectively the adiabatic index and gas temperature in an undisturbed 
flow). Introducing these numbers in the equations of motion and continuity, 
we get: 
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Let us now represent the equation of energy (3.2.14) in nondimensional 
form, neglecting the terms for radiation and diffusion. The following non- 
dimensional parameters 

- - - 
T= TIT,, cP = cPlc,,, A = A/A,, (3.5.9) 

will be introduced, where c,, and A, are respectively the specific heat and 
coefficient of heat conductivity of the gas in an undisturbed flow. Recalling 
that di=cpdT and expanding the total derivative dT/dt, after necessary sub- 
stitutions we get 

2 - 
- - 3 ,U (div R' + 4 ;:) +'+ div (2 grad 3. (3.5.10) 

Let us introduce the Prandtl number 

which helps us in comparing the relative values of interaction of viscosity and 
heat conductivity or, in other words, in establishing the relation between heat 
flow due to friction and molecular heat transfer. Then, taking into account 
that p,/p,= RT,= c,, (1 - Ilk,) T,, one can write 

a?; - a?; - a7' 
p C, Sh-' --= + Vx _= + Vy - + Vz_= ( a t  a x  a? a z 

Now we perform the transformation of some additional relations from the 
system of gas dynamic equations to the nondimensional form (see Section 3): 
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Let us suppose that two flows over two geometrically similar surfaces are 
being investigated. For such surfaces the nondimensional coordinates of res- 
pective points are the same. This is actually the necessary condition of aero- 
dynamic similarity of flows. To satisfy the sufficient condition of similarity 
the equality of nondimensional quantities of gas dynamic parameters (velo- 
city, pressure, density, etc.) must be observed at similar points in the two flows. 
Since the nondimensional parameters occur simultaneously as the solutions of 
the system of equations (3.5.7), (3.5.8), (3.5.101), (3.5.12) to (3.5.16) it is 
obvious that the above-mentioned equality will be observed on condition that 
the systems of nondimensional equations and the nondimensional initial and 
boundary conditions for each of the flows be identical. 

Examination of the systems of nondimensional equations for the two flows 
shows that these systems will be identical if: 

1) similarity parameters are equal: 

Frl =Frz, Re1 =Rez, MI =M2, Shl =Sh2; (3.5.17) 

2) the equality of Prandtl numbers 

Prl = Pr2 is fulfilled, i.e. 

(cpW p m ~ l m j ~  =(cpm , U ~ / ~ ~ ) Z ,  (3.5.18) 

and the equality of adiabatic indices for gas in the two flows is satisfied: 

3) each of the equations (3.5.13) through - (3.5.16) - determines the depen- 
deuce of the nondimensional quantities iav,  A, p or cp on the nondimensional 
quantities pand Tand on the parameters in (3.5.17) through (3.5.19). How- 
ever, in the case of a dissociating gas such relations do not hold because the 
nondimensional criteria of the type (3.5.17) through (3.5.19) or of any other 
form cannot be separated. Therefore the corresponding nondimensional 
equations (3.5.13) through (3.5.16) for the real flow and for the flow over the 
model will not be identical and complete dynamic similarity cannot be 
obtained. 

Two particular cases may be mentioned where this similarity is satisfied. 
The first is the case of a nondissociating gas flow for which the average mole- 
cular weight remains constant (pav, =,uavJ and the heat content, coefficient 
of heat conductivity and viscosity change with the temperature according to a 
law of the t y ~ e  y =aTX. In this case equations (3.5.14) through (3.5.16) for - - 
quantities A, ,u and cp are replaced by the corresponding relations of nondi- 
mensional temperature %TIT,. The second case is connected with a gas 
flow at comparatively low speeds when parameters 1, p and c, do not depend 
on temperature. The corresponding values of these parameters will be identi- 
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cal for the actual flow and the flow over the model. In this case the system of 
equations consists of the Navier-Stokes nondimensional equations-of conti- 
nuity and energy and also an equation of state. 

The boundary conditions imposed for the solution of nondimensional 
equations may introduce some additional similarity criteria. This is not con- 
nected with the condition of unseparated flow, which does not carry any new 
similarity criteria. In reality this boundary condition in nondimensional terms 
has the form 

and will be one and the same for both the actual flow and the flow over the 
model as a consequence of the geometrical similarity of the surface in the 
flow. However, the boundary condition for temperature, indicating that the 
solution for temperature must satisfy the condition that T=T, (Tsu is the tem- 
perature of the surface), poses additional criteria for similarity. In practice it 
follows from the boundary conditions for actual and model surfaces with the 
corresponding forms TI = (Tsu)l and T2 = (Tsu)2 that the nondimensional tem- 
peratures % = (T,)I and %= (zu)& By the similarity condition we have = - 
T2 and hence the equality (T,)I = (Tsu)z must be observed. Thus the boundary 
condition for wall temperature leads to an additional similarity criterion 

( T ~ ~ I T ~ ) ~  = (Tsu/Ta)z. (3.5.20) 

The nondimensional gas dynamic parameters on the surface of a body in a 
flow, as seen from the system of nondimensional equations [under the condi- - - -  
tion that equations (3.5.13)-(3.5.16) determine h, A, ,u and c, as functions of 
TI, depend on the nondimensional coordinates and time and on the similarity 
criteria (3.5.17)-(3.5.19). In particular, nondimensional pressure can be ex- 
pressed as a function 

- - - -  
(PIP,) = P I  (Fr, Re, M, Sh, Pr, k,, %, x, Y ,  2, t). (3.5.21) 

At a given moment of time the nondimensional coefficient of drag force 
can be determined from the known distribution of pressure 

ex= X/q, S=  q2 (Fr, Re, M, Sh, Pr, k,, G). (3.5.22) 

This expression, being more complete than (3.5.3), determines the relation of 
the aerodynamic drag coefficient to the nondimensional similarity criteria. 
However, the relation (3.5.22) does not reflect all the peculiarities of a disso- 
ciating gas flow because it is derived from the simplified equations (3.5.13) to 
(3.5.16). Therefore formula (3.5.22) is less accurate for such a flow than for a 
nondissociating gas flow but it at least represents partial similarity. 

Similarity criteria, which determine the nondimensional aerodynamic 
coefficient, have a particular physical meaning and characterize the real factors 
affecting aerodynamic forces. 
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The Froude number happens to be the similarity criterion accounting for 
the effect of the weight of a fluid on its resistance. From the equation of 
motion in nondimensional form it can be seen that Fr is equal to the ratio of 
quantity V~/L, based on the effect of inertial forces, to the characteristic 
mass force g. Equality of Froude numbers for the real body and a geometri- 
cally similar model indicates that they will have identical drag coefficients, 
which are based on the effect of the weight of a fluid. This similarity criterion 
does not have any significant value in the study of gas flows because the effect 
of the weight of a gas on motion is negligibly small. However, this criterion 
may have considerable value in hydrodynamics, in particular in experimental 
research on the wave drag of different types of ships. 

For the motion of bodies in a real fluid aerodynamic forces depend on 
viscosity. The viscous force is characterized by the Reynolds number, which 
can be obtained as the ratio of quantity VL/L, which takes into account the 
effect of inertial forces, to the quantity V, Vw/L2, accounting for viscous effect. 
If the Reynolds number for two geometrically similar flows is kept equal the 
condition of partial aerodynamic similarity accounting for viscous effects is 
fulfilled. The coefficients of frictional drag for the real body and the model 
will be equal under this condition. 

The similarity criterion based on the Mach number is obtained from the 
ratio of quantity V&/L to the parameterp,/p,L, which takes care of the effect 
of pressure forces on the compressibility of gas. The partial similarity of two 
flows of compressible gas over geometrically similar bodies will be observed if 
the Mach number for both flows is identical. 

In the study of the problems of an unsteady flow the Strouhal number has 
an important role. This number is obtained by comparing inertial forces to 
the forces due to unsteady effect, i.e. it is obtained from the ratio of quantities 
V&/L and V,/t,. Two unsteady flows over the actual body and the model 
will have partial aerodynamic similarity if the Strouhal numbers are identical 
for both. 

Similarity criteria based on the Prandtl number and the ratio of specific 
heats are determined for given requirements of the physical properties of 
gases in the real flow and in the flow past the model. The gases used for these 
two flows may be different but their physical characteristics must be such 
that the equalities Prl =Pr2 and k , ~  =km2 are satisfied. The Prandtl number 
depends on the coefficients of dynamic viscosity and heat conductivity. The 
coefficient of viscosity represents gas properties related to molecular momen- 
tum transfer and the coefficient of heat conductivity characterizes the intensity 
of molecular heat transfer. Prandtl's criterion Pr = pcc,cp,/A, determines the 
mode of transfer of the energy of molecular exchange to heat energy. For gas, 
we have Pr < 1. 

The nondimensional coefficient of aerodynamic force or heat transfer is 
the complicated function of a series of similarity criteria, each of which reflects 



the effect of some given physical process. Complete similarity between the 
real flow and the flow over the model can be satisfied only if all the similarity 
criteria are fulfilled. In practice, however, this cannot be observed because 
some of these criteria are of incompatible nature. 

Let us take, for example, the Reynolds number, Froude number and 
Mach number. To satisfy similarity of frictional forces it is necessary that 
VlLl/v~= V2Lzlvz. If the coefficients are assumed equal, i.e. v l  =v2 for flows 
over the real body and the model the velocity of flow over model V2= 
vl(L~/Lz), i.e. the velocity of flow over the prototype is higher than the 
velocity of flow over the model in the same ratio as the size of the prototype to 
the model. 

To satisfy the similarity of forces based on gravitational weight it is neces- 
sary to observe equality of Froude numbers, i.e. Vf/(L~gl)= Vi/(L2g2), from 
which it follows that if the experiments are conducted at identical g, velocity 
of model flow V2= VI ~LX. Obviously the velocity V2 for the scaled-down 
model must be appropriately lower, not higher than Vl. 

Finally, in observing equality of Mach numbers we will have Vl /a~= 
V2/a2. Assuming, for simplicity, that az=al, we get the condition of equality 
of velocities in the flows over the model and the prototype. 

It is obvious that all these criteria cannot be satisfied at one time and hence 
only partial similarity can be observed. It should, however, be noted that there 
is no necessity in practice to satisfy all similarity criteria because their effects 
in some or other specific case of motion are not identical. For example, the 
effect of frictional forces and pKessure on the interaction of body and gas 
flow will be more appropriate than weight forces. Therefore the criteria of 
Re and M have more significance in such cases than Fr. That is why the 
Froude number is not considered as a similarity criterion in such cases. 

If, at the same time, the velocity of motion is not high the effect of pressure 
forces related to the compressibility of gas is negligibly small. Then it is 
possible to ignore the similarity criterion of the Mach number and assume 
that the aerodynamic coefficients depend on the Reynolds number. 

Aerodynamic force, moment and heat flow from gas to the surface are the 
result of interaction between the moving gas and the body where different 
processes like friction, compression (or expansion), heating, variation in 
physical properties, etc. take place simultaneously. Therefore it is necessary 
to try to satisfy the maximum number of important similarity criteria. For 
example, it is desirable that equalities of the Reynolds numbers and Mach 
numbers as between the actual flow and the model flow be fulfilled simul- 
taneously, i.e. Re1 =Re2 and MI =M2. This is particularly important during the 
investigation of aerodynamic forces for bodies with large surfaces, which 
could be made up of various types of components depending on friction and 
normal pressure related to compressibility. The fulfillment of the above 
conditions can be observed in running experiments in aerodynamic wind 
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tunnels of variable density. If the experiments are carried out in a gas flow 
in which the speed of sound is the same as in the actual flow (az=al) the 
condition of equality of Mach numbers results in V2= Vl. Then, using 
equality Re1 = Re2 or, in other words, 

we get the condition of L2p~/,u2=Llpl/,u1. Since ,u2=,ul it can be established 
that the gas density of flow in an aerodynamic wind tunnel should be p2= 
pl(L11L2). Assuming that temperatures in the actual and model flows are 
equal (Tz=Tl) we get, using the equation of state, the condition of pz= 
pl(Ll/Lz). Hence for simultaneous fulfillment of similarity in frictional forces 
and pressure forces accounting for compressibility, i.e. to satisfy equalities 
Re1 =Re2 and MI =M2, it is necessary that the static pressure in the gas flow 
in the wind tunnel exceeds the pressure in the actual flow by the same ratio as 
the size of the prototype to the size of the model. Wind tunnel design allows 
us to regulate static pressure in the model gas flow in a certain range depend- 
ing on the size of the model in the flow. 

The effect of heat transfer may be neglected as an approximation in 
certain known cases of determination of force-interaction. Here the aerodyna- 
mic coefficients will depend on Re, M and Sh. If the experiments are conducted 
in a gaseous medium for which koo2=km1, then 

c,= f (Re, M, Sh). (3.5.23) 

For steady flow-interaction 

cx = f (Re, M). (3.5.24) 

6. Isentropic Gas Flows 

In this.section we will examine one-dimensional steady isentropic flows 
of compressible gas. The study of such flows is of great practical significance 
because it allows us to establish the connection between the jet cross section 
and variations in gas parameters and at the same time helps us to find how to 
control the flow by changing the form of the jet (or canal). We will also exa- 
mine the wide range of gas dynamic relations consisting of the basic mathe- 
matics for calculation of isentropic gas flows with constant heat coefficients. 

6.1 Form of gas jet 
Let us consider a steady flow of ideal (inviscid) gas in a jet with low 

expansion and small curvature. The flow in this jet can be taken as one-dimen- 
sional, characterizing the variation of parameters depending on one linear 
coordinate of a point along the jet axis. For a steady flow the parameters 
determining this flow at every point will be constant at any moment of time. 
If the width of the jet is small compared to the radius of curvature of the 



axial line the pressure gradient across the section can be neglected and the 
pressure at any two points of the jet cross section can be considered equal. 

Study of this one-dimensional steady flow of compressible gas leads to the 
most simple approximate solution of gas dynamic equations. Along the jet 
axis the condition (2.4.51) of constant mass flow is satisfied, i.e. ~ ~ V I S I  = 

p2V2Sz= p3 V3S3 = . . ., or p VS= const, where indices "l", "2", "3" correspond 
to the gas parameters over the control surfaces in terms of cross sectional 
areas SI, S2, S3 .  . . .Taking the logarithm of both sides, we get In p + ln V 
+In S= const. Differentiation of this expression gives 

where 

Now we take relation (3.4.14). Differentiating it, we get 

Replacing di by dplp, we have 

- 
Recalling the formula for the speed of sound a = Jdp/dp and using relation 

(3.6.3), we transform (3.6.1) into the form 

where M =  V/a is the Mach number at a given cross section of the jet. Let us 
assume that speed increases along the jet (dV>O) but that it remains subsonic 
and hence M <  1. From (3.6.4) it can be seen that for this case the derivative 
dS/dV<O. This shows that downstream of the flow the jet diminishes in 
cross section. Conversely, for a subsonic flow of decreasing velocity ( M e  1, 
dV<O) the cross section of the jet increases, which is indicated by the in- 
equality dS >O as seen from (3.6.4). 

Let us now examine a supersonic flow (M > 1). If the velocity diminishes 
along the jet axis it can be seen from (3.6.4) that differential dS< 0 and hence 
the jet decreases in cross sectional area. In the opposite case of increasing jet 
velocity the value of dS>O, i.e. the jet expands. 

Consider a nozzle of diminishing cross section, opening out again at the 
tail end: a subsonic flow, under given conditions, will be accelerated in the 
initial section and reach sonic velocity at the narrowest point [here, dS=O 
and hence from (3.6.4) we have M= 11. Thereafter it will be supersonic. 
Nozzles in rocket engines, gas turbines and aerodynamic wind tunnels are 
designed in this way to obtain supersonic flows. 



6.2 Flow velocity 
Let us consiiler a gas jet passing over some surface (Fig. 3.6.1). The para- 

meters for the undisturbed flow region in a jet are denoted by V,, p,, p,, 
T,, i,, a,, etc. and those for the disturbed flow region by V, p, p, T, i, a, 
etc. 

Fig. 3.6.1. Parameters of gas flow under interaction. 

Equation (3.4.14) can be used to find the velocity at any arbitrary section of 
the jet and constant C can be determined from the condition of the undis- 

' 

turbed flow parameters: 

C= (V2/2) -I- i,. (3.6.5) 

Then we have 

(V2/2) + i= (V 2,2)+i I cay 

from which 

At stagnation point V = 0. Consequently, enthalpy 

i= i,,, =(V2/2) +i,. 

Thus constant C, in the physical sense, can be regarded as the stagnation 
enthalpy. Taking this value of C, the velocity in the jet will be 

V= 4 2  (io - i). (3.6.8) 

Enthalpy io corresponds to pressure po and density po for stagnation condi- 
tions and can be determined from the condition 

v: k p, PO v'+i,=-+-.- i ~ = ~ . ~ = -  2 2 k - l  p,' 

Expressing io in terms of po and po, we get 

V2 k p k PO -+ -.-=-.-. 
2 k - l p  k - l p o  



As the flow is isentropic, 

hence 

Keeping in view that the speed of sound ao- .\rkPo/po, for the condition of 
complete stagnation we find 

From (3.6.8) it follows that velocity along the jet increases as enthalpy 
decreases and hence more heat is converted into kinetic energy. Maximum 
velocity is achieved when enthalpy i=O, i.e. when the whole of the heat is 
spent on accelerating the gas flow. The value of this velocity is 

or, recalling (3.6.9), 

Using the concept of maximum velocity, the relation of velocity at any 
arbitrary section can be written in the following way: 

V = V-dl - (ilia) , (3.6.16) 

At the narrowest critical section of the jet a speed equal to the speed of 
sound is achieved. This speed is called the critical speed and is denoted by 
a*. This critical speed corresponds to the critical pressurep* and density p*. 
From Bernoulli's equation it follows for the critical section that 

Since kp*/p* =ae2 we get for critical speed 

or, using (3.6.15), 
-- 

a* = vmaxd(k- l)/(k + 1). 
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Equation (3.6.10) may be used to determine the local velocity of speed of 
sound a. ~nt roduc in~  into it the quantities a2=kp/p and a,2=kpolpo, we get 

Let us introduce notation 1= V/a* for relative velocity. Dividing equation 
(3.6.21) by V 2  and keeping in mind the ratio V / a = M ,  we get the relation bet- 
ween 1 and M: 

1 2  = [(k + 11/21 M2 
1 + [(k - 1)/2] M~ ' 

From this it follows that at that section of the jet where velocity V- is 
reached the Mach number M =  co. The corresponding value of A = Amax can 
be found from (3.6.23) under the condition of M+co 

It is obvious that at the critical section, where M = 1 ,  we have A= 1. At any 
arbitrary section characterized by the value 1 < M < co the relative speed 

6.3 Pressure, density and temperature 
It follows from (3.6.17) that pressure at any arbitrary section of the jet 

will be 

According to (3.6.22) the quantity 

and therefore 

where function n of Mach number M is determined by the pressure ratio 
P/PO. 
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Applying the conditions of undisturbed flow to formula (3.6.28), we have 

Consequently we get 

{ 1  +[(k-  11/21 M L  n ( M )  =pm- . (3.6.30) 
P=P" 1 + [(k - 1)/2] M 2  71. ( M w )  

From the adiabatic equation p/pk=p,/p,k in which p is replaced by 
formulas (3.6.26) and (3.6.28) the relation for density will be 

I/@-1) -I/(k-l) 
p=po ( 1-- = po(l + k $ ~ 2 )  =pee ( M ) ,  (3.6.31) 

where function E of Mach number M can be determined by density ratio plpo. 
Using the equation of state 

PIPO = (PIPO) (TITO), (3.6.32) 

and the relations for pressure (3.6.26), (3.6.28) and for density (3.6.31), we 
get the formula for temperature: 

k -  M)-' =To 7 ( M ) ,  (3.6.33) 

where function z ( M )  is determined from the temperature ratio TITO. 
The tables of gas dynamic functions n OM), E (M) and z (M) for various 

values of index k from 1.1 through 1.67 are shown in [53]. 
For density po and temperature To the corresponding relations can be 

obtained with the help of equations (3.6.31) and (3.6.33). Applying the condi- 
tions of undisturbed flow to these relations, we get 

At the critical section of the jet M =  1 and hence, from (3.6.28), (3.6.31) and 
(3.6.33) we get the following formulas for critical valnes of pressure p*, 
density p* and temperature T*: 
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where n (I), E (I), z (1) are values of gas dynamic functions at M= 1. 
From the above formulas applicable for any speeds approximate relations 

can be obtained for cases where Mach numbers M are very high. From 
(3.6.30) it follows that at M, B 1 and MB 1 it can be written that 

Similar relations for density and temperature have the form: 

Using relation (3.6.27) for undisturbed flow conditions 

we get the following approximate formula of local velocity under the condi- 
tions of M-9 1 and M$ 1: 

6.4 Gas flow from reservoir 
Formula (3.6.12) helps to determine the velocity of a gas flow through a 

nozzle from a reservoir (Fig. 3.6.2), where the flow parameters are determined 
by the stagnation conditions corresponding to the speed of gas flow in reservoir 
VzO. Such conditions are practically satisfied if the critical cross section of the 
nozzle is fairly small compared to the cross section of the reservoir. At the 
critical section of the nozzle, where the value of derivative dS/dV=O, the 
Mach number M, as seen from (3.6.4), is equal to unity, i.e. the speed at this 
section is equal to the local speed of sound: 

This velocity relation is satisfied under the condition where the pressure in 
the reservoir, according to (3.6.36), is not below the value 

If the nozzle opens to atmospheric conditions with pressure pa= 1 atmos- 
phere (this pressure is called adverse pressure) motion of gas along the nozzle 
is possible under the condition that p* 2 1 atmosphere. With p* = 1 atmos- 
phere and lc= 1.4 the pressure necessary at the reservoir to achieve sonic 
speed at the end of a converging nozzle will be 
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x 1.9 atm. 

After achieving critical parameters in the narrowest section of the nozzle the 
further reduction of adverse pressure (p,<p*) has no effect on the values of a* 
andp* and these values depend on reservoir conditions only. However, condi- 
tions for occurrence of a supersonic speed of gas flow in the divergent part of 
the nozzle may arise during this process. This regime of isentropic flow is 

Medium 

pa 
Pa 
To 

discontinuity 

Y 

X 

Fig. 3.6.2. Gas parameters for flow from reservoir. 

characterized by the curves 1 in Fig. 3.6.2, indicating variation of ratio p/po 
and Mach number M along the nozzle. This regime of flow is found where 
adverse pressurep, is equal to pressure pi') or less than this at the exit of the 
divergent part of the nozzle. Then changes in the adverse atmospheric pres- 
sure have no effect on gas parameters at the exit of the nozzle. 

Let us look at one more important regime of isentropic flow along a 
nozzle. Assume that the adverse pressure increases to the value pi2)>pL1) 
at which pressure at exit pi2) reaches the same value as pi2). The subsonic 
flow so formed can be characterized by lines 2 shown in Fig. 3.6.2. The 
relative velocity L (M) of this section can be found from equation (3.6.23) by 
selecting one of the two solutions having value L < 1. 

A further increase in adverse atmospheric pressure to pL3) creates condi- 
tions where the pressure at the exit will be the same as atmospheric 
At the throat section the pressure increases beyond critical value p*; the 



corresponding velocity at  this section will be subsonic (Vc  a*). Therefore the 
speed in the diveigent part of the nozzle will diminish and remain subsonic 
(curve 3 in Fig. 3.6.2). 

For values of pressure at exit less thanpA2) and more thanpL1) the flow 
does not remain isentropic. Discontinuity of flow appears at some section of 
the nozzle, associated with sudden stagnation of the flow across it. Because 
this stagnation has an irreversible adiabatic character the supersonic flow 
changes to a subsonic flow through shock. Variations in pressure and Mach 
number M along the nozzle in this region of flow are characterized by curves 
4 in Fig. 3.6.2. The separation surface (shock wave) must lie at the section 
with the Mach number that could have given pressure p, behind this surface, 
providing pressure pi4) (PA') <pL4) <pA2)) at  the exit as a result of further expan- 
sion of the gas. Thus analysis of the gas flow in this case must be carried out 
in light of shock wave theory. The basic concepts of this theory will be dis- 
cussed in Chapter 4. 

At any arbitrary section of the nozzle including its exit section the super- 
sonic speed can be determined by formula (3.6.12). For a given Mach number 
Me =M, and pressure pe =p, at the exit cross section the required reservoir 
pressure po can be determined by (3.6.29). 

Let us write the equation of mass flow 

from which we find that the ratio of specific mass flow q = pV through section 
S to the specific mass flow q* =p*a* through the throat section S* is 

Keeping in view equations (3.6.19) and (3.6.31), we get 

After determining the ratio of po/p* from (3.6.37) we get relation (3.6.45) in 
the following form: 

The function q (A) is called the mass flow density. According to formula 
(3.6.23) it is possible to determine this function in terms of Mach number M: 

The tabulated values of function q in the range of k from 1.1 through 
1.67 are shown in tbe work [53]. From these relations it follows that number 
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A (or M) at some section S of the nozzle happens to be a function of the 
ratio of areas S*/S and does not depend only on the gas parameters in the 
reservoir. 

The variation of the specific flow7 (or ratio of areas S*/S)  as a function 
of A is shown in Fig. 3.6.3. At a given critical 

ii section of the nozzle in the subsonic region of 

A 

flow (A< 1) the increase in velocity is achieved 
by reduction of area S. On the other hand, 
in the supersonic region it can be achieved by 

0.5 
reduction of the nozzle section area S. There- 
fore a reduction in reservoir pressure does not 
affect the value of A or M at the nozzle exit. 

0 In the case being considered, as can be seen 
2.0 from (3.6.29), the pressure at exit pe=p ,  will K -1 

change in accordance with the variation in 
Fig. 3.6.3. Variation of specific pressure po. 

flow rate for gas flow. The weight flow rate of gas from the 
reservoir can be determined by the formula 

Determining values of p* and a* by the formulas (3.6.37) and (3.6.18) respec- 
tively, we get 

where yo=gpo is the specific weight of gas in the reservoir. 

6.5 Motion of incompressible gas (fluid) 
The equation of mass flow for an incompressible gas (fluid) flow, accord- 

ing to (2.4.51) and under the condition p= const, will take the form 

This kinematic equation (3.6.48) contains all the information on the one- 
dimensional motion of an incompressible fluid. According to  this equation 
flow velocity V is inversely proportional to the area of the cross section of the 
canal. The pressure for a Bernoulli's equation steady flow case can be 
obtained from (3.4.12) or (3.4.13). 

6.6 Dissociating gas flow from reservoir 
(one-dimensional problem) 

Let us consider the flow calculations for a nozzle connected to a reservoir 
of gas at a high enough temperature for balanced dissociation to take place. 
We will assume that the distribution of velocities and pressure at every cross 
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section of the nozzle is uniform and depends only on the location of the sec- 
tion, i.e. the flow is considered to be one-dimensional. We will also 
assume that there is no frictional loss in flow and no shock wave, i.e. the flow 
is isentropic. 

The given parameters usually consist of the parameters for the stagnation 
condition: pressure, temperature in the reservoir (the density, enthalpy or 
entropy are usually calculated from this), velocity (Mach number) at the exit 
section of the jet and the area of this section. 

The aim of this flow analysis is to determine the gas parameters at each sec- 
tion of the nozzle and the corresponding cross sectional area from the above 
data. In tackling this task it is necessary to account for the thermodynamic 
relations of flow parameters, not only with temperature but also with pres- 
sure. To do this the diagram of "enthalpy-entropy" developed for the 
condition of balanced dissociation or the relevant thermodynamic tables can 
be used. Equation (3.6.7) complements the tables and the diagram inasmuch 
as it helps us to determine the local velocity of isentropic flow from a known 
value of enthalpy and vice versa. 

The following sequence may be observed in this calculation: Enthalpy io 
and entropy So are obtained with the help of the i-S diagram (see Fig. 1.4.6) 
or from tables of thermodynamic functions, using known values of po and To 
at the reservoir. For a given velocity VA at the exit the corresponding value 
of enthalpy can be obtained from the equation io = i, + (V2/2) in the follow- 
ing form: 

i~ = io - (V2,/2). (3.6.49) 
s *Is 

Then we assign a series of values to enthal- ,DO 
py i~ (iA< i ~ <  iO) and, based on these 
values, we find velocities 

vK=d2(io-ix;). (3.6.50) lo-' 

As the flow is isentropic and consequently 
So=const for all sections the correspond- 
ing gas parameters (pressure PK, tempera- 
ture TK, density p~ and specific mass flow 
rate pKVK) can be obtained for different 
values of iK from the i-S diagram using 
the above value of So. To determine the 
flow parameters at the critical section it is 2 4 M 
necessary to draw the curves of variation of 

Fig. 3.6.4. in area of 
velocity V ~ = f i  ( i ~ )  from equation (3.6-50) cross sKtions of nozzle during 
and the curves of variation in the speed flow of dissociating air: 
of sound a ~ = f 2  ( i ~ )  from the a-i diagram -- dissociating air; - - - perfect 
(see Fig. 1.4.8). The point of intersection gas at k= 1.4. 



of these curves gives the values V*=a* and i*. After determining density 
p* from i* and SO the specific flow rate through the critical section can be 
calculated. 

The area of the critical section can be found by the formula 

and areas of other sections can be determined by the corresponding expres- 
sion 

Mach numbers at corresponding sections are determined by the relation 
MK = V ~ l a ~ .  

T/& ;)/Po; p/po The results of this calculation show 
10" that with an increase in Mach number 

the temperature along the nozzle dimi- 
nishes at a lower rate than for an 
undissociated gas. This is explained by 
the fact that with the increase in velo- 

1 
city and consequent cooling liberation 
of energy of recombination, making 
for additional heating, takes place in 
the dissociating gas flow. This rise in 
temperature leads to a reduction in 
density, which has an effect on the 
reduction in pressure by comparison 
with the pressure in an undissociating 
gas. So in the presence of dissociation 

10-5 '0-41333 0 2 4 M it higher is necessary degree of to expansion have a considerably to achieve 

Fig. 3.6.5. Variation in gas parameters a given velocity (Mach number) than 
in flow through nozzle: without dissociation. The cross sec- 

-- dissociating air; - - - perfect air at tional areas of the nozzle are also 
k=1.4. found to be bigger with a dissociating 

gas flow. 
The results obtained for a particular case of flow from the reservoir with 

pressure PO= 100 kg/cm2 and temperature TO = 12,000"K are shown on Figs. 
3.6.4 and 3.6.5. 
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1. Physical Process of Appearance of Shock Waves 

The distinguishing feature of supersonic gas flows is the formation of 
discontinuity surfaces in face of obstacles. Across such surfaces the gas para- 
meters change suddenly: velocity is suddenly decreased and density, pressure 
and temperature are suddenly increased. Discontinuity surfaces moving with 
respect to the gas medium are sometimes known as moving waves and steady 
discontinuity surfaces are called stationary shock waves. In this chapter we 
will consider the conditions of gas flow behind stationary shock waves. We 
will use the term "shock" for such surfaces. 

In the most general case the shock has a curvilinear form. Fig. 4.4.1, a 
shows the scheme of an attached curvilinear shock formed during interaction 
with a sharp body. Fig. 4.1.1, b shows the scheme of a detached curvilinear 
shock that appears before a blunt surface in a supersonic flow. An attached 
plane shock (Fig. 4.1.1, c) may appear during the interaction of a sharp body 
with plane faces. 

Fig. 

b) C) 

normal 
shock 

4.1 .l. Types of shock waves: 

a-attached curvilinear shock; b-detached curvilinear shock; 
c-attached linear shock. 

From Fig. 4.1.1, b it can be seen that the surfaces of a shock may be 
oriented along the normal to the undisturbed velocity vector (angle of incli- 
nation 0,=z/2) or may be inclined at  some angle 0, diverging from the right 
angle (Oc< 4 2 ) .  In the first case it is known as a normal shock and in the 
second as an oblique shock. It is obvious that an attached curvilinear shock 
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can be regarded as a collection of a number of oblique shocks and a detached 
shodk may be regarded as one consisting of a normal shock and a system of 
oblique shocks. 

The formation of shock waves is based on the particular characteristic of 
the propagation of disturbances in a supersonic gas flow. By "disturbance" 
we understand the local irregularity associated with a rise in pressure. Such 
an increase in pressure appears in a flow during interaction with some obstacle 
known as the source of disturbance. 

Let us consider a source of infinitesimally small disturbances situated at a 
point 0 (Fig. 4.1.2). Such disturbances spread through the stationary gas 
(V=O) in all directions at the speed of sound a in the form of spherical waves 
in space and circular waves in a plane (Fig. 4.1.2, a). At time t the radius of 
wave r= a. t. If a subsonic gas flow (V< a; Fig. 4.1.2, b) moves over the source 
the waves will be carried away downstream with the flow; during this the center 
of the waves moves with velocity V< a and the wave itself propagates at the 
speed of sound. After some time t the center of the waves will have moved 
by a distance V. t and the radius of the wave will be r = a .  t, where a .  t > V-t. 
Thus in a subsonic flow the disturbance spreads even upstream vis-a-vis the 
flow. 

In the special case of sonic speed (V=a) the leading front of the spherical 
or circular waves of the disturbance is restricted to the vertical surface or 
straight line tangent to the sphere or circle through point 0 respectively. This 
is because the distance by which the center of the waves moves in time t is 
equal to its radius at the same moment of time t. 

Assume that the oncoming flow has a supersonic speed (V>a). The center 
of the waves moves by the distance V . t  in time t and the sonic wave propa- 
gates by distance a .  t. Since a .  t < V. t it is possible to draw a moving conical 
surface as an envelope of all the spherical sound waves (Fig. 4.1.2, c). This is 
called the cone of disturbance (Mach cone). On the plane of the moving cir- 
cular waves we have lines of disturbance (Mach lines). On the Mach cone or 
Mach lines acting as the boundary separating the flow of the disturbed and 
undisturbed regions the disturbances are grouped more tightly because all 
sonic waves lie on this cone in the same phase of vibrations or phase of con- 
centration. Such regions of disturbance, conical or plane waves determined 
by straight Mach lines are known as plane compression waves or Mach 
waves. 

The angle of inclination p for a conical wave or line of disturbance is 
determined from the condition (see Fig. 4.1.2, c) that sin p = a t/Vt; hence 

sin p = 1/M. (4.1.1) 

The angle p is called an angle of disturbance or Mach angle. Supersonic 
flow carries all sonic disturbances downstream with the flow and hence limits 
their propagation by a cone or lines of disturbance inclined by the angle p. 
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The front of the plane wave propagates with the same sonic speed as the 
spherical (or circular) wave. Therefore the projection of the velocity vector of 
the undisturbed flow on the normal to the wave front is equal to the speed of 
sound (see Fig. 4.1.2, c). 

Fig. 4.1.2. Nature of propagation of disturbances in a gas: 

a-gas at standstill; b-subsonic flow; c-supersonic flow. 

In a plane compression wave, as in a sonic wave, the gas parameters (pres- 
sure, density, etc.) change by an infinitesimally small value which, specifically, 
indicates the famous relation of physics for sonic speed a= ddpldp. In a 
disturbed region of flow the velocity remains practically the same as in an 
undisturbed flow. Therefore the plane compression wave is regarded as a shock 
wave of infinitesimally small intensity and in practice it can be assumed that 
the flow parameters across a plane compression wave remain unchanged. 
That is why this kind of shock wave is known as a weak shock and its leading 
front (Mach line) is known as a line of weak disturbances. 

It is natural to assume that the formation of a shock of finite intensity is 
connected with the superposition of plane compression waves which mutually 
strengthen the shock. Let us consider the process of generation of oblique 
shock wave. Assume that a supersonic flow initially moves over a smooth 
surface (Fig. 4.1.3). We will create a local increase in pressure at point A 
artificially by turning the flow through an infinitely small angle dB. This pro- 
duces a plane compression wave 
AB starting from point A as from . C 
the source of disturbance. It is in- 
clined to the surface by an angle p. 
If an additional inclination by a 
small angle 6P is to be made, a 
new plane wave AC is formed = 
which begins from the same point 
A but is situated to the left of the 
first wave. However, in a super- Fig. 4.1.3. Formation of shock wave. 
sonic flow, as shown earlier, the wave cannot propagate upstream. There- 
fore the wave AC will be carried away downstream until it coincides with 
the first wave. In this process a more powerful wave is formed which is con- 
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siderably strengthened if the flow is turned some more. The shock wave of 
finite'intensity formed in this way has a propagation speed higher than the 
speed of sound at which the plane wave of disturbance propagates. There- 
fore this shock of finite strength must be inclined to the left of the plane 
wave AB and must occupy the position AD where it remains in equilibrium 
because its velocity of propagation will be equal to the velocity component of 
the undisturbed free flow velocity along the normal to wave front V sin O,, 
where 0, is the angle of inclination of shock. From the above discussion it 
follows that the angle of inclination of a shock of finite strength is more 
than the angle of inclination of the line of (cone) disturbance, i.e. 0, >,u. 

2. General Equations for Shock Waves 

Let us consider a more general case in which gas experiences physico- 
chemical changes behind a shock wave due to considerable heating which 
changes its heat coefficients. In the investigation of shocks of this kind 
which bring in their train vibrational excitation, dissociation, ionization and 
chemical reactions the problem of the speed of physico-chemical changes 
assumes great importance. 

The processes behind shock waves are characterized by the fact that a part 
of the kinetic energy of a moving gas almost instantaneously changes into 
internal energy of the gas. In such conditions, in general, it should not be 
forgotten that thermodynamic equilibrium is achieved after a lapse of time 
and it is only under such conditions of equilibrium that all macroscopically 
measured parameters (pressure, density, temperature) become independent of 
time. The analysis of these phenomena represents a still more complicated 
problem and is connected, first of all, with the study of the mechanism of un- 
balanced processes and in particular with the knowledge of rates of chemical 
reactions in air. I 

The simplest case is characterized by an infinitely high rate of physico- 
chemical transformation and consequently by instantaneous reversion to 
thermodynamic equilibrium. Such processes are physically possible behind a 
shock wave. This has been proved by experimental research. 

Let us study the basic theoretical relations that help in analyzing gas 
parameters in the equilibrium behind a shock wave. 

2.1 Oblique shock 
The shock appearing in real situations is characterized by some thickness: 

strictly speaking, the variations in gas parameters in such flows will not occur 
instantaneously but will take some time. However, as shown by theoretical 
and experimental research, the thickness of a shock is very small: it is of the 
order of the free path length of molecules. Therefore in studying shock in an 
ideal medium this thickness can be neglected and the shock can be repre- 
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sented in the form of a discontinuity surface for gas parameters, assuming 
that variations in these parameters take place abruptly. 

The problem of the shock lies in determination of the unknown gas para- 
meters behind it from the given parameters characterizing the motion of the 
gas in front of it. 

For an oblique shock appearing in dissociating and ionizing gas there are 
nine unknown parameters: pressure p2, density p2, temperature T2, velocity 
V2, enthalpy h, entropy 5'2, speed of sound a2, average molecular weight 
pav2, and angle of inclination of shock 8, (or angle of flow inclination PC). 
Consequently it is necessary to construct a system out of nine equations. In 
these equations the parameters in front of the shock will be known para- 
meters: pressure pl, density ply velocity V1, etc. In place of velocity V2 behind 
the shock it is possible to determine its components Vn2 and Vzz, normal and 
tangential to the shock respectively. As a result the number of equations 
needed goes up to ten. This system of equations will include the basic gas 
dynamic equations (equations of motion, continuity, energy and state), a 
series of kinematic relations for velocities and the thermodynamic relations 
characterizing the properties of the gas. Let us study each of the equations of 
this system. 

Figure 4.2.1 shows triangles of flow-velocities in front of the shock (para- 
meters with index "1") and behind it (parameters with index "2"). The 
following relations for given components can be determined from this figure: 

VT2 = V2 cos (8, - PC), Vn2 = V2 sin (8, - PC). (4.2.1) 

The first equation of the system is determined from this: 

Vn2/VT2= tan (Oc- 8,). (4.2.2) 

The second equation will be the equation of mass flow (continuity) which 
determines the amount of the fluid flow rate through unit surface area of 
shock per unit time: 

Line of shock 

I 
Fig. 4.2.1. Schematic diagram of oblique shock. 
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p l V n ~ = p ~ V n ~  ; (4.2.3) 

where normal component of velocity in front of the shock (see Fig. 4.2.1) 
Vnl = V I  sin 8,. 

The equation of momentum can be used for transformations of para- 
meters across the shock. This will be the third equation of the system. It can 
be obtained by equating the variation in momentum of a fluid flowing in unit 
time through unit surface area of shock in the direction normal to it, to the 
pressure force: 

P ~ v i t -  P ~ V ; Z = P ~ - P I  . (4.2.4) 
With the help of equation (4.2.3) this equation can be written in the follow- 
ing way: 

Equation (4.2.4) could be expressed in the form 

P I + P I V ~ ~ = P ~ + P ~  vz2 .  (4.2.4") 
The equation in this form represents the law of conservation of momentum 
during flow across the shock. If the change in the momentum of the fluid 
along a direction tangential to the surface is taken into account along with 
the zero value of the pressure gradient in this direction we get the relation 

whence, using plVnl= ~2Vn2, we have 

This fourth equation of the system indicates that tangential components of 
velocity across the shock do not change. From Fig. 4.2.1 it can be seen that 
V,I= V1 cos 8,; consequently equation (4.2.5) can be written in the form 

Vrz= V1 cos 8,= Vni/tan 8,. (4.2.5') 

The equation of conservation of energy may be written in the form: 

i, + (V:/2) = i2 + (Vzl2). 

Under the condition that 

V ~ = V ~ + V ~ l ,  V;= Vi2+V:2 and V,,= V,, ,  

this equation can be modified to 

it -t (V,21/2) = i2+ (V22/2). (4.2.6) 

Combining the equation of state before and after the shock we get the 
relation 



or recalling that R = Ro/,uaV, it will be given by 

The four equations useful in determination of enthalpy, entropy, average 
molecular weight and speed of sound in the dissociating gas of the system we 
are considering can be represented in the form of general relations of these 
parameters as functions of pressure and temperature: 

i2=f1 ( p2, T2); (4.2.8) 
S2 =f2 ( ~ 2 ,  T2); (4.2.9) 

~ a v 2 = f 3  (PZ, T2); (4.2.10) 
a2 =f4 ( ~ 2 ,  T2). (4.2.1 1) 

These functions are analytically not expressed in the usual form but they are 
determined by means of experimental research or with the help of fairly com- 
plicated calculations from the solution of the corresponding thermodynamic 
equations. The relations for the above functions are usually prepared in 
graphic form and their values are tabulated in special tables of the thermo- 
dynamic functions of air at high temperatures (see [7], [17], [18]). 

Let us express the basic parameters behind the shock in terms of relative 
change in normal components of velocity, i.e. by the quantity 

- 
AVn=AVn/Vnl =(Vn1 -Vn2)/Vn1. (4.2.12) 

From (4.2.3) the density ratio will be 

p2/p1=1/(1 -dr?;t), (4.2.13) 

and from (4.2.4') the pressure ratio will be 

Introducing the concept of a "normal component" of Mach number MI in 
the above condition so that Mnl=Vnl/al or Mn1=M1 sin 9, and assuming 
that the gas remains undissociated before the shock with sound velocity 
a1 = 6k1~11p1, we get 

~ 2 1 ~ 1  = 1 + k,Mtn AV, (4.2.15) 

in place of (4.2.14). 
The enthalpy ratio izlir can be determined from (4.2.6): 

i2/i1= 1 + (112 il) (Vzl - Vi2). 

The difference between the squares of the velocities will be 
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Hence 

To determine the temperature ratio T2/T1 we use the equations of state for 
the flows in front of and behind the shock. This leads to 

Replacing the ratios of densities and pressures by equations (4.2.13) and 
(4.2.15) respectively, we get 

T2/Tl =(I +kl M,21 AVn> (1 -A pn) (Pav2 IPavl). (4.2.17') 

To determine the velocity behind the shock the relations 

v$= v:+ Vi2 and v:= V:+ v;,, 

are used, from which 

Since V,I/VI = sin 8, we get 

V:/ Vt = 1 - sin2 8, AV, (2 -AT,). (4.2.18') 

Let us determine the relation for the angle of inclination of flow behind 
the shock. From (4.2.2) and (4.2.5') we have 

AT,  = 1 - [tan (0, - Pc)]/tan 0,. (4.2.19) 

Hence, taking into account that 

tan (6, - 6,) =(tan 6, -tan Pc)/(l +tan 8, tan PC), 

the relation for PC will be 

The change in velocity dl/,, is determined from (4.2.13) in terms of nondi- 
mensional density: 

dVn= I-(PI/P~). (4.2.21) 

From this it follows that the pressure ratio, temperature ratio, enthalpy ratio 
and angle of inclination PC can be expressed as functions of density ratio 
p2/p1. Besides, the quantities Vnl and Mnl can be replaced by the values 
VnI=Vl sin 8, and M,I=MI sin 8,. 

So the solution of the problem of an oblique shock with a known angle of 
inclination 8, leads to the determination of density ratio pz/pl or function 
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AV,. This function can be determined with the help of relations (4.2.16) and 
(4.2.17'), each orwhich can be rewritten in the form of a quadratic equation 
of A%. From the first quadratic equation we find 

and from the second we get 

AV, = A s ( A ~ B ,  

where 

The signs before the quantities under the square root, minus in (4.2.22) and 
plus in (4.2.23), reflect the condition that velocity is always less behind the 
shock than in front of it and hence AT, < 1 must be observed. Here the plus 
sign in (4.2.23) also accounts for the physically possible value of AV, c 1. 

Equations (4.2.22) and (4.2.23) are solved by the method of successive 
iterations. The problem of an oblique shock can be solved if angle PC is 
given. Then, the calculation of angle 0, is carried out with the help of relation 
(4.2.20), from which 

tant?, AV, 1 - $ w =o. tan2 0,- - - 
tan PC ' 1 - AV, 1 - AV, 

The solution of this equation gives 

One solution (plus sign before the square root) gives a higher value of 
angle O,, which occurs in a detached curvilinear shock, and the other (minus 
sign before the square root) gives a lower value of O,, which is observed in an 
attached shock of fairly weak strength. 

For ease of calculation it is desirable to calculate 0, in advance on the 
basis of given values of 8, and to prepare the corresponding table or graph. 
With the help of this table or graph for some value of AE corresponding to 
the values of ratios pz/pl, p2/p,, etc. obtained earlier it is possible to find 
angle 0, or PC with one of them as a known quantity. 

The calculation of velocity V l  and Mach number MI of the flow upstream 
of the shock, where the parameters in the shock are observed for given values 
of angle 8, (or PC) and V,1 (or M,I), is performed with the help of the 
formulas 
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2.2 Normal shock 
Formulas for calculation of flow parameters across a normal shock can be 

obtained from the above relations for an oblique shock by taking Oc =n/2  and 
,9.= 0 ,  Then we get velocity V,I = V1 and Mach number M,I = M I .  In swit- 
ching from oblique shock to normal shock it is required to exclude index "n" 
in the above relations for oblique shock. Then the basic relations take the 
following form: 

pz/pl = 1 +klM?AV; (4.2.27) 

i2/il = 1 + (V!/2) (A57/il) (2 - AT); (4.2.28) 

TJTl = ( I  +kt M:A@ (1 - A v )  (Pav2IPavl); (4.2.29) 

V;/V:=l -AV(2-AT),  (4.2.30) 

where the change in relative velocity 

is determined with the help of relations (4.2.22)-(4.2.24): 

d V = l - J 1 - [ 2  (i,-i,)/V:]; (4.2.32) 

A F = A + J A ~ - B ;  (4.2.33) 

The relation between AT and the relative density is determined by the 
formula 

A v= 1 - ( P I / P ~ ) -  (4.2.35) 

These are the general relations for shock waves. Let us now analyze the 
nature of motion with the help of these relations and study the methods of 
calculation of gas parameters behind shocks in the case of constant specific 
heats. Then we will discuss in detail the practical methods of calculation of 
similar parameters for a dissociating medium, i.e. in the more general case of 
variable spec& heats. 

3. Oblique Shock in a Gas Flow with Constant Specific Heats 

One problem concerning a gas flow behind a shock wave with constant 
specific heats (c,,, c,) happens to be of great theoretical and practical interest. 
Although such a flow is seen as a particular (ideal) case of the motion of gas, 
whose physico-chemical properties change to a greater or lesser extent during 
transition through a shock, the solution of this problem allows us to establish 
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a qualitative picture of flow through a shock. The results to be obtained in the 
form of the usual relations characterizing the variations in gas parameters 
during motion through a shock can be used for an approximate estimation of 
these parameters when the more general case of heat flow parameters is 
considered. Finally, the problem we are examining has its own significance 
because its solution is directly applicable in the determination of the gas para- 
meters behind a shock occurring in a flow of comparatively low supersonic 
speed at which variations in specific heats in a compressed gas are negligibly 
small. These velocities of flow, to be determined for the most intensive- 
normal-shock, correspond approximately to Mach number M, < 5 to 6. 

3.1 System of equations 
The method of calculation of an oblique shock to be considered here is 

based on application of a system of equations which happens to be the 
particular case of the system of equations (4.2.2) through (4.2.1 1). 

If the specific heats remain constant during the flow of gas through the 
shock it follows that average molecular weight remains unchanged and the 
speed of sound and enthalpy depend only on temperature. Accordingly the 
equations (4.2.8), (4.2.10) and (4.2.1 1) take the following form: 

i2 = cpT2 ; (4.3.1) 

Llav2 = Pavt = ,&v =const; (4.3.2) 

a:=kRT,. (4.3.3) 

In place of equation (4.2.9) it is necessary to use the thermodynamic 
equation for entropy of an undissociating perfect gas: 

dS = (di/T) - (dp/pTj. 

Recalling the equations 

di = c, dT and dp = d (RpT) = RpdT+ RTdp , 
we get 

dS=c,d In T-Rdln T-Rd In p. 

But 

cp - R = C, and Rlc, = (c, - c,)/c, = k - 1. 

Consequently 

dS=c,[dIn T-(k-I) dln p]. 

Integrating this equation with k- const, we find 

S = c, In (T/pk-l) + const. 

Replacement of T by its value from the equation of state p = RpT leads to 

T/pk-I =p/pkR and In ( p/pkR)=ln (p/pk) -1n R. 



Absorbing In R in the constant on the right side of equation (4.3.4), we get 
the relation for entropy in the following way: 

Transferring this equation to the flow conditions before and after the shock 
and determining the difference in entropy on either side of the shock, equa- 
tion (4.2.9) can be replaced by the equation used in the theory of oblique 
shock: 

s 2  - s1 = c, In [( PZ/PI) ( P:/P%I. (4.3.6) 

The entropy behind the shock within the accuracy of the constant can be 
determined by an expression 

The equation of state (4.2.7) in the case of constant specific heats can be sim- 
plified to 

The system of equations (4.2.2) through (4.2.6) remains unchanged. 

3.2 Formulas for calculation of gas parameters behind shock 
To determine density, pressure and enthalpy it is necessary to use the 

formulas (4.2.13), (4.2.15) and (4.2.16) respectively. To determine tempera- 
ture the equation (4.2.17') can be used, in which it is assumed that , u ~ ~ z = , u ~ ~ ~ ,  
i.e. 

In all these expressions the variation in relative velocity ATn is the known 
quantity. Let us determine this quantity assuming that the angle of inclina- 
tion of shock 8, and the Mach number of oncoming flow MI are known 
quantities. To do this we use equation (4.2.4'). Dividing this by plVn1 = 
p2Vrz2, we get 

Introducing here substitution of p2/p2 and p,/p1 by a:/k and az/k respectively 
and using equation (3.6.21) for the speed of sound, we find 

Substituting here the values of V,2 = V,22 + V: and V:= V$ + V: and multiply- 
ing both sides by VnlVn2, we obtain after some simplifications the following 
expression: 



Excluding here the trivial solution of Vnl -Vn2=0 that corresponds to the 
case of absence of shock, we get an equation 

which helps in the determination of the velocity of flow behind the shock. 
Equation (4.3.10) is known as the basic equation for an oblique shock. From 
this equation the relative variation in velocity ATn= (Vnl - Vn2)/Vnl can be 
found. For this purpose we express VnlVn~ in the form 

and use the relations 

Vnl= Vl sin B,, V, = VI cos 0,. 

Adequate simplifications in (4.3.10) result in 

where A1 = Vl/a*. Replacing A1 by the formula (3.6.23) and performing fur- 
ther transformations, we get 

Let us introduce the notation 

6 = (k - l)/(k + 1). 

Then formula (4.3.11) will be 

Substituting this quantity in (4.2.13), the density ratio can be determined as 

p2/pl = Mf sin2 Bc/(l- 6 + 6 M: sin2 0,). (4.3.13) 

Formula (4.2.15) can be used to find the pressure ratio pzlp~. Let us take 
Mn,=Ml sin 9, here and in place of AV, the relation (4.3.11'). Further, we 
replace quantity k by 

k = (1 + 6)/(1- 6) (4.3.14) 

according to (4.3.12). 
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As a result we get 

The intensity of shock is characterized by this quantity. For this purpose it is 
also possible to use the relation 

One more parameter characterizing the strength of the shock and, in parti- 
cular, the coefficient of pressure = (p2 -pl)/ql, where q, = [(I + 6)/(1- 6)] 
p, ~ : / 2 ,  can be obtained with the help of formula (4.3.15'). Representation 
of (4.3.15') in the form o f j 2  with respect to quantity ql gives 

Eliminating the quantity M: sin2 8, from equations (4.3.15) and (4.3.13), we 
get the relation between expressions for pressure and density, i.e. a Hugoniot 
equation: 

This relation is also known as the adiabatic shock relation which, unlike the 
usual adiabatic (isentropic) equation of the type p= Apk, determines the 
variation in flow parameters across the shock wave. This process of transition 
through the shock is accompanied by a rise in entropy which can be deter- 
mined by equation (4.3.6). 

In this way the process of gas flow through the shock is nonisentropic. 
With the change in the above parameters the temperature behind the shock 
will increase. Its value is calculated by the equation of state: 

The peculiarity of flow across the shock, unlike isentropic flow, consists 
in the different character of the variations in the gas parameters. From (4.3.15) 
and (4.3.16) it follows that as MI-co the pressure and temperature rise inde- 
finitely. At the same time equation (4.3.13) shows that under the same 
condition of M1-m the density tends to some finite value which is equal to 
( ~ 2 / p l ) ~ ~ + ~  = 116. At k= 1.4 this gives the value of 116 = 6 .  From formula 
p = Apk or T= Bp k- l (A  and B are constants) it follows that an infinite rise in  
density and temperature corresponds to an infinite increase in pressure in the 
case of an isentropic (adiabatic) process. From this it may be concluded that 
for the same variation in pressure in a flow across a shock and an adiabatic 
process the first is characterized by more intensive heating of the gas, which 
leads to some reduction in density. 



Formula (4.3.16) determines the ratio of the squares of sound velocities 
in front qf and liehind the shock in the following way: 

Using this relation and an expression (4.2.18') it is possible to determine 
Mach number M2 behind the shock. Substituting the expression (4.2.21) for 
A K  in (4.2.1 8'), we get 

Taking (4.3.18) and (4.3.17), the ratio of the left sides and right sides gives 
the ratios of the squares of the Mach numbers 

where Tl/T2 and pl/pz are found from the formulas (4.3.16) and (4.3.13) 
respectively. 

The formula for calculating M2 could be obtained in somewhat different 
form, with the help of the equation of momentum (4.2.4"). Let us write this 
equation in the form: 

Recalling that kp/p = [(I+ 6)/(1-d)] p/p and determining p2/p1 by the Hugo- 
niot equation (4.3.13'), we get 

The quantity M: . sin2 0, can be replaced by equation (4.3.13), so that 

Let us determine the stagnation pressure for flow conditions behind the 
shock. Taking the gas flow behind and in front of the shock as isentropic, the 
thermodynamic relations 

wherep, andp;, po and pi are stagnation pressure and density in the regions 
of flow in front of and behind the shock respectively. From these relations 
the coefficient of established pressure in the shock will be 

v ~ = P ~ / P ~ = ( P z / P ~ )  ( ~ 1 1 ~ 2 ) ~  (P~IPO)~. 
Multiplying both sides of this equation by (p~/p,)~, we get 



We recall the equation of energy (V2/2)+cp.T=const and write it down 
for t'he conditions in front of and behind the shock: 

(V:/2) + cpT1 =(V:/2) + cpT2. 

At points of complete stagnation Vl = V2=0. From the equation of energy it 
follows that the temperatures at the two points are equal, i.e. T,=T;, or 
in other words po/po=p~/p~. Hence, 

where p1/p2 and pz/pl are obtained from formulas (4.3.15) and (4.3.13) res- 
pectively. According to (3.6.28) the stagnation pressure will be 

hence 

PO = [(l +6) M: sin2 8, -6]@-1W (MI sin ,3,)(1")/8 
P 1 

Then the coefficient of stagnation pressure behind an oblique shock will be: 

f 

Analysis of relation (4.3.20) shows that the pressure ratio pd/po behind 
a shock of finite strength is always less than unity. A more intensive shock 
results in higher loss of stagnation pressure and hence the ratio p&p0 dimi- 
nishes more sharply. 

Let us take a stream line and two points on it such that one is situated 
before the shock and the other behind it (in the general case at some distance 
from the wave front). Let the velocities at these points be the same and 



equal to V. As can be seen from (3.6.26), the pressure at the points before 
and after the shock will be 

v2 kl(k-1) 
and 

(1 - - K!mx ) 
respectively. From expression (3.6.15) it follows that, since po/p,=p~/p~, 
the values of maximum velocity are equal, i.e. Vmaxt = Vmax2= Vmax. Thus in 
the two formulas for p(1) and p(*) the quantities in brackets are equal. There- 
fore pressure pcl) before the shock will be more than pressure pC2) behind the 
shock because p;<po. This is how the static pressure loss comes about. 

In explaining the physical nature of these losses the shock should not be 
regarded as a discontinuity surface. It is necessary to assume that the real 
process of compression takes place in a layer of small thickness of the order 
of the mean free path length of the gas molecules. Only this kind of flow 
process through a shock is possible: physically it is incorrect to posit the 
juxtaposition of two regions exhibiting finite differences in temperature, 
pressure and density. This is no more than a mathematical abstraction. 

The process of flow across a shock of small thickness is characterized by 
such large gradients of velocity and temperature that there will be considera- 
ble friction and heat transfer effects in the compression zone. From this it 
foI1ows that the irreversibIe losses of kinetic energy by the gas during flow 
across the shock are connected with frictional forces and also with heat 
conduction. The effect of these dissipating forces and the heat flow inside the 
compression zone is an increase in entropy and consequent decrease in static 
pressure in the flow behind the shock in comparison with the isentropic 
process of compression. 

3.3 Angle of inclination of oblique shock 
Parameters behind an oblique shock are determined not only by Mach 

number MI but also by angle of inclination 0, of the shock. Its value, which 
depends on Mach number MI and angle of inclination PC of the flow, 
can be determined with the help of equation (4.2.19). In this equation the 
replacement of quantity A% by its value from (4.2.21) gives relation 

tan Oc/tan (Oc - PC) = pzlpl . 
Determining pl/p2 from (4.3.13), we find 

tan 8, - - MI sin2 0, 
tan(@,-PC) 1-6+6M:sin2OC 

On the other hand this relation helps us to find angle of inclination PC of the 
flow behind the shock from the known inclination of shock. The connection 
between angles Oc and PC for various values of Mach number MI is shown 
graphically on Fig. 4.3.1. As can be seen from the graph the value of angle PC 
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changes with the decrease in angle 0,. In the region to the left of the dotted 
line indicating the maximum value of angle PC (PC -) the value of angle Oc 
diminishes. Conversely, on the right side of this dotted line Bc increases. This 
type of relation is based on a different form of shock. In the first case the 
variation in angle 0, corresponds to the attached shock of curvilinear form 
in front of a sharp body. With greater bluntness (angle of leading edge) the 
angle of flow inclination increases and hence the angle of inclination of the 
shock increases. The maximum angle of flow inclination PC= PC is deter- 
mined only by the given Mach number MI. This angle is also known as the 
critical angle PC, of inclination (or turning) of flow. The points correspond- 
ing to the values of this angle are connected by the dotted line in Fig. 4.3.1. 
Experiments show that the flow behind an attached shock is steady in the 
sense that its form is maintained as long as the angle of flow inclination in 
the whole region remains less than critical. Accordingly this kind of flow is 
called a subcritical flow. 

Fig. 4.3.1. Variation of angle of flow inclination with angle of 
shock Bc for different Mach numbers MI. 

With any further increase in the angle of the leading edge the angle PC 
could be critical. With a still higher angle of leading edge steady flow behind 
an attached flow cannot be realized. The shock moves ahead from the nose 
of a body. A steady £low region, characterized by inclination through an 
angle less than the critical value, comes into being behind this detached 
shock. However, as distinct from a subcritical flow, this flow is called super- 
critical. This definition corresponds to the fact that the angle of the nose part 
of a body in a flow surpasses the vaiue\at which an attached flow may still be 
observed. 

A detached shock completely changes form, which is clearly seen in the 
example of a flow past a sharp cone or wedge (Fig. 4.3.2). As long as the flow 
is subcritical the shock remains attached to the body and the surface so forrn- 
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ed is rectilinear. A flow around thick wedges or cones may be supercritical 
and then the shock separates from the body and adopts a curvilinear form. At 
the point of cross section of surface of the shock to the axis of flow the angle 
of shock inclination is 0c=;n/2 and hence the flow parameters change their 
value by the rule of normal shock. There exists a region near the axis where 
some part of the shock is practically normal. 

Fig. 4.3.2. Detached shock in front of sharp-edged body. 

As we move away from the axis the angle of inclination 0, decreases, as 
shown in the graph in Fig. 4.3.2. But it maintains higher values in some 
places, corresponding to subcritical flow. The variation in the angle of flow 
inclination has the opposite character. At the peak of the detached wave 
behind the straight part the value of angle PC=0 and then it increases. At 
some point on the wave surface the angle PC becomes critical and then it 
decreases again along with the angle of inclination of the wave. Here, as can be 
seen from (4.3.25), the angle Oc tends to a value Bc= y=sin-J (l/Mr) with 
the limit of Pc+O. So the angles of inclination of shock for given values of 
Mach number MI vary in the range of p,<Oc<n/2. The value of Oc=,u 
corresponds to a weak shock representing a simple disturbance wave. 

For a curvilinear shock (see Fig. 4.3.1) it is possible to find two points 
corresponding to the two values of Oc which determine the single value of PC 
at a given MI. This angle is calculated by formula (4.2.20) which, after substi- 
tution for the value of AT* from (4.3.1 I), takes the form 

tan PC= cot 0, (M: sin2 Oc - 1) 



Here the strong shock corresponds to the higher value of angle 8, and the 
weax shock with supersonic flow behind it (if we exclude the region around 
the shock with angle PC near its critical value, where the flow can be subsonic) 
corresponds to the lower value of angle Oc. 

Calculation of the angle of inclination of an oblique shock can be carried 
out with the help of formula (4.2.25). Replacing AE by the density ratio 
according to (4.2.21), we get 

On each of the curves in Fig. 4.3.1 there is a point where the value of 
Mach number M2= 1 behind the curvilinear shock. Joining these points with 
a continuous curve, we get the boundary of two regimes of flow behind 
the shock: on the left side of this curve the flow is supersonic (M2 > 1) and on 
the right side subsonic (M2< 1). 

4. Hodograph of Velocity 

An analytic solution of the problem of determining flow parameters behind 
an oblique shock was set forth in the preceding section. There exists a graphic 
method along with this analysis which is based on the principle of the 
hodograph of velocity. 

A hodograph of velocity is a curve representing the geometrical position 
of the ends of velocity vectors behind a shock. Let us study the equation of 
a hodograph of velocity. Let point A (Fig. 4.4.1) be the end of velocity vector 
V 2  and be located accordingly on a hodograph velocity that is constructed 
in the system of coordinates with its horizontal axis coinciding with the 
direction of velocity Fj7, in front of the shock. Hence an inclination of 
velocity vector 'F2 is determined by angle 8,. Let the horizontal and vertical 

components of velocity behind the 
shock be denoted by uz and wz res- 
pectively. From Fig. 4.4.1 it can be 
seen that 242 and w2 can be expressed 
by the components Vn2 and V, of 
velocity V2 normal and tangential to 

w, the plane of shock in the following 
way: 

u2 = V, cos 8, + Vn2 sin BC, 
w2 = V, sin 8, - Vnz cos Oc. (4.4.1) 

.. 
02 ' "' The component Vn2 is determined 

Fig. 4.4.1. Formulation of equation (4.3.10), where Vnl= 

of hodograph of velocity. V 1  sin 0,, V,= VI cos Bc. Accordingly 



To eliminate angle Bc we use equations (4.4.1). Multiplying the first equation 
of (4.4.1) by cos 8, and the second by sin 8, and summing them, we have 

2.42 cos Bc + w2 sin 8, = V,. 

Since V,=Vl cos 0,, it leads to 

tan Bc=(V1 -uz)/wz. 

Then 

Substitution of this in (4.4.2) results in the following equation: 

This equation, connecting the variables w2 and u2, represents the equation of 
a hodograph of velocity. Usually it is written in the form 

Let us introduce nondimensional parameters ,Iu = uz/a*, I ,  = wzla*, 1 1  =Vila" 
and 6= (k- l)/(k+ 1). Then the hodograph equation can be written in the 
following way: 

Equation (4.4.4') is reproduced on plane A,, ,Iu graphically by the curve 
known as the strofoid (Fig. 4.4.2). Let us determine some characteristic 
points of the strofoid. Specifically, let us find the coordinates of points of 
intersection A and D of the strofoid and axis lu. From (4.4.4') it can be seen 
that the condition of A,,,= 0 is fulfilled if AU = 11 or A, = 1/11. The value ilu = 11 
determines the coordinates of point A and gives the solution for an infini- 
tesimally weak shock across which the velocity does not change. The other 
value AU= 1/11 determines the coordinate of point D nearest to the origin and 
happens to be the solution for normal shock (see Section 5). 

From the construction of the strofoid it follows that its two branches on 
the right side of point A extend to infinity asymptotically to the line passing 
through point B and parallel to the vertical axis. The coordinate of this point 



can be obtained from (4.4.47, recalling the limit of A,,-+co. As a result we get 
the Condition (1 - 6) A:+ 1 - 1,1,  = 0 from which the coordinate of point B 
can be obtained: 

n,=nl (1 - s ) + ( i l n , ) .  

Fig. 4.4.2. Strofoid (shock polar). 

Any point on the branch of the strofoid extending to infinity in principle 
gives the solution for compression shock. For example, let us examine point 
F i n  Fig. 4.4.2. It may be assumed that for a shock behind which the velocity 
direction changes by the given amount of angle PC the velocity increases 
due to shock to the value 12 determined by the length of line OF. Meantime 
the density and pressure can be reduced due to shock. In other words, in a 
given case there can exist expansion shock in place of compression shock. 
However, formation of such a shock is physically impossible. To prove this we 
use formula (4.3.6) for variation in entropy. Applying the relations p21p';= 
P ~ / ( ~ ~ ) ~ ,  p l / P ~ = p o / P ~  and recalling that pi/po= pi/Po, from formula (4.3.6) 
we get 

S, - S, = R In = - R In v,. (4.4.5) 

In the case of a compression shock pa > p i  and hence, S,- S,  > 0. This con- 
clusion corresponds to the second law of thermodynamics, according to 
which the entropy of an isolated system of gas having jumps must increase. 

Let us now consider a reverse flow where a gas in condition (2), charac- 
terized by stagnation pressure p i ,  moves to the condition (1) with stagnation 
pressure po by means of an expansion shock. 1n this case, by analogy with 
(4.4.5), the change in entropy 

S, - S,= R In (p;/p,) = R In v,. 

So by maintaining the condition pi < p ,  an enthalpy must be reduced, which 



is against the second law of thermodynamics. From this it follows that an 
expansion shock cannot appear. 

From the above discussion it can be seen that the process of motion 
through a shock, which happens to be adiabatic by nature, as it occurs in a 
thermally isolated system, will represent by itself an irreversible adiabatic 
nonisentropic process. 

It can easily be checked with the help of (4.3.6) that the real process of 
rise in entropy (5'2-S1 >0) corresponds to the case of a supersonic flow 
[MI > 1 (normal shock), M1 sin 8, > 1 (oblique shock)] and the physically 
impossible phenomenon of reduction in entropy (S2-S1< 0) corresponds to 
the subsonic flow (MI < 1 and MI sin 8, < 1). Thus compression shocks can 
take place only in a supersonic flow. It should be emphasized that the rela- 
tions obtained for variation in entropy IS2-SlI are valid for the case of an 
irreversible process of motion through a shock accompanied by an isentropic 
gas flow up to the shock and also behind it. 

From the above discussion it follows that the branches of the strofoid 
proceeding to infinity have no physical meaning. The remaining part of the 
strofoid (left side of point A) has physical significance: it is called the shock 
polar. This kind of curve is drawn for given It (or Mach number MI). Some 
such curves drawn for different values of I1 represent a family of shock polars 
which help to find the velocity of flow behind a shock and its angle of 
inclination graphically. 

Take an attached shock at a wedge-shaped surface with semi-angle /Ic 
(see Fig. 4.1.1, c). To determine the velocity behind this shock for a given 
value of 1 1  (or MI) a shock polar can be constructed and a line can be drawn 
through point 0 at an angle PC (see Fig. 4.4.2). The point of intersection N of 
this line with the shock polar determines vector ON, whose modulus gives 
the value of relative velocity 1 2  behind the shock. According to formula 
(4.4.3), which can be expressed by 

tan 0, = (I1 - Au)/1.,,,, (4.4.3') 

the angle ANG on a shock polar is equal to the angle of inclination 8, of 
the shock wave. It is easy to see that this angle can also be determined as an 
angle between the horizontal axis and the normal to a line joining the ends of 
the velocity vectors before and after the shock (in Fig. 4.4.2 the corresponding 
points are A and N). 

From the shock polar we arrive at the conclusion that with a reduction in 
angle PC (point N moves along the curve toward point A) the angle of inclina- 
tion 8, of the shock decreases. In the limit of /Ic+O the point N approaches 
point A, which physically corresponds to the transformation of a shock wave 
into a shock of very low strength, i.e. into a line of weak disturbance. The 
angle of inclination of this shock Bc=p is determined as an angle between 
the horizontal axis and the line perpendicular to t h ~  tangent of a shock 



polar at a point A (see Fig. 4.4.2). 
'An increase in the angle of inclination of the flow (in Fig. 4.4.2 this corres- 

ponds to a shift of point N away from A) leads to an increase in the angle of 
shock and a rise in its intensity. On the shock polar it can be seen that at 
some value of angle 8, the line drawn through point 0 touches the curve at a 
point C.  The angle of inclination of this tangent line determines the maxi- 
mum angle of flow inclination, which we earlier designated the critical angle 
(PC = PC,). Let the angle PC > &. On the curve this angle corresponds to the 
dotted line drawn from point A and does not intersect the shock polar. Thus 
at PC >PCo it is not possible to find a solution for shock graphically with the 
help of the shock polar. This is because the condition PC > PC, does not corres- 
pond to the assumptions of the rectilinear type of shock attached to the nose 
of a surface, on the basis of which the shock equations were derived. Physi- 
cally speaking, the case of an angle of wedge PC producing a more than 
critical angle of turning results in a detached curvilinear shock. 

The determination of the shape of this curvilinear shock in front of a 
body is material for a special problem of aerodynamics related, in particular, 
to the conditions of the supersonic flow-interaction of wedge-type bodies. If 
this problem is not solved it is possible at least to give a qualitative estima- 
tion of the variation in parameters in some region ahead of the body with the 
help of the shock polar from point D to A. When the form of a shock is 
determined for given conditions of flow-interaction (apart from calculations 
this can be done with the help of the aerodynamic wind tunnel) it is possible 
to establish the quantitative relation between the points of the shock polar and 
the shock surface. 

For example, let angle PC be given and the points E and N lie on the shock 
polar. The angle of shock BcN=LAhJG corresponds to point N and angle 
OCE= LAEK (EK L OB) corresponds to point E. If the configuration of the 
wave front is known it is possible to find on it point N' with an angle of 
inclination of wave OcRr and point E' with angle BcE (see Fig. 4.3.2) by direct 
measurement. In the same way point C' corresponding to the critical 
(maximum) angle of turning PC, can be found. 

Point D on the shock polar corresponds to the peak on the given surface 
of the detached shock (normal shock) and the end point A of the polar corres- 
ponds to the farthest part of shock, which transforms into a line of weak 
disturbance. 

For an attached shock (PC< Per) two solutions can be obtained, as seen 
from the shock polar. One of them is point E, which corresponds to a lower 
velocity behind the shock. The other, point N, refers to a higher velocity be- 
hind the shock. It is found experimentally that attached shocks with higher 
speeds behind them are realized physically, i.e. shocks of low intensity occur. 

If the arc of a circle of radius equal to unity (in dimensional axes wz, 2.42 

this refers to a radius equal to the critical speed of sound a*) is drawn on the 



graph regions of flow can be determined-subsonic and supersonic-that are 
related to the points lying on the shock polar to the left and right of the arc. 
The part of the flow representing subsonic speed is shown shaded in 
Fig. 4.3.2. From the shock polar it can be seen that the flow velocity behind 
a normal shock is always subsonic. At the same time the flow velocity behind 
an oblique (curvilinear) shock can be supersonic (corresponding points on 
the shock polar lie on the right side of point S) as well as subsonic (the points 
on the shock polar lie on the left side of point S). Further, the points lying 
between S and C correspond to an attached shock behind which the velocities 
are subsonic. Experimental research shows that the shock remains attached 
for wedge angles PC less than the critical angle PC, or more than LSOB. 
However, in the latter case it becomes curved. Here the theoretical values for 
angle Qc and gas velocity A2 in the whole region behind this curvilinear shock, 
obtained from the shock polar on the basis of angle PC do not correspond to 
the real values. 

5. Normal Shock in Gas Flow with Constant Specific Heats 

The appropriate relations for a normal shock are obtained from the 
condition that 0, = 7r/2 and hence V ,  1 = V1 and Vn2 = VZ. The basic equation 
(4.3.10) takes the form 

v ~ V z = a * ~  (4.5.1) 
or 

A1Az= 1, (4.5.1') 
where 11 = Vila*, Az= Vz/a*. 

The relative change in velocity is found from (4.3.1 1'): 

For the ratios of densities, pressures and temperatures, the corresponding 
relations can be found from (4.3.13), (4.3.15), (4.3.16): 

pzlpl =M:/(l- 6 + 6 Ma; (4.5.3) 

Eliminating M: from (4.5.3) and (4.5.41, we get an equation of adiabatic 
flow for normal shock which does not differ in external form the equation for 
oblique shock [see (4.3.13')l. 

Taking Bc=.n/2 in (4.3.19), the relation for the Mach number behind a 
normal shock can be obtained: 



Let us examine the gas parameters at a stagnation point (at a critical 
point) of a blunt surface situated behind a normal shock (Fig. 4.5.1). Pressure 
pi at this point is determined by the formula (4.3.20') in which the ratios 
pzlpl andpzlpl are found from (4.5.3) and (4.5.4) respectively. Incorporating 
this, we have 

Determining po from (4.3.21), we get 

p;/pl =[(I +-6)M:-6](8-1)/28 M(11+8)/6 (1 -6)-(1+8)/28. (4.5.8) 

Knowing absolute pressure p; the nondimensional quantity jo = (p; -pl)lql, 
i.e. the coefficient of pressure at the point of complete stagnation, can be 
determined. 

Recalling that the velocity head 

we have 

In Section 3 it was proved that the 
stagnation temperature behind the 
shock does not change, i.e. T; =To. 
Consequently at a point of complete 
stagnation 

v, - 6 T;=Tl (I+-M:). 1-6 (4.5.10) 

The expression ii = cpT; and il = cpT, 
can be used to determine enthalpy. 

\ Accordingly, at the point of complete 
stagnation 

6 
Fig. 4.5.1. Gas parameters at  point of i;=il I+-M:). (4.5.11) 
complete stagnation behind normal shock. 

( 1-6 

6. Shock at Very High Supersonic Speeds and 
Constant Specific Heats of Gas 

At very high (supersonic) speeds with values of MI sin 0,% 1 the non- 
dimensional gas parameters behind the shock are close to their limiting values 



obtained at M I  sin 0,+co. From (4.3.11') it follows that under this condition 

Consequently the limiting density ratio, according to (4.2.13), will be 

Inserting this value in (4.3.27) in the limit of M I  sin 0,-+co, we get 

tan 0, = (cot Pc/26) [l - 6 5 d(1- 612 - 4 6 tan2 PC]. (4.6.3) 

Let us find the limiting value of the coefficient of pressure. For the condi- 
tions immediately behind the shock it follows from (4.3.15") that at 
M I  sin 0,--+m and M1+co 

p 2  = 2 (1 - 6) sin2 0, . (4.6.4) 

For the stagnation point the corresponding value is obtained from (4.3.23): 

The ratio of coefficients of pressure will be 

In a particular case when 6 = 116 (k = 1.4) the ratio >,/j2 = 1.09. The 
limiting value of Mach number M2 may be found from (4.3.19), taking into 
account the relation (4.3.16) for T~ /TI .  Going back to the limit, at 
M I  sin B,-+co and MI-co we get 

Mg=[1/6 (1 +a)] (cot2 0,+d2). (4.6.7) 

To find the limiting parameters behind a normal shock by the above relations 
it is necessary to take 0,=n/2. Then from (4.6.4) and (4.6.5) we get 

It is clear that the ratio Po/& will be the same as for an oblique shock. The 
limiting Mach number behind a normal shock 

For 6 = 116 (k = 1.4) the Mach number M2 = 41/7 x 0.38. The actual values 
of nondimensional parameters behind a shock with finite but very high Mach 
numbers will depend on MI.  

Let us study the relations for the case where attached shocks appear be- 
fore thin wedges and are therefore inclined at  low angles. Assuming that 
tan 0 , ~ ~ 0 ,  and tan (0,-PC) wB,-p, in (4.3.25), we get 
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ec - P C -  -- 
1-6+6~:0,2 

ec M:O: - 
Introducing the notation K = M I ~ ~ : , ,  after simplification we get 

Solving this equation for 0,//3, and assuming that the physically possible 
condition will be 8,/Pc > 1, we find 

Examining equation (4.6.9), it can be seen that the parameters determining 
flow for a shock at very high speeds are combined in functional groups that 
describe the solution of the problem of shock in a wide range of Mach num- 
bers M, and of values of PC. Equation (4.6.9) is an example of a similarity 
relation. From this equation for the ratio ec/PC it is found that the quantity 
K=M& happens to be the similarity parameter. This similarity is to be 
understood in the sense that the ratios of angles 0c//3c will be the same for 
flows with identical parameters K independent of the absolute value of the 
quantities that characterize hypersonic flows. As K+co the ratio Bc/Pc tends 
to the limit equal to 

Let us now take the relation for the coefficient of pressure. At small values of 
Oc the formula (4.3.15") takes the form 

Substituting the value of 1/K2 from (4.6.8), we get 

i 2  = 2pCec. (4.6.11') 

Substituting the value of Bc from (4.6.9) here, we get 

This formula shows that K also happens to be the similarity parameter for 
the ratio j2//3f. As K+co the value of this ratio will be 
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According to (4.3.13) the density ratio at small values of 8, could be 
expressed by ' 

pzlp t = KZJ(1- 6 + 6 K 3 ,  (4.6.14) 

where the parameter Kc=MlOc is determined by (4.6.9) in the following 
form: 

From (4.3.18) it follows that the second term on the right side can be neglected 
at small 19, (sin OCwOc); hence V2w Vt. Bearing this in mind, the ratio of the 
squares of Mach numbers using (4.3.19) will be 

M;/M?= Tl/T2. 

Substituting the ratio TlIT2 here by formula (4.3.16) and taking sin 0cx8,, 
we get 

7. Solution of Problem of Shock in a Gas Flow with Variable Specific 
Heats Taking into Account Dissociation and Ionization 

The parameters of air at some altitude H (pressure pl, temperature TI, 
density pt, etc.) and the value of normal velocity component V,I are selected 
as the initial data in solving the problem of a shock wave in dissociated and 
ionized gas. In this instance an oblique shock, in a given case, is regarded as 
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Fig. 4.7.1. Ratio of air temperatures behind and ahead of 
shock taking into account dissociation and ionization: 

thick line-TI = 220°K; dotted line-TI =350°K. 



a normal shock. Assuming the value of d i b 0 . 9  to 0.95 as a first approxi- 
mation, which refers to the density ratio across the shock 

we find pressure pz from formula (4.2.15) and enthalpy i2 from expression 
(4.2.16) which is, obviously, near the stagnation enthalpy ii. Then, from the 

i-S diagram [7, 171 temperature Tz 
6 /4 and from Fig. 1.4.7 average mole- 

20 cular weight pavz can be determin- 
ed. In place of these diagrams 

15 appropriate tables of thermodyna- 
mic functions of air [la] can be 
used. This increases the accuracy 

10 of calculations. 

The density p2 can be found 
0 from the values of p2, Tz, pav2 

obtained and the equation of state 
Fig. 4.7.2. Ratio of air densities behind and (1.4.8). The value of A can be 
ahead of shock taking into account dissocia- improved by formula (4.2.21). 

tion and ionization: Then with this value the pressure 
tlzick line -TI = 220°K; dotted liite- and enthalpy can be obtained by 

T~ =350°K. formulas (4.2.15) and (4.2.16) res- 
pectively as a second approxima- 

tion. With the help of these more accurate values of temperature and average 
molecular weight can be obtained from tables and graphs. Knowing the more 
accurate values of p2, T2 and p,2,  the density in the second approximation 
can be found by the equation of state. This iteration process is continued 
until the required accuracy is achieved. 

An oblique shock can also be studied on the basis of known parameters of 
undisturbed flow (including Mach number 
MI) and the angle PC. As a first approxi- P 2 / 4  

mation the angle of shock 0, for an 800 

undissociated gas is obtained [(see (4.3.25)] 
600 

and then the necessary corresponding 
quantities AE,  p2 and i2 can be calculated rroo 
by formulas (4.2.19), (4.2.15) and (4.2.16). 
Using these values the temperature T2 and 200 
average molecular weight paV2 are calculat- 
ed from tables [18] and graphs [7, 171. 0 

5 10 15 20 Mnr 
Further, with the help of formulas (4.2.23) 

Fig. 4.7.3. Ratio of air pressures and (4.2.24) the value of A Y ,  can be im- 
behind and ahead of shock 

proved and from the expression (4.2.19) taking into account dissociation 
tan Oc and angle 0, are rendered more and ionization. 
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accurate. The remaining parameters are corrected by the respective formulas. 
The calculations of gas parameters behind normal shock are similarly 

performed with the use of tables and graphs of thermodynamic functions at 
high temperatures. For this we must consider Oc=a/2 and pC=O and then 
relations (4.2.27) through (4.2.35) should be applied. 

In the presence of dissociation and ionization the relative values of gas 
parameters behind a shock wave depend not only on temperature, which is 
the characteristic of variable heat coefficients, but also on pressure. These 
relations are graphically shown in Figs. 4.7.1 through 4.7.3. 

The calculations of temperature ratio and pressure ratio were carried out 
for the average values of temperature TI = 220 and 350°K, which are the pro- 
bable minimum and maximum values chosen according to the change in 
temperature with altitude in the case of low and high yearly mean values. 

The data obtained show that dissociation and ionization indicate signifi- 
cant variations in equilibrium temperature and density in comparison with 
the case of constant specific heats (k= 1.4=const). So far as pressure is 
concerned it depends very slightly on physico-chemical changes in the air. 
The ratio p~/pl  differs negligibly from its maximum value pz/pl = 1 +kl M ~ I  
which is determined only by the ~onditions of undisturbed flow and not by 
the change in the structure and physico-chemical properties of air behind a 
shock wave. 

The calculations also show that at one and the same angle in a real 
heated gas medium the inclination of flow (angle PC) is more than in a perfect 
gas (k=const). This leads up to 
the fact that in a heated gas a 
detached shock appears later than H , km 

in a cold gas. Specifically the 
wedge angle at which detachment 
of shock begins is greater in a 
heated gas than in a cold gas. 

Calculations of parameters at 
the point of complete stagnation: 
The theory of normal shock has 
important practical applications in 
the determination of gas para- 
meters at the point of complete 
stagnation. This is realized in the 
following way. Entropy S z  is 
found from the values of i2, p2 ob- 
tained with allowance for dissocia- 
tion and ionization from the i-S 2000 4000 6000 v,, m/sec 

diagram or the thermO- Fig. 4.7.4. Stagnation pressure and tempera- 
dynamic functions of air. Assum- ture at  point of complete stagnation. 



ing that the flow behind the shock is isentropic entropy Si at the stagnation 
point can be taken as equal to the value S2 behind the shock wave. Also at 
this point the enthalpy ii=i,+O.SV? can be found. Now, knowing S; and 
ii, the remaining parameters, namely: T;, pb, etc. can be obtained from 
the same i-S diagram or thermodynamic tables. 

The results of calculations will correspond to the given flight altitude. 
With a change in altitude the conditions of flow-interaction and hence the 
parameters at the stagnation point will also change. This relation is graphi- 
cally reproduced in Fig. 4.7.4. The curves allow us to determine temperature 
IT;, and pressure pi as a function of velocity Vl and flight altitude H. 

The results of calculations of density with allowance for dissociation and 
ionization at the stagnation point for air as well as pure oxygen and nitrogen 
are set out in Fig. 4.7.5 [52]. The following conclusions can be derived from 
the analysis of these results: At M,= 18, when oxygen is already consi- 
derably dissociated, the value of Alp, reaches its maximum value. With an 
increase in M, the gas becomes completely dissociated and the density 
decreases. Then, with further rise in M,, ionization of .oxygen sets in, 
leading to a rise in specific heats and hence to some increase in density. 

P;/L The effect of variation of 
specific heats on the change in 

15 
density of nitrogen is observed 
only at very high Mach num- 

13 bers M, when dissociation and 
ionization take place. These 

If processes occur not one after the 
other as in the case of oxygen 

9 but practically simultaneously. 
This is confirmed by the small 

7 v  I I I I 
9 13 17 21 25 M, difference of energies for the 

dissociation and ionization of 
Fig. 4.7.5. Density at point of complete nitrogen. Due to this the curve 
stagnation for nitfogen, oxygen and air of for nitrogen is more 

(p,=0.01 atm, Tw= 290°K). 
monotonous than for oxygen. 

At Mach numbers M,< 13 basic dissociation of oxygen takes place and 
the curve of density of air is close to the corresponding curve for 0 2 .  At 
M, > 13, when dissociation of nitrogen begins to play a part, the ratio of 
pi/p, for air will be similar to that for nitrogen because it then becomes 
the active component in air. 

Calculations of gas parameters behind a shock with allowance for varia- 
tions in specific heats are discussed in more detail in book [lo]. 
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8. Shock Wave in Pure Dissociating Diatomic Gas 

The parameters behind a shock can be calculated in a comparatively 
simple way using the general system of equations of an oblique shock, rela- 
tions for determining the thermodynamic functions and the degree of dis- 
sociation of a heated diatomic pure gas. 

For this an equation of energy (4.2.6) can be used. Together with 
relation (1.5.13') for enthalpy it can be written in the following form: 

Here the pressure and density are related to the characteristic parameters pd 

and pd respectively and the velocity is related to the characteristic quantity Vd. 
Assume that the degree of dissociation up to the shock is low and that the 
shock is very strong (pressure, density and temperature behind the shock con- 
siderably exceed their values before the shock). In this case, neglecting the 
first two terms on the left side of the equation (4.8.1), we get 

Now we use the equation of momentum (4.2.4"). For very high velocities at 
which p l  g p 2  it is written as 

PI V ~ I  ~ ~ 2 f  ~ 2 c 2 .  (4.8.3) 
Dividing this equation by plVnl  =p2Vnz ,  we get 

Vnl = ( P z . / P z ~ ~ z )  + Vn29 

from which we obtain 

P ~ I P ~ =  V$ AVn (1 -AVn). (4.8.4) 
Introduction of the characteristic parameters pd, pd and Vd in this equation - 

results in 

&lk=v:l ATn (1 -Avn). (4.8.4') 

Substituting the given value in (4.8.2'), we write the following quadratic equa- 
tion of the unknown variable ATn: 

Solution of this equation gives 
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where 

2 
D=-(7+a2) (1+a2) az. 

9 

Equation (4.8.5) is solved simultaneously with equation (1.5.14). which can 
be rewritten in the form 

Further, (4.8.5) can be solved simultaneously with the equation of enthalpy 
(4.2.16), which under the condition of il< i2 takes the form 

Here & represents an enthalpy with respect to the characteristic energy of 
dissociation ud and is the velocity in terms of characteristic speed Vd. 
The calculations are carried out by successive iterations. Strictly speaking 
this method of calculation for shock in relation to a dissociating diatomic gas 
can be applied to the calculation of the parameters of air behind the shock 
within a given approximation. For this the characteristic parameters of 
dissociation must be found for air as a model gas consisting of a mixture of 
nitrogen and oxygen in proportion to their mass content. As shown by the 
calculations, the parameters of air for real air differ from those obtained by 
the method devised for the diatomic model. Thus, for speed Vt11= 1.5Vd= 
8.1 kmlsec the density of real air behind the shock is p2= 14.7~1, which is 
higher by about 5% than the diatomic model. 

9. Relaxation Phenomena 

In the previous section we examined the methods of calculating gas para- 
meters behind a shock with allowance for physico-chemical changes and the 
condition of equilibrium of thermodynamic processes taking place in a gas. 
However, in the most general case these processes are characterized by their 
unbalanced nature, which seems to have some effect on the gas flow behind 
the shock. 

9.1 Concept of nonequilibrium flows 
As is known from any course in thermodynamics, the assumption of 

thermodynamic equilibrium is related to the parameters characterizing the - 
state of a gas in accordance with the mode of internal degrees of freedom. 
For example, at not very high temperatures comparatively (not at high 
velocities) an equilibrium between temperature and vibrational degree of 
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freedom is established which corresponds to the equilibrium between tem- 
perature and specific heat. At high temperatures (at high speeds), i.e. when 
gas dissociates, the equilibrium state is reached in the following way: With 
the development of dissociation the probability of triple collisions rises 
because the number of gas particles increases. This leads to recombination 
and a low rate of dissociation. There exists a moment of time at some tem- 
perature when the rates of direct and reverse reactions are equal and the gas 
enters a state of equilibrium which is characterized by a constant composi- 
tion relation between the degree of dissociation from one side and tempera- 
ture and pressure from the other. Finally, at still higher temperatures (at 
very high speeds) one can talk about the equilibrium processes of existing 
electronic states and ionization. 

In an equilibrium flow the internal degrees of freedom are abruptly estab- 
lished with an instantaneous variation of temperature, whereby the dissocia- 
tion and ionization can be considered as the appearance of new degrees of 
freedom. In these cases there is no delay in establishing degrees of freedom, 
i.e. the time to achieve equilibrium is equal to zero. 

In practice the equilibrium flow is observed at supersonic speeds of flow 
over a body at Mach number M,=4 to 5 in conditions corresponding to 
altitudes of 10 to 15 km and less. This is explained by the fact that at maxi- 
mum temperatures of the order of 1,000-1,500°K arising under these condi- 
tions the main part of the internal energy comes from the translational and 
rotational degrees of freedom which, during sudden changes in temperature, 
are established almost instantaneously. This is because it is enough to have 
only a few molecular collisions to achieve equilibrium. For this reason the 
translational and rotational modes of freedom are usually known as "active" 
modes. With a rise in speed and hence in temperature the significant part of 
the internal energy goes to vibrations and then to dissociation, excitation of 
electronic levels of energy and ionization. 

Practically speaking these processes are such that the energy modes are set 
more slowly than the translational and rotational modes because they need a 
fairly high number of collisions. Therefore the vibrational and dissociating 
modes are sometimes called the "inert" modes. Thus, inert modes are 
characterized by a delay in achieving equilibrium, known as relaxation. The 
time when equilibrium is reached in the flow, i.e. when the correlation is 
established between temperature and energy level, represents in itself the 
relaxation time. 

According to this discussion, the relaxation time serves as a criterion of 
the rate of diminution of the deviation of a gas from its equilibrium position, 
which is represented in a general case in the form of variation of energy 
distribution by,different modes of freedom. 

The following example is an intuitive representation of the relaxation 
process and relaxation time: Let us assume that two thermodynamically 



closed; balanced gas systems are brought into contact with heat. As a result 
their equilibrium is disturbed. However, after heat exchange over a period of 
time both systems reach another thermodynamic equilibrium state. The pro- 
cess of transfer to the equilibrium state is known as the relaxation and the 
time required to establish equilibrium is called the relaxation time. 

The relaxation processes are determined according to which mode of 
freedom comes to excitation. If a sudden change in temperature results in 
vibrations the corresponding disequilibrium process is called the vibrational 
relaxation. It is characterized by sluggishness in the variation of specific 
heats with change in temperature. If the temperature rises the specific heat 
increases as a result of vibrations of atoms in molecules. The time during 
which the vibrational motion returns to equilibrium is known as the vibra- 
tional time of relaxation. 

In an unbalanced dissociating gas, for any instantaneous variation in tem- 
perature there results a sluggishness in the change of degree of dissociation. 
This phenomenon is known as dissociational relaxation. In connection with 
the difference in rates of formation of atoms and loss of atoms (rate of dis- 
sociation higher than recombination) a gradual rise in degrees of dissociation 
occurs. A balanced state of degree of dissociation is reached when the rates of 
direct and reverse reactions are the same. The time required to achieve a 
balanced degree of dissociation is called the dissociational time of relaxation. 

At temperatures up to roughly 10,OOO°K the vibrational and dissociational 
relaxation processes happen to be the basic processes. The relaxation pheno- 
mena connected with the excitation of electronic levels of molecules and 
atoms and also ionization can be neglected because only a small part of 
the internal energy goes to these modes at these temperatures. 

An unbalanced state seems to have a considerable effect on different 
processes associated with gas flows at high speeds. In particular, the vib- 
rational and dissociational relaxations change the gas parameters during 
transition through shock waves and during the flow-interaction of bodies. In 
its turn.this affects the process of friction, heat transfer and redistribution of 
pressure. 

9.2 Equation of rate of chemical reactions 
Study of an unbalanced flow must include investigation of the motion of 

the medium and chemical processes which occur at finite rates. Formally 
speaking, this is characterized by addition of the equation for rates of chemi- 
cal reactions to the usual system of gas dynamic equations. 

To simplify the investigation we use the equation describing a simple 
binary reaction of dissociation and recombination of pure dissociating dia- 
tomic gas which is represented by the general relation (1.5.1). In this relation 
the rates of dissociation and recombination are not equal and hence the 
chemical reaction is characterized by some difference in these reaction rates. 
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Equilibrium is,reached when the rate of formation of new molecules as a 
result of recombination of atoms is equal to the rate of loss of molecules 
dissociating into atoms. Thus the real rate of reaction of dissociation will be 

where a is the instantaneous value of degree of dissociation. 
To find the general expressions for rates of dissociation and recombina- 

tion it is necessary to use the relations of chemical kinetics. The recombina- 
tion of two atoms A in molecule A2 during collision with a third particle B is 
expressed by the formula A +A + B+A2 + B, where B is a particle carrying 

k~ 

away the energy of recombination; k~ is the constant of rate of recombina- 
tion. According to this formula the rate of change of concentration of atoms 
during recombination is 

Id*]} = 2 k ~  [A]' [B] . 
R 

The square brackets indicate concentration in units of mol/cm3; k~ has the 
dimension of cm6/mo12 . sec. 

For a binary mixture of molecules and atoms the sum of concentrations 
C M  + C A  = 1 ;  consequently 

[A2]=-  = [A]  = - 
m A' (4.9.3) 

[B] = [A] + [A21 = 2 m ~  ' 

where m ~ ,  ma are the molecular weight of diatomic molecules and atomic 
gas ( m ~ = 2 m ~ ) ;  concentrations CA and c~ are related to the degree of dis- 
sociation by formulas c~ = a, C M  = 1 -a .  For concentration and density we 
also have the relations 

Introducing relations (4.9.3) in (4.9.2), we get the relation for rate of 
recombination: 

r~ = ( d a l d t ) ~  = k~ ( p / m ~ ) *  a2 (1 + a). (4.9.4) 

Let us examine the simple scheme of reaction of dissociation A2 + B+A + 
kD 

A + B ,  which represents the process of disintegration of molecules as a result 



of mutual collisions. According to this scheme of reactions, the rate of 
dissociation will be 

Here kD is the constant for rate of dissociation, B is the second particle parti- 
cipating in a collision with the molecules and providing it with the energy of 
dissociation. 

Introducing values of [A21 and [B] from (4.9.3) in (4.9.2'), we get 

Substitution of relations (4.9.4) and (4.9.5) in equation (4.9.1) gives 

where Kp= k ~ / k ~ ;  for balanced processes this quantity is defined as a cons- 
tant of thermodynamic equilibrium. Under certain conditions this constant 
is valid even for unbalanced reactions. Keeping this in view and assuming 

da/dt=O in equation (4.9.6), we get the value of K,=zP~:/(I - a 3  in a 
ma 

balanced condition, where a, is the degree of dissociation in equilibrium 
condition. Recalling equation (1.5.2), we will get 

Substituting this expression in (4.9.6), we have 
- - 

d a / d t = ~ p ~ ,  [(I -a) e- l l~-pa~] ,  (4.9.7) 

where 

c= (k,/m;) ( 1 + a) Pd. (4.9.8) 

As can be seen from the expression (4.9.7), 
it is important to know the constants of the rate 
of recombination for investigation of unbalanc- 
ed flows. This is enough to determine the rate 
of dissociation because it is possible to use this 
as a constant of thermodynamic equilibrium. 

The mean empirical values of the constant 

\ \ 1 : r.:o-!x for recombination in air obtained at a pressure 

Fig. 4.9.1. Variation in coeffi- of about one atmosphere are show11 in Fig. 

cient of rate of recombination 4.9.1. It is assumed that these values correspond 
in air with temperature. to the lower limit of the rate of recombination. 
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During the experiments with oxygen and nitrogen the measured values 
of constants of rates of recombination were of the order of 1015-1016 
cm6/mo12- sec. 

Weightwise the rate of formation of atoms = (Wcllem)~ occurring in 
the equation of diffusion (3.2.5) is connected with (4.9.7) by the obvious 
relation 

9.3 Time of relaxation 
Equation (4.9.7) can be modified to some extent. For this purpose we use 

the concept of the constant of equilibrium which is useful under the condi- 
tions of unbalanced and balanced flows. Then the ratio e-'IF/p can be 
replaced by the quantity az/(l -a,) which, after substitution of (4.9.7), gives 

Introducing the notation 

we get 

daldt = (a, - a ) / t ~ .  (4.9.10') 

Integration of this equation leads to the relation a (t), which characterizes the 
change in degree of dissociation as a func- 
tion of time t beginning with its value a 'D' SeC 

at time t = O  and ending with the value at 
equilibrium a =a,, which is reached in 10 

some time At (time of relaxation). To the 
order of this value the derivative daldt can 
be expressed in the form 

da/dta(a, - a)/At. 
Consequently, according to (4.9.10') we 
have 

A t ~ t o .  
In this way the parameter to (4.9.10) can r 2 3 4 5 T.IO?~K 

be approximately defined as the time of Fig. 4.9.2. Experimental curves 

relaxation. The most important problem of ( 1 s  2) for time of vibrational relaxa- 
tion and theoretical curves (3, 4) the physics of relaxation processes is in- for time of relaxation for dissocia- 

cluded in the determination of this para- tion of oxygen and nitrogen res- 
meter. Some data on the relaxation time pectively at atmospheric pressure. 



for,oxygen and nitrogen are obtained experimentally in shock tubes (Fig. 
4.9.2). 

Analysis shows that the time of relaxation for dissociation is less than 
that for recombination by approximately the first order. Therefore to esti- 
mate the effects of relaxation it is desirable to use the time of recombination 
even though a rough estimate can also be made from the time of direct reac- 
tion. The same thing can be said of vibrational relaxation, keeping in mind 
that in an actual process the time required to excite vibrations up to a given 
temperature is less than the time taken to damp the vibrations in the opposite 
process beginning from that temperature. 

To estimate the relaxation time of oxygen or nitrogen the following 
approximate expression can be used: 

t ~ = 7 . 7  x lo-' a (1-0 .7~)  1 (3)'12 T (PK)~ (4.9.11) 

where index "K" indicates final values of parameters. 
Formula (4.9.11) shows that reactions take place at a faster rate if the 

initial density and temperature increase; this reduces the relaxation time. The 
same formula indicates that time to decreases with a rise in pressure, which is 
confirmed by the graphs in Fig. 4.9.3. It can be seen that an increase in 
pressure to the third order gives a tenfold reduction in relaxation time 
(pressure p in graph is related to atmospheric pressure ps at sea level). 
Investigations proved that the relaxation time during dissociation of air is 

less than that of pure nitrogen or 
tD, Sec oxygen. 

Some information from the kinetic 
I O - ~  theory of gases: In the kinetic theory of 

gases the relaxation time is defined as 
1 0 ' ~  the time during which the motion of a 

molecule undergoing collisions with 
other molecules having an indefinite 
character must in general be independent 
of the previous history of the motion of 
the molecules. Obviously this time tr 
depends on the number of collisions n 
suffered by a molecule in unit time and 
hence it may be assumed that t, is 

1 0 ' ~  ( inversely proportional to n, i.e. 3 5 7 ~ T I o - ~ , ~ K  

tr =arln, 
Fig. 4.9.3. Relaxation time for 

(4.9.12) 

dissociation of oxyger?. where coefficient a, depends on whether 
the molecule collides with the wall 

or with another molecule. Besides, its value changes with the nature of the 
interaction. For example, to change the energy of vibrational motion it may 



be necessary to, have somewhat bigger collisions than to change the energy of 
translational motion. If a mixture of gases is considered the coefficient ar will 
depend on whether molecules of one kind interact with those of the other 
kind. This coefficient will depend on the type of process 'of interactions bet- 
ween molecules, which is determined by the properties of the gas medium 
and the material of the wall with which the molecules collide. 

The average number of collisions suffered by a molecule per unit time 
depends on the cross section of molecule A, average speed c and number of 
molecules N in unit volume. The proposed number of collisions will be ex- 
pressed by number of molecules n situated in volume A; representing a 
"corridor" of its own kind formed by a molecule in unit time. Thus n= 
N A ~  From this it is possible to find the interval between two collisions of 
one molecule with another, i.e. t=  I/(NA;). Accordingly the time of relaxa- 
tion (4.9-12) will be 

- 
tr = apt = ar/NAc. (4.9.13) 

The average distance traversed by a molecule during this time indicates the 
relaxation path 

For estimation of the order of quantities tr and Ir the data on the proper- 
ties of air at normal temperature and pressure can be used: N=2.69 x 1019 
~ r n - ~ ;  ;=4.5 x lo4 cm/sec; A= lo4 cm2. Introducing these data into (4.9.13) 
and (4.9.14), we get 

&=ar sec; Ir=4ar lod5 cm. 

Experiments showed that for active modes of freedom (translational and vib- 
rational) the coefficient ar will be of the order of unity and for inert modes 
(vibrational, dissociational and other internal degrees of freedom) the quan- 
tity a, can be high, approaching lo6. 

As can be seen from (4.9.13) the time of relaxation diminishes with an 
increase in density. Its relation to temperature will be more complicated 
because not only average molecular speed; but also ar and A depend on tem- 
perature. 

9.4 Equilibrium processes 
Equilibrium flows have been studied in more detail than unbalanced flows 

from both the quantitative and qualitative points of view. The regions of flow 
in which equilibrium is established differ due to the unequal times of relaxa- 
tion for excitation levels. As mentioned earlier, the time to establish an 
equilibrium in vibrational modes of freedom is a few orders greater than that 
for translational and rotational modes. Equilibrium of the gas composition 
mixture during its dissociation and ionization takes still longer. 



Accordingly the scheme of an unbalanced process is such that achieve- 
ment of equilibrium of one degree of freedom may be accompanied by the 
beginning of the relaxation process of another. In the more general case we 
encounter overlapping of the regions where equilibrium is established. 

An approximate model of the process can be presented on the basis of 
the principle of "freezing." It is assumed that the region where equilibrium is 
achieved is related to one or several degrees of freedom at a time when other 
modes are not excited. The sequence of these regions of equilibrium can be 
expressed by degrees of freedom with the rise in temperature in the following 
order: translational, rotational and vibrational modes, dissociation, excita- 
tion of electronic levels, ionization. For example, in considering the process 
of acquiring equilibrium in the vibrational mode the first two degrees of free- 
dom can be assumed as completely excited. This process continues under 
conditions of "frozen" dissociation and ionization. 

Such a scheme is not acceptable for some gases, in particular for nitrogen 
at high temperatures, as ionization starts before the completion of dissocia- 
tion. This is explained by the fact that the energies of dissociation and ioni- 
zation in nitrogen differ between themselves by at least one and one-half 
times. In this case the regions where equilibrium is achieved overlap. A 
similar phenomenon is observed in air at comparatively low temperatures. 
At temperatures above 3,200°K the relaxation time for dissociation of oxygen 
is less than the time it takes nitrogen to achieve the vibrational mode. Hence 
equilibrium of dissociation in oxygen will be reached before vibrations start 
in nitrogen. 

Investigation of the flow of an unbalanced gas over a body is simplified if 
the characteristic time for this process is considerably less than the relaxation 
time of one of the inert processes and we get the conditions of "freezing" of 
the flow without the participation of this inert process. In particular, if the 
time of interaction of some part of the surface is less than the time required 
for chemical equilibrium but equal to the time of vibrational relaxation then 
on this part of the surface it is possible to consider the process with 'cfrozen" 
dissociation and ionization. 

9.5 Effects of relaxation in shock waves 
During transition of a gas through a shock wave a part of the kinetic 

energy is converted into the energy of active and inert degrees of freedom 
where the equilibrium for active degrees of freedom, translational and rota- 
tional, is established in a time equal to time of relaxation t4,  which is the 
same as the transition time for gas passing through the thickness of the 
shock. As this time is very small it may be assumed in practice that the 
active degrees of freedom are established instantaneously. So just behind the 
shock the temperature T; will be such that the specific heats of the gas 
remain constant. 



According to*this scheme the inert degrees of freedom immediately behind 
the shock are not excited. Since these modes have a finite relaxation time 
t: significantly higher than t,A and the transition time through the thickness 
of the actual shock the temperature will decrease until the inert modes (first 
vibrations and then dissociation, excitation of electronized levels and ioniza- 
tion) no longer reach equilibrium. 

In Fig. 4.9.4, which schematically illustrates the relaxation process, the 
time of relaxation t,A refers to temperature T i  calculated on the basis of the 
beginning of motion on the leading surface of a shock wave where the tem- 
perature of the undisturbed gas is T,. Density p; corresponding to tempe- 
rature T; is shown in this figure. Temperature T, < Ti corresponds to the 
equilibrium condition. The unbalanced gas flow process behind the shock is 
accompanied by a rise in density to its equilibrium value pz > During 
this process a small rise in pressure by comparison with the ideal gas flow is 
observed. Simultaneously the degree of dissociation (and at very high tempe- 
ratures the degree of ionization) increases from zero to its equilibrium value. 

Fig. 4.9.4. Relaxation process in shock wave (hatched 
region determines thickness of shock wave): 

1 and 2-front and rear surfaces of shock wave respectively. 

The study of an unbalanced flow behind a shock consists in determina- 
tion of the extent of the disequilibrium zone or the length of the relaxation 
path and the estimation of unbalanced flow parameters. Let us take the dis- 
equilibrium motion of a model diatomic gas along a stream line behind a 
strong normal shock. The system of equations describing this motion in- 
cludes the equation of momentum (4.8.3) which can be written as 

- -  - -- 
p,  V : = p + p  V2. (4.9.15) 

The equation of energy (4.8.1) will be 
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The equation of state and the equation for the rate of chemical reactions are 
given by (1.5.4') and (4.9.7) respectively. ---- 

In these expressionsp, p, T, v represent nondimensional values of pres- 
sure, density, temperature and velocity at an arbitrary point on a stream line 
in the unbalanced zone. These quantities are obtained with respect to the 
corresponding characteristic parameters. The quantity a determines the un- 
balanced degree of dissociation at this point. The parameter C, appearing in 
(4.9.7), is calculated by formula (4.9.8). If the derivative daldt is expressed in 
the form 

equation (4.9.7) can be written in the following way: 

The determination of unbalanced parameters deals with the solution of this 
differential equation along with the other equations of the system. During 
integration the initial conditions are determined by the parameters imme- 
diately behind the shock wave which can be found on the assumption that 
dissociation is absent, i.e. at x=O the quantity a =O. At the end of the relaxa- 
tion path these parameters reach equilibrium values corresponding to 
degree of dissociation a=a,  at the equilibrium condition. Here for simplifi- 
cation the pressure in the relaxation zone can be taken as constant and equal 
to its unbalanced value just behind the shock. For this purpose we can 
apply the equation for rate of chemical reactions. 

. which can be obtained from (4.9.10') 
0.30 by substituting 

dt=dx/V=t,d;. (4.9.18') 
0.20 The results of numerical integra- 

tion of equation (4.9.18) for an un- 
balanced flow of oxygen behind a 
normal shock wave are graphically 
shown in Fig. 4.9.5. The calculations 

shock wave were carried out on the basis of the 
-2 -1 0 1  LO^ X experimental coefficient of rate of 

Fig. 4.9.5. Variation in unbalanced recombination kR = 8.4 1014 cm6/ 
degree of dissociation and density of 
oxygen behind shock wave (M1=13, mo12.sec. The curve on this figure 

Tl=2C)50K, p1=5.65 mm mercury helps .in estimating the unbalanced 
column). values of the degree of dissociation in 
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the zone of relairation for the case of an equilibrium in the vibrational mode. 
According to the nature of the variation in the degree of dissociation the 
density and temperature change from their respective values for a nondis- 
sociating gas to the values of balanced dissociation. 

For an approximate evaluation of the effect of disequilibrium on an air- 
flow the same equations may be used with the diatomic model of air consist- 
ing of the additive mixture of oxygen and nitrogen. Here the parameters C 
in equation (4.9.17) can be determined for oxygen because the coefficient of 
the rate of recombination k~ is known more accurately from the experimen- 
tal data for this gas. All the remaining parameters, particularly the degree of 
balanced dissociation a,, characteristic density, pressure, etc. are found for 
the diatomic model of air. 

The unbalanced parameters determined by the above method correspond 
to the condition under which the gas medium in the initial (undissociated) 
state has the excited vibrational modes and for such gas k =c,/c, = 1.33. 

If the equation of energy in the form i+V2/2=io is applied in place of 
equation (4.9.16) the initial condition of the heated gas in the first stage-can 
be avoided. Then the above unbalanced parameters in the zone of relaxation 
can be investigated depending on whether vibrational levels are initially 
excited or not. The results of such investigations for the air mixture of oxy- 
gen and nitrogen are reproduced in Fig. 4.9.6. 

The thick curves were P2,4, .,O -J, 
obtained on the basis of in- 
stantaneous vibrational exci- 
tation and the broken curves I0 

were obtained in the absence 
of vibration. From these 8 
results it follows that the 
vibrations have significant 6 
value in the immediate vici- 
nity of the shock. For 4 

example, without considera- 
tion of vibrations the tempe- Fig. 4.9.6. Effect of unbalanced dissociation on density 

rature behind the shock is and temperature behind shock wave (MI= 14.2, 
TI = 300°K, p,= 1 mm mercury column). 

equal to 12,000°K while for 
the completely excited state it is about 9,800°K, i.e. considerably lower. At 
the end of the relaxation zone vibrational excitation has practically no signi- 
ficance. Therefore in calculations of balanced dissociation it is possible to 
assume that the velocity for vibrational excitation is infinitely high and hence 
that the gas before the beginning of dissociation as fully excited. In Fig. 
4.9.6 it can be seen that the extent of the unbalanced zone is comparatively 
small: it is of the order of 8 to 10 mm. 



5 
METHOD OF CHARACTERISTICS 

1. Equations for Velocity Potential and Stream Function 

The method of characteristics plays an important role in aerodynamics. 
It helps us to analyze the disturbed flow of an ideal (inviscid) fluid. With the 
application of this method it is possible to determine correctly the contour of 
nozzles for supersonic wind tunnels and to find the parameters of supersonic 
flow of wing profiles and cones of a flight vehicle. 

The method of characteristics is worked out for various cases as for the 
solution of a system of equations in steady supersonic two-dimensional (plane 
or three-dimensional axisymmetric) rotational and irrotational gas flows. 
Research connected with the application of the method of characteristics in 
calculations of a three-dimensional flow over bodies has a wide range of 
applications. The present chapter deals with this method and its utility for 
the problems of supersonic two-dimensional flows. 

The equations of the two-dimensional plane steady motion of an inviscid 
gas can be obtained from (3.1.20), which under the condition of p= 0, aVA/at 
= aV,/at = 0 takes the following form: 

For two-dimensional axisymmetric flows the equations of motion obtained 
from (3.1.36) under similar conditions (v = 0, aVx/at = aVr/at = 0) can be 
written in the form: 

The equation of continuity for plane and axisymmetric flows having the 
form of (2.4.5) and (2.4.32) respectively can be written in the general form: 
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At E = 0 this equation coincides with the continuity equation for two-dimen- 
sional plane motion in Cartesian coordinates x, y. If E = 1 we get the conti- 
nuity equation for a two-dimensional axisymmetric flow in cylindrical coordi- 
nates y(r), x. Accordingly the equations of motion (5.1.1) for both types of 
flow can be assumed to have been written in general form. 

Taking the partial derivative of the equation of continuity (5.1.3), we get 

The partial derivative aplax can be replaced by the expression ap/ax= 
(dpldp) (dpldx), where dpldp = l/a2 and aplax is found from (5.1 .l) in the form 

Then 

Similarly the expression for derivative splay can be obtained: 

After substitution of the values of these derivatives in (5.1.4) we get 

This equation is the basic differential equation of gas dynamics for a two- 
dimensional (plane or axisymmetric) steady flow, which must be satisfied by 
the velocity components V,, V y .  As this equation relates velocities it is known 
as the basic kinematic equation. 

If the flow is potential, 

and hence equation (5.1.7) can be reduced to the form 

where 



Equation (5.1.8) is the basic differential equation of gas dynamics for 
a diatomic potential steady flow and is known as the equation for velocity 
potential. Thus unlike (5.1.7) this equation is applied only in steady irrota- 
tiocal gas flows. 

If a two-dimensional gas flow is rotational it is necessary to use the stream 
function y for this flow. The velocity components, expressed through func- 
tion y, have the following form according to equation (2.5.5): 

Replacing p by formula (3.6.3 1) in which stagnation density po along the given 
stream line has constant value, expressions (5.1.9) can be written in the form: 

where Y= V/V,,. The calculation of a rotational gas flow lies in solving the 
differential equation for stream function y. To get this equation differentiate 
V, and V, in (5.1.9') with respect to y and x respectively: 

Considering the expression (3.6.22) for the square of sound velocity and the 
equations (5.1.9'), the relations obtained for derivatives aV,/ay and aV,/ax 
can be written as following: 

The derivations aV2/a.y and aV2/ax appearing here could be determined with 
the help of the relations (5.1.9'). Combining these relations, we get 

( a y / a ~ ) ~ +  (at,~/ay)~ = v2y2€ (1 -V2)2/(k--l). (5.1.12) 

Differentiating (5.1.12) with respect to x and y, the following relations can be 
obtained: 
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Using equation (3.6.22) for the square of the sound velocity and the relations 
(5.1.9'), we can transform the above relations into the following: 

a2v a2v yCav2(l -r2) l / (k-1)  I - -  -v,, 7+vx-=-  .- 
ax a x a ~  2 ax 

( 52); (5.1.13) 

a2 +, B ! - y e  av2 (, - ~ 2 ) 1 / , , - 1 )  -vy - 
a x a ~  ay2 - 2 a~ 

- 
x 1 - - + - V2 (1 - T/2)ll(k-l). ( 2) ,f-e (5.1.14) 

The derivatives aV2/ay and aV2/ax can be determined from these relations. 
Substituting these values in (5.1.10) and (5.1.11) respectively, we get: 

Subtracting the first equation from the second, we get the relation for 
vorticity: 



Vorticity can also be determined with the help of equation (3.1.22'), which 
is obtained for the condition of steady flow of an ideal gas in the form 

- - 
grad (V2/2) +rot V x V = - (l/p) grad p. (5.1.16) 

Taking the gradient of the equation of energy (3.4.14), we get 

grad (V2/2) = - grad i. (5.1.17) 

Consequently equation (5.1.16) can be rewritten in the form: 
- - 

rot V x V=grad i-(llp) gradp. (5.1.18) 

Rotational supersonic flows of a gas can be thermodynamically charac- 
terized by the variation in entropy from one stream line to the other. 
Therefore it is convenient to introduce a parameter into the calculation that 
can reflect the given variation in entropy as the peculiarity of rotational 
flows. 

From the second law of thermodynamics we have 

TdS = di - (dpl p), 

or in the vector form 

T grad S = grad i- (l/p) grad p. (5.1.19) 

Combining (5.1.18) and (5.1.19), we get 
- - 

rotVxV=TgradS. (5.1.20) 
- - 

Let us find the vector product rot V x V, keeping in mind that according to 
(2.2.12) the vector 

and hence the component (rot F)x = (rot q, = 0. Using the determinant of 
the third order, we get 

in which the component 

- avy avx (rot V)3 = - - - 
ax a~ 

, ro tVxV= 

This gives 

il, iz i3 
0 0 (rot7)3 
VX v." 0 
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- - 
Accordingly we get the relation for the projection of vector rot V x  V along 
the normal to a given stream line as: e 

- - 
( r o t V x ~ ~ = ( r o t ~ x ~ ~ + ( r o t  v x  v):= v2 (%-%)2. (5.1.22) 

From (5.1.20) it follows that this component of the vector can also be ex- 
pressed in the form 

- - 
(rot V x V), = T (dS/dn) 

or, taking into account (5.1.22), it will be 

As a2=kRT we obtain from this and (3.6.22) the expression for tempera- 
ture: 

Using this expression in (5.1.23), we get 

Substituting vortex strength from this in (5.1.15) we get a differential 
equation for stream function: 

2. Cauchy's Problem 

Equations (5.1.8) and (5.1.25) for velocity potential and stream func- 
tion respectively are nonlinear differential equations of the second order. 
Besides terms with second-order partial derivatives these equations also con- 
tain free terms without partial derivatives. Therefore they are not homo- 
genous. 

The solutions of equations rp = rp (x, y) and ty = ty (x, y) are geometrically 
represented by integral surfaces in space which can be determined by systems 
of coordinates x, y, rp or x, y, ty: In these systems the plane x, y is regarded as 
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the main plane. It is known as the physical plane or plane of independent 
variables. 

The process of finding solutions satisfying given additional conditions on 
a curve in the neighborhood of some given (initial) curve y =  y (x) forms the 
content of Cauchy's problem. The values of the functions q (x, y) or y (x, y) 
being investigated and their first derivatives qx(tyx) or p,(ty,), known as 
Cauchy's initial conditions, are examples of such additional conditions. It 
should be noted here that a given function that is itself on the initial curve, 
for example q [x, y (x)], and one of its first derivatives q, =aq/ay automati- 
cally determine the other derivative qx= aqlax. This follows from the relation 

which is obtained from the formula for total derivatives of the complicated 
function of two variables x and y on the assumption that the initial curve is 
given and hence the relation between y and x is known. 

From the geometrical point of view Cauchy's problem consists of finding 
an integral surface in the space x, y, q (or x, y, y) passing through some given 
curve in space. The projection of this curve on the x, y plane also represents 
an initial curve y = y  (x) on this plane. The solution of Cauchy's problem is 
applicable to the study of supersonic gas flows and the credit for developing 
the corresponding method of characteristics belongs to the Soviet scientist 
Prof. F. Frankly. 

To study Cauchy's problem we express equations (5.1.8) and (5.1.25) in a 
general form: 

8 where u= q, (or yxx) s= q, (or yxy), t=  
q,, (or yyy) are the second-order partial deri- 
vatives; the values of A, B and C are equal 
to the coefficients for the corresponding 
second-order partial derivatives; the quantity 
H is determined from the free terms in equa- 

A tions (5.1.8), (5.1.25). 

0 
~ e t  us find the solution of equation (5.2.1) 

in the neighborhood of the initial curve AB 
Fig. 5.2.1. Initial curve AB On (Fig. 5.2.1), which is in the form of a series. 
which desired function and its first 
derivatives with respect to and At Some point M (XO, YO) the function being 

y are known. investigated will be 



where p (x, y) is the value of this function at a given point N (x, y) on the initial 
curve; Ax=so-x, Ay= yo- y. In place of p in (5.2.2) the function y can 
be used. 

The series (5.2.2) gives the function we are looking for if the values of 
function a, (or y) and its partial derivatives of any order anp/axn, p-lp/axn-l, 
etc. exist and are known on the given curve. Since on this curve the first 
derivatives [denoted by p= q, (or yn) and q= p, (or yy)] are given it is 
necessary to find second derivatives and the derivatives of higher order on 
this curve. In this way the solution of Cauchy's problem is connected with 
the investigation of conditions in which it is possible to determine actual 
derivatives on a given curve. 

Here we confine ourselves to the determination of second-order deriva- 
tives. As there are three such derivatives (u, s and t) only three independent 
equations can be formulated. The first of them will be equation (5.2.2), which 
is satisfied on the initial curve AB. The remaining two equations can be 
obtained from the following known relations for the complete differentials 
of the functions of two independent variables existing on this curve: 

Hence the system of equations for determining second derivatives will be 
written in the form: 

This system of equations is solved for the unknowns u, s, t with the help of 
determinants. If the main and the partial determinants are expressed by the 
notations A and AU, As and At, respectively, 

From these relations it follows that if the main determinant is not equal to 
zero on the initial curve AB the second-order derivatives u, s and t can have 
unique values. 

Let us consider a case where the curve is selected in such a way that the 
main determinant lying on it is equal to zero, i.e. 

This gives 



From the course in mathematics we know that under the condition when 
main determinant A of the system of equations (5.2.3) is zero, i.e. on' the 
curve expressed by the equation (5.2.5), the second-order derivatives u, s, t 
(5.2.4) are either multi-valued or in general cannot be determined in terms 
of p, p and q. 

Let us take quadratic equation (5.2.5). Solving it for derivative dyldx, we 
get 

These equalities determine the inclination of the tangent at every point of 
the initial curve on which the main determinant A = 0 .  It can easily be seen 
that the equations (5.2.6) are the differential equations of two families of real 
curves if B2 - AC > 0 .  These curves, at each point of which the main deter- 
minant of system (5.2.3) is equal to zero, are known as the characteristics and 
equation (5.2.6) is called the characteristic equation. 

From the above discussion we get the condition under which it is possible to 
find a unique solution for second-order derivatives on the initial curve: An ele- 
mental arc of this curve must not coincide with the characteristics. Similarly 
while determining higher-order derivatives uniquely the same conditions A#O 
is to be satisfied. Hence if A#O, all the coefficients of series (5.2.2) can be 
determined uniquely from the data on the initial curves. 

In this way the condition A#O is the necessary and sufficient condition 
for solving Cauchy's problem. The problem is very important in the mathe- 
matical theory of partial differential equations and formula (5.2.2), generally 
speaking, can be used for calculation of a gas flow. However, from the point 
of view of physical principles and in particular the calculation of supersonic 
gas flows the problem of determination of a solution from the data on char- 
acteristics, i.e. the method of characteristics, is very important. This method 
can be obtained from the analysis of Cauchy's problem and may be described 
as follows: Let us assume that the initial curve AB coincides with one of the 
characteristics and that not only the main determinant of system (5.2.3) but 
also the auxiliary determinants are zero, i.e. A, = A, = A t  = 0 along it. If, for 
example, determinants A and At are equal to zero the remaining determinants 
will be automatically zero. To prove this let us find the auxiliary determinants: 
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where p' = dp/dx, q' = dqldx. 
As dxf 0 the condition At  =O leads to the equality 

A (y'q' -p') - 2Bq' - H = 0. (5.2.10) 

From the condition of A = O  we get equation (5.2.5). Multiplying this equa- 
tion by (p'-y'q') and equation (5.2.10) by yt2 and then adding, we have 

-H~'~-2By'p'+ C(p'-yPq')=O. 

Comparing this expression with (5.2.7) it can be seen that A,,=O. Now if 
equation (5.2.5) is multiplied by q' and equation (5.2.10) by y' then, after 
subtracting the products, we get 

Ay'p' + Hy' + Cq' = 0 

= (dxI2 [A (y'q' -p') - 2Bq' -HI, (5.2.9) A, = 

which, according to (5.2.8), corresponds to A,. 
The condition of zero values of all the determinants, as shown in the 

theory of the system of algebraic equations, signifies that solutions of system 
(5.2.3), although not single-valued, do exist. Here if one of the solutions, for 
example of u, is the final solution then the solutions for s and t will also be 
final. 

A 2B - H  
#x dy dp 
0 dx dq 

3. Characteristics 

3.1 Conditions of existence 
Equations (5.2.5) and (5.2.10) determining the conditions under which 

solutions for u, s and t exist, even if multi-valued, are known as the conditions 
of existence. Geometrically speaking the first of these equations represents 
two families of curves of characteristics in the physical plane x, y; the second 
expresses two families of curves of characteristics in the plane p, q. The 
characteristics of different families in these planes are known as conjugate 
families. 

The solution of a problem concerning a supersonic flow of gas found 
from the solution of characteristic equations (or of conditions of coexis- 
tence) also happens to be the solution of a basic equation of gas dynamics, 
(5.1.8) or (5.1.25). Its proof follows from the so-called theorem of equivalence 
according to which the characteristic equations (5.2.5) and (5.2.10) are equiva- 
lent to the basic equation (5.1.8) or (5.1.25) (the proof of this theorem is 
given in [21]). 

From the geometrical point of view the proven equivalence indicates that 
the solution of equations of characteristics also means transformation of 
some plane x, y to the plane p, q. That is, the points on the curves determined 



by differential equation (5.1.8) correspond to the points on the curves deter- 
mined by differential equation (5.1.25). 

In this way at each point on the characteristic in plane x, y there exists a 
point on the characteristic in plane p, q. Obviously the given correspondence 
can be established by various methods depending on the given graphical 
conditions. As will be seen further on, this relation particularly facilitates the 
use of characteristics in calculations of gas flows. 

From the above discussion it follows that the distinct property of charac- 
teristics lies in the fact that the initial conditions cannot be given arbitrarily 
along characteristics but can be given along a curve that is different from 
the characteristics. 

3.2 Existence of characteristics 
Type of characteristics: From (5.2.6) it follows that the roots of quadratic 

characteristic equations (5.2.5) can be real (equal or unequal values) and also 
complex conjugate roots. The difference in roots is determined by the expres- 
sion B2-AC=6. In a case where 6 >0, the equation (5.2.6) gives two 
different families of real characteristics. The quantity 6=0  determines two 
equal roots which correspond to two coinciding characteristics, i.e. factually 
to only one characteristic. Finally, if 6 <  0, the roots of the equation repre- 
sent a pair of imaginary characteristics. 

As the roots of characteristic equations depend on coefficients A, B, C of 
differential equation (5.2.1) it is the convention to classify these equations 
according to the type of characteristics. If 6 > 0 equation (5.2.1) will be of 
the hyperbolic type, if 6=0 it will be of the parabolic type and for 6 <  0 it 
will be of the elliptic type. 

In equations (5.1.8) and (5.1.25) for velocity potential and stream function 
respectively the coefficients A, B and C are determined identically, namely, 

A= V2-a2, B= V, Vy, C= V2-a2. Y (5.3.1) 

Hence 

6=B2-AC=a2 (V2-a2), (5.3.2) 

where the total velocity V= 4 V: + V:. 
Thus for regions of gas flow with supersonic speeds (V >a) the equations 

will be of the hyperbolic type and for regions of flow with subsonic speeds 
(V< a) they will be of the elliptic type. At the boundary of these regions the 
speed is sonic (V=a) and the equations will be of the parabolic type. 

Characteristics in physical plane: The characteristics in plane x, y are deter- 
mined from the solution of differential equation (5.2.6) in which the plus 
sign corresponds to the characteristics of the first family and the minus sign 
to the characteristics of the second. 

The quantity I1 =dy/dx which can be directly calculated from the expres- 
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sion (5.2.6) and the plus sign in this expression determines the angular 
coefficient of the characteristic of the first family, while &=dy/dx with the 
minus sign determines the angular coefficient of the characteristic of the 
second family. Recalling expressions (5.3.1) and (5.3.2) we get the equation 
for characteristics in the x, y plane: 

The characteristics in a physical plane have a particular physical meaning 
which can be established if angle , ~ l  between the velocity vector 7 at s ~ m e  
point in the flow (Fig. 5.3.1) and the direction of characteristics at that point 
is determined. This angle is determined with the help of equation (5.3.3) if 
it is transformed to the local system of coordinates XI, yl with origin at point 
A and axis XI coinciding with the direction of velocity vector r. With this 
choice of axes of coordinates V,= V, V,=O and consequently, 

dl,,= tan /11,2= + (M2- 1)-'1'. 

From this it can be seen that jr represents by itself the Mach angle. Thus a 
very important property of characteristics 
is established. It indicates that at every 
point on the characteristic the angle bet- 
ween the tangent to it and the velocity 
vector at this point is equal to the Mach 
angle. Consequently the characteristic by 
itself represents a line of weak disturbances 
(or Mach line) having the form of a curve 
in the general case. 0 

Determination of characteristic as the 
~~~h line is directly to the two- Fig. 5.3.1. Scheme representing P ~ Y -  

sical meaning of characteristic: 
dimensional plane supersonic flow. If a 

I-direction of characteristic of first two-dimensional space (axisymmetric) family at point A; 2-characteristic 

supersonic flow is considered the Mach of fi,t family with angular coefi- 
lines (characteristics) may be regarded as cients a,; 3-direction of characteris- 
the generators of a rotating surface which tic of second family at point A; 4- 
is the slant Mach cone with its apex at the characteristic of second family wit11 

points of disturbance (on characteristics). angular coefficient A2. 

The surface enveloping the region of dis- 
turbance is known as the wave surface or the space Mach wave. 

The compression waves arising in a gas where supersonic motion is 
characterized by a rise in pressure were discussed in Chapter 4. However, 
such motion can be accompanied by a decrease in pressure, i.e. the supersonic 
flow will be accompanied by expansion and the Mach ljnes will characterize 
expansion waves. The characteristics, which are generally curved lines (for a 
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plane flow) or surfaces formed by the rotation of these lines (for an axisym- 
metric flow), coincide with the corresponding Mach lines. If there are Mach 
lines (characteristics) in a flow in the form of straight lines they correspond to 
the plane expansion waves having the same direction of velocity of propaga- 
tion. The Mach lines corresponding to expansion waves will be further known 
as lines of weak disturbances, using the accepted terminology for weak 
compression waves. Here it is necessary to bear in mind that in an expanding 
supersonic flow there cannot be any otherfhan weak expansion waves because 
otherwise the possibility could arise of formation of strong expansion waves 
(expansion shocks), which cannot occur in real flows. 

If the flow velocity and speed of sound are known at a given point in the 
physical plane the above property of characteristics helps us to determine the 
direction of characteristic at that point by calculating the Mach angle from 
the formula p= + sin-' (l/M). The angular coefficients of characteristics in 
relation to the coordinates x, y (see Fig. 5.3.1) will be obtained from the 
equation 

where ,8 is the angle of inclination of the velocity vector from the x axis; the 
plus and minus signs refer to the characteristics of the first and second family 
respectively. Equation (5.3.4) is the diffirential equation for the characteris- 
tics in the physical plane. 

Characteristics in plane p, q: If the quantity y' in equation (5.2.10) is 
replaced by first root (y'=Al) of the characteristic equation (5.2.5) the equation 
so-obtained: 

will represent the first family of characteristics in plane p, q. Similar substitu- 
tion of y' by second root y1=12 gives the equation of the second family of 
characteristics in the same plane: 

The equations of characteristics (5.3.5) and (5.3.6) can be transformed by the 
use of the property of the roots of quadratic equation (5.2.5), according to 
which 

Taking the first family of characteristics and introducing the relation 
Ah-2B= -12A from (5.3.7) into (5.33, we write the equation 

A(1zq' +p') + H= 0. (5.3.8) 

Similarly, for the characteristic of the second family we find 

A(A1q' +p') + H=O. (5.3.9) 
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Taking into acmunt expression (5.3.4), equations (5.3.8) and (5.3.9) can be 
rewritten in the form 

where the plus and minus signs correspond to the characteristics of first and 
second families respectively. 

3.3 Property of orthogonal conjugate characteristics 
If the differentials in the equation for characteristics are replaced by finite 

differences the equations obtained will be the equations of straight lines in 
the corresponding planes x, y and p, q. 

Let us study the equations for conjugate characteristics, in particular for 
the characteristics of the first family in the x, y plane and of the second family 
in thep, q plane. From (5.3.4) it follows that for the element of a character- 
istic that is a straight segment in the x, y plane the equation has the form 

where xo, yo are coordinates of some fixed point; 1 1  is the angular coefficient 
calculated on the basis of gas parameters at this point; x, y are variable 
coordinates. 

According to (5.3.9) the equation of the element of a characteristic of the 
second family in thep, q plane can be written in the following way: 

where po, qo are values of functions p and q at point xo, yo in the physical 
plane; the angular coefficient A1 and the values of A, H are worked out from 
the gas parameters at this point; p and q are variable coordinates. 

From these equations it can be seen that the inclination of a straight line 
in the y, x plane is determined by the angular coefficient I I  and in the p, q 
plane by the angular coefficient 1/11. Similarly it can be shown that the ele- 
ment of a characteristic of the second family in the x, y plane has angular 
coefficient 1 2  and the element of a conjugate characteristic in the p, q plane 
has angular coefficient 1/12. From this it can be said that the conjugate 
characteristics in the two planes are mutually perpendicular. 

The above property facilitates the determination of the direction of 
characteristics in thep, q plane if the direction of the conjugate characteristics 
in the physical plane is known. Let us assume that the velocity components 
V,O, V,o and the values of functions PO, qo are known at some point P(xo, yo) 
in the x, y plane. The directions of Mach lines at this point (Fig. 5.3.2) can be 
determined by equation (5.3.4'). The element of a characteristic of the second 
family in the form of a straight line in the p, q plane given by equation 
(5.3.9') corresponds to the element of characteristic PN of the first family in 
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the,x, y plane. This straight line is perpendicular to line PN but does not 
pass through point P' with coordinates po, qo due to the independent term in 
equation (5.3.9'). Therefore to construct the element of a characteristic it is 
necessary to determine distance 6, from point P' to the element using the 
rules of analytic geometry. Similarly the conjugate characteristic of the first 
family in the p, q plane which is perpendicular to line PM at distance 62 from 
point P' can be constructed (see Fig. 5.3.2). 

Fig. 5.3.2. Orthogonal property of conjugate characteristics. 

The property of orthogonality of conjugate characteristics exists in the 
case of a potential flow for planes y, x and Vy, Vx (hodograph plane), and also 
in the case of rotational flow for which plane p, q is replaced by the same 
hodograph plane V,, V,. 

3.4 Transformation of equations of characteristics 
in hodograph plane of velocity 

Let us transform equation (5.3.10) into a form such that it can determine 
the characteristics in the hodograph plane where the velocity components are 
the coordinates or independent variables. To do this, differentiate (5.1.9') 
with respect to x and calculate derivatives dpldx and dqldx: 
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From equation (5.1.25) it can be seen that 

After substituting (5.3.1 1) through (5.3.13) in (5.3.10) and replacing the values 
of dy/dx by angular coefficients of characteristics A1,2 and the functions 
tan (p T p) by the corresponding values of we get 

Effecting the necessary simplifications and introducing nondimensional 
quantities 

- 
V ,  = Vx/ Vm,,, 6 = VY/V,ax, V = V/Vm,, V/a = M, 

this equation can be rewritten in the following way: 

Recalling polar angle 8, the following expressions can be written for the 
projection of the velocity vector: 

Differentiating these expressions with respect to x: 

dFx -=- dP 1 c o s p - v s i n p  -; I 
dx dx dx 

dVy dfj  
(5.3.16) 

-=- sin /3+ vcos  P - 
dx dx dx I 

Inserting (5.3.15) and (5.3.16) in (5.1.14) and recalling that tan2,u=(M2- l)-l, 
sin2 p = M-2, we get 



198 AERODYNAMICS ,: ik% . sin p-&,' cos B +12,1 cosp-s inp  
1 -v2 

cos p 
A1,2 (&,I cos p - sin p) - 

Y 1 - (cos2 plsin2 p) 

k-1 1 --. - cot2 p dS . -=0. 

I 
2k RV 

(1 - P) 
I - (cos2 p/sin2 p) dn - 

Taking into account that [(k - 1)/2] (1 - V2/VZm,) = a2/V2,, = V2sin2 p, we 
get 

dV (A2,1 sin P + cos P) tan2 p dx 
+dP - E  - A2,1 cos p - sin /3 Y 

sin2 p cos /3 I dx 
(~2.1 cos /3 - sin p) (sin2 p - cos2 /I) tan2 p +k2 

sin4 p 
X 

dS . -=o. 
(sin2 p-  cos2 P) (12,1 cos p- sin p) dn 

(5.3.17) 

Taking into account 

A2,1= tan(p T p) and A1,2 = tan (p + p) 

the separate expressions appearing in (5.3.17) can be transformed into the 
following form: 

sin2 p cos p 
A1,2 - 

sin (P + p) 
(&,I cos p-sin /3) (sin2p-cos2 /l)=cos(P+p) 

sin2 p cos sin (P + p) 
'[tan (pTp)cos p-sinp] cos @+p) cos (p-p)=cosip?p) 

sin2 p cos /3 cos (p F p) sin (P + p) sin p cos 8 sin /? cos j l .  
% 

sin p cos (B + ,u) cos ( p  - p)= cos (B k p) cos (B k p)' cos (B k ~ r )  ' 
(5.3.19) 

sin4 p 
(sin2 p - cos2 p) (A2,1 cos P - sin p) 

- - sin4 p 
cos (pi-  p) cos (p - 11) [sin P - tan (P T p) cos p] 

- - + sin4 p cos (p  T p) sin3 p 
cos (p+p) cos (p-p) sin p= 'cos ( p + p )  ' 

(5.3.20) 

Taking into account the expressions (5.3.18) through (5.3.20), the equations 
(5.3.17) for the characteristics of the first and second family respectively take 
the form: 
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dV dx sin p sin tan p dx sin3p dS 
--tan ,udp-& - . v +- . --0; (5.3.21) 

y cos ( j 3 f  ,u) kR cos (P+LL) dn- 

dx sin p sin P tan p dx sin3p , dSSO, (5.3.22) E + t a n  pdp-e - . - - .  
V y cos(P-p) kR cos(P-p) dn 

The gradieht of stagnation pressure dpb/dn can be used in the place of the 
gradient of entropy dS/dn. For this purpose we will use relations (4.3.6) and 
(4.3.20), which give the formula for the difference in entropy: 

Since c, (k- l)=R, the calculation of derivative with respect to n with the 
notation of dSz/dn = dS/dn, results in 

In this way the equations of characteristics in the hodograph plane can be 
written as follows: 

dV dx sin /3 sin 11 
cot p--dB-& - . v Y cos (P + p) 

dx sin2p cos p dph -- . . -Go; 
kpi cos(P+p) dn 
dV dx sin p sin ,u 

cot p -jT+dp-c - 
Y cos (P - P> 

dx sin2p cos ,u dph +-. 9 -=o. 
kpi cos (/3-11) dn 

Let us introduce the new variable 
V 

dV w=j  cotp-  V '  
a * 

which indicates some angle. The ratio dVIV may be expressed in the form 

dI/I I -- and with the help of (3.6.23) cot p may be represented by ( -:*I 
cot p =  4 ~ ~ -  1 = (5.3.28) 

Consequently 
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T h i ~  integral can be divided into elementary integrals. For this purpose we 
use the substitution 

Then 

Integration on the right side leads to 

Keeping in view that 

we get 

k t  tan- 1 & s 2 - t a n - 1 $ s . s .  (5.3.30') 
max k-1 A&-i2 

Replacing il in (5.3.30) by M from (5.3.28), we can write 

From equations (5.3.30') and (5.3.31) it can be seen that the angle CLI happens 
to be the function of 1 (or M) only and hence it can be calculated in advance. 
This simplifies the calculation of supersonic gas flows by the method of 
characteristics. 

The values of w for different Mach numbers M at k= 1.4 are given in 
Table 5.3.1. In the same table the angles of inclination of the line of dis- 
turbances obtained from the formula p=sin-'(l/M) are set out. Using 
angle w in (5.3.21) and (5.3.22), we get the equations for characteristics: 

dx sin p sin p dx sin2,u cos p dS d(wTp)-E - . +-• 
y cos ( p f p )  - k ~  eos (p+p)  &=O. (5.3.32j 
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TABLE 5.3.1 

M uO iuO M u0 iu" 
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The corresponding substitution in (5.3.25) and (5.3.26) gives: 

dx sin b sin p - dx sin2 ,u cos p 
d(oTP)-E- .  -1-7. . &=O. (5.3.33) 

Y cos(P+p) kp, cOs(P_+p) dn 
Equations (5.3.32) and (5.3.33) correspond to the most general case of 

a supersonic two-dimensional (plane or axisymmetric) rotational (nonisen- 
tropic) gas flow. 

3.5 Equations of characteristics in the hodograph 
plane for particular cases of gas motion 

The form of the equation of characteristics (5.2.5) in the physical plane is 
unique for all the cases of gas flow if this flow is supersonic and two-dimen- 
sional. But in the hodograph plane the equations for characteristics will be 
different depending on the type of flows. 

If the two-dimensional flow is irrotational then, by (5.1.23), the entropy at 
all points in space will be constant (dS/dn=O) and hence the equations of 
characteristics assume their most simple form: 

dx sin p sin pFO, 
~ ( c o T ~ ) - - E - - .  

Y cos(P-tiu)- 

For a plane nonisentropic flow (E  =0) 

dx sin2p cos p dS . -=o. 
d(mTB)' ~ ~ ~ C O S ( P + ~ )  dn 

In the most simple case of a plane irrotational flow (dS/dn =0) we have 

Integrating (5.3.36), we get P = + o-tconst. Inserting some fixed values of 
angles PI acd p 2  in place of the constant, the first of which corresponds to 
the plus sign and the second to the minus sign, we find equations of charac- 
teristics in the form 

Introducing the relation (5.3.30') in place of w, we have 

Thus, unlike equation (5.2.5) for the characteristics in the physical plane and 
equations (5.3.32), (5.3.34) or (5.3.35) for the characteristics in the hodograph 
plane having differential form, the corresponding equations (5.3.38) of the 
characteristics of a plane isentropic flow have a simple form. Geometrically. 
these equations determine two families of curves-characteristics lying in a 
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circular ring with an internal radius of I,= 1 and an external radius of I= 
[(k+ l)/(k- 1)]1/2 (Fig. 5.3.3). The constant of integration and the plus 
sign before functions o(A) refer to 
the characteristic of the first family 
while the constant pz and minus 
sign before w(A) correspond to the 
characteristic of the second family. 
These curves are epicycloids which 
can be obtained by following the 
motion of the points on the circle 
of radius 1 /2 (A, - 1) (see Fig. 
5.3.3). The polar coordinates of 
the points of the epicycloid happen 
to be angle of inclination jl of the 

and the Fig. 5.3.3. Epicycloids-characteristics 
velocity I .  of plane supersonic flow: 

Analyzing the graph on which I-characteristic of first family; 2-- 
the network of epicycloids is repre- characteristic of second family. 
sented, it can be said that the in- 
crease in velocity based on the expansion of flow corresponds to the 
higher values of angle 8,  i.e. to the considerably larger deviation of flow 
from the original direction. At low velocities the deviation of flow direction 
will be small. 

The angle of inclination of the velocity vector is directly determined by 
angle w whose physical significance can be established from (5.3.37). Let us 
assume that the constants of integration P1,2=0. This indicates that expan- 
sion of flow begins from the conditions of ,I3 = 0 and M = 1. Accordingly the 
quantity P= + w (M) will represent the angle of flow deviation during its 
isentropic expansion from the point where M =  1 up to the state characteriz- 
ed by some arbitrary Mach number M > 1 which is the upper limit of integra- 
tion (5.3.27'). 

From the above discussion the difference between the angle of inclination 
of flow at M>1 from some original direction and the angle ,8= _+o is 
obvious. Here jl determines the total turning of flow during its expansion 
from the condition of Mach number M = 1. 

The angle of deviation of flow at some arbitrary section can be determined 
in the following way: Let us assume that the initial Mach number M I  > 1 is 
known. This may have increased during expansion of the flow to the value 
M2 >MI.  The Mach numbers MI and Mz correspond to the angles of flow 
inclination wl and m2 from the flow direction at the point where Mach num- 
ber M= 1. These angles could be obtained graphically with the help of one 
of the epicycloids of the expressions (5.3.31) or Table 5.3.1. From the values 
of wl and w2. the angles of inclination of velocity vectors can be found. 
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Examining, in particular, the characteristic of the first family, we get 

Consequently the angle of inclination from the original direction will be 

The calculations may be carried out in reverse order, i.e. by determining the 
corresponding local Mach number M2 from the known angle of flow inclina- 
tion A 8  and the initial Mach number MI. So we calculate from (5.3.39) (in 
the example given it is also desired to know the characteristic of the first 
family): 

From the graph or Table 5.3.1 we find the values of A2 or M2 corresponding. 
to the value of o 2 .  

I t  is useful to calculate the critical angle of flow deviation. This is needed 
to obtain the maximum velocity Vmax.  Let us assume that the flow begins to 
turn from the initial value of Mach number M =  I .  In this case the critical 
value of the angle of flow deviation could be found from formula (5.3.31), in 
which it is required to take the value of M for the value of Vmx equal to 
infinity: 

or for k=1 .4  

Thus a supersonic flow cannot turn by an angle exceeding w,, and theoretic- 
ally it can be said that a portion of space remains empty of gas. 

If the initial Mach number M at which the flow deviation starts is more 
than unity the angle of this deviation from the flow direction at M= 1 will be 
o (NI) and the critical angle of flow deviation corresponding to this Mach 
number will be 

Pmax = wmax - w (M) = - ; (&-~)-W(M), 

At hypersonic flows the calculation of function o and the respective angle 
of flow deviation becomes simple. Actually at M B  1 the terms appearing in 
(5.3.31) can be represented in the following form with an accuracy of higher 
order: 



Then 

All the above relations are obtained for a perfect gas. However, at very 
low pressure the properties of a perfect gas are not observed. Therefore these 
calculated angles of flow deviation are not realized in practice and have only 
theoretical importance. The formula corresponding to (5.3.39) takes the 
form 

4. Scheme of Solving Gas Dynamic Problems 
by Method of Characteristics 

Determination of the parameters of a disturbed supersonic gas flow is 
related to the solution of a system of equations for an conjugate character- 
istics in the physical and hodograph planes if the initial conditions are in 
some respects given in the form of Cauchy's conditions. In the general case 
of a two-dimensional nonisentropic flow this system takes the following 
forms: 

for characteristics of the first family 

dy = dx tan (/I + p); (5.4.1) 

for characteristics of the second family 

dy = dx tan (P - p); (5.4.3) 

where I, c, m, t are coefficients: 

sin p sin p sin2p cos p . 
l=cos (/?+p) ' C=cos (/?+p) ' 



sin B sin p sin2 p cos p. 
m= t= 

cos (p - p)' cos (8 - p) ' 
for a two-dimensional isentropic flow 

Therefore the system of equations is simplified as follows: 
for characteristics of the first family 

dy = dx tan (B + p); 

d(o - 8) - s(dx/y) I =  0 ;  

for characteristics of the second family 

dy=dx tan ( 8 - p ) ;  
d ( ~  + 8) - &(dx/y)m = 0.  (5.4.9) 

For a plane flow E =O in the above equations and for an axisymmetric flow 
- E = 1 and y is replaced by r.  

The solution of any problem of flow-interaction over a body by the 
method of characteristics consists of three basic problems: 

First problem: This deals with the determination of velocity and other 
parameters at a point of intersection of the characteristics of different families 
originating from two closely situated points. 

Suppose we have to determine the flow (velocity V c ,  Mach 
number Mc, angle of flow deviation PC, entropy Sc, etc.) at a point C lying at 
the intersection of the elements of the characteristics from points A and B of 
the first and second families (Fig. 5.4.1, a). The velocities VA, VB and other 
parameters including SA and SB are known at these two points'lying on two 
different stream lines of flow. 

All calculations are based on the use of equations of characteristics 
(5.4.1) through (5.4.4), which can be written in terms of finite differences: 

for the first family 

AYB= tan ~ B B  +,uB)AxB; (5.4.10) 

and for the second family 

where 
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sin FB sin PB sin2 ,ug cos PB. ' 
IB = CB = 

cos (PB +PB)' cos (PB + PB) ' (5.4.15) 
sin PA sin P A  tA= sin2 cos PA 

mA = 
cos (P4 - PA)' cos ( P A  - PA) 

Equations (5.4.10) through (5.4.13) are written on the assumption that the 
coefficients I ,  m, c and t remain constant along the elements of characteristics 
BC and AC and are equal to their values at the initial points B and A. 

Fig. 5.4.1. Scheme for calculation of velocity at point of 
intersection of two characteristics of different families: 

a-physical plane; 5-hodograph plane. 

The variation over unit length of normal AS/An is calculated in the 
following way: From Fig. 5.4.1, a it can be seen that the distance from point 
B to point A is 

Anm(AC) sin PA +(BC) sin pB, 

where 

Introducing the notation 

e = (xc - XA)  sin PA cos (FB + PB), 

f = ( X C  - XB) sin PB cos (FA - P A ) ,  

we get 

Entropy at point C is determined from the relation 
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AS 
Sc = ASB + SB  = -(BC) sin ,UB + SB  = An 

( s A - S B ) f + ~ ~ .  (5.4.17) 
f+e 

The entropy gradient can be replaced by the gradient of stagnation pressure 
using equation (5.3.24): 

The stagnation pressure at point C will be 

- ( P L - P ~ B ) ~ + ~ ; ~ .  
Poc - (5.4.19) 

f+e 
To determine the coordinate XC,  yc of point C it is necessary to solve the 

system of equations (5.4. lo) ,  (5.4.12) for the elements of characteristics in 
the physical plane: 

YC -ye= (XC - XB)  tan (DB -I- PB); 

YC -YA = (XC - XA) tan (PA- PA). 

The graphical solution of these equations is shown in Fig. 5.4.1, a. From the 
value of xc  obtained the differences AXB = xc - XB,  AXA = xc - XA appearing 
in equations (5.4.11), (5.4.13) are determined. The increments AmB, d o A ,  
A ~ B  and APA happen to be the unknowns in these equations. The number of 
unknowns should be reduced to two according to the number of equations 
in the system. For this purpose let us write the obvious relations: 

A W ~ = W ~ - C O ~ = ~ U ) B +  OB-WA; 1 (5.4.20) 
A ~ A = ~ C - ~ A = A ~ B + , ~ B - P A .  

Equation (5.4.13) will be transformed with help of these equations into: 

Solving this equation together with (5.4.1 1) to find the variable Ape, we get 

From the value of ADB SO obtained we calculate the increase in function 
from equation (5.4.1 1):  

Now it is possible to find the angles for the point C: 
PC = Ape + PB; 
wc = Awe + we. 
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Now from the value of o c  so obtained the Mach number Mc and Mach 
angle ,UC at a point C can be determined from Table 5.3.1. 

The scheme of the graphic solution of the system of characteristic equa- 
tions in the hodograph plane determining angle PC and Mach number I c  (Me) 
is shown in Fig. 5.4.1, b where B'C' and A'C' are the elements of characteris- 
tics of first and second families corresponding to the elements of conjugate 
characteristics BC and AC in the physical plane. From the value of Mach 
number MC (or Ac) obtained the parameters like pressure, density, temper- 
ature, etc. can be worked out if necessary. 

The accuracy of the calculated parameters can be increased if the values 
of angles P and ,Y between points A and C and points B and C are used in 
equations (5.4.10) through (5.4.13) in place of le, m ~ ,  CB, t~ as a first 
approximation, i.e. if they are replaced by the respective values of: 

The more accurate coordinates xc, yc of point C will be obtained from the 
equations: 

AYB = tan ( ~ g )  4- p$') AxB; 
AYA = tan (By)- ~ 2 ) )  AxA. 

Second problem: This concerns the calculation of velocity at a point of in- 
tersection of the solid wall and the characteristic. Let point B be situated at 
the intersection of the wall and the straight element DB of characteristics of 
the second family drawn from point D and situated near the wall (Fig. 5.4.2). 
The magnitude and direction of velocity, entropy and coordinates of this 
point are known. 

Fig. 5.4.2. Scheme for calculation of velocity at point 
of intersection of characteristic with wall: 

a-physical plane; b-hodograph plane. 
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, The determination of velocity at point B is done directly with the help of 
the equation (5.4.4) for the characteristics of the second family. If this equa- 
tion is taken with the conditions along the element of characteristic DB and 
expressed in terms of finite difference, 

where 

sin PD sin PD 
fD = 

sin2 PD cos PD. (5.4.28) rnD = 
cos (BD - PD)' cos (PD -PO) ' 

The coordinates XB, YB of point B are determined from the simultaneous 
solution of the equation of characteristics of the second family and the equa- 
tion of wall contour: 

A graphic solution of these equations is shown in Fig. 5.4.2, a. 
Angle PB can be calculated from equation 

tan PB = (dyldx)~ (5.4.31) 

using the derived coordinates XB, y ~ .  Entropy SB (or stagnation pressure 
pb,) at a point B is supposed to be known: it is equal to its value on the 
stream line coinciding with the contour of the network on which the entropy 
is supposed to be constant. 

After finding the increment AWD by equation (5.4.27) it is possible to 
calculate an angle COB = A ~ D  + WD and then Mach number MB can be deter- 
mined from Table 5.3.1. The scheme of graphic determination of velocity at a 
point B is shown in Fig. 5.4.2, b where the element D'B' of the characteristic 
of the second family in the hodograph corresponds to the element of charac- 
teristic of the same family in the physical plane. 

Third problem: This consists of the calculation of velocity at the intersec- 
tion of characteristics with a shock wave and the determination of the devia- 
tion of shock at this point. As the characteristic happens to be the line of 
weak disturbances the above intersection physically refers to the intersection 
of a weak wave with shock. Let the adjacent expansion waves corresponding 
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to the characteristics of the first family pass through points Sand H on shock 
M N  of given fo'rm y= f(x) (Fig. 5.4.3, a). As a result the intensity of shock 
and hence the inclination of shock diminish. Since points S and H happen to 
be the sources of disturbances there arise reflected expansion waves and the 
characteristics of the second family can be drawn through these points. One 
such characteristic passing through point S intersects the neighboring conju- 
gate characteristic at point F, called the nodal point of characteristics. 

a 1 b) 
" I 

Fig. 5.4.3. Scheme for caIculation of velocity at intersection of 
characteristics with compression shock: 

a-physical plane; b-hodograph plane; I--characteristics 
of first family; 2--characteristics of second family. 

The properties of characteristics SF and FH passing through nodal point 
F and the relations for calculation of the shock wave are used to determine 
the variation in shock deviation and in the velocity behind the shock. As the 
length S H  of the shock is small it can be assumed that this segment is a 
straight line. The angle of deviation of the shock on this segment and the 
corresponding gas parameters are approximately equal to their values at 
point of intersection H of the element FH of the characteristics of the first 
family with the shock. 

One of the unknown parameters is the angle of deviation of velocity vec- 
tor /?H at this point, which can be represented as /?H= APF + PF, where A/?F = 
PH-/?F and PF is the known angle of deviation of the velocity vector at 
point F. The second unknown, i.e. the Mach number MH at the same point, 
can be determined by the formula 

where (dM/d/?)~ is the derivative which can be obtained from the theory of 
shock for known conditions at point S. Quantity ADsH, which can be deter- 
mined from the variation in angle /? along an element of shock, is equal to 
the difference PH- Ps. This quantity can be taken as approximately equal to 
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the change in angle j? along element FH of the characteristic of the first 
fantily APFH = PB - PF. 

The derivative d M / d p  is calculated from the differentiation of (4.3.19'): 

The derivative d(pz/pl)/dPc appearing on the right side can be obtained from 
the differentiation of (4.3.13): 

The derivative dOc/dPc can be determined as foIlows: Let us differentiate 
(4.3.24) first: 

1 - 1 
sin 8c cos OC sin (8c - PC) cos (Oc - PC) 1 

1 
'sin (ec - PC) cos (Oc - PC) 

This relation can be slightly modified with the help of (4.3.24): 

Equating the right sides of (5.4.34) and (5.4.35) and solving the equation so 
obtained for the derivative d6c/dPc, we find 

Further, let us write the relation for variation in Mach number M during 
transition along the characteristic from point F to point H, i.e. for the quan- 
tity AMF=MH-MF.  For this purpose the expression (5.4.32) can be used 
here in place of MH: 

AMF = M s  + (dM/dP)s APF - MF. (5.4.37) 

It is possible to replace Mach number M with f~~nction co obtained from the 
relation (5.3.3 1): 

AOIF = os + ( d ~ ~ ) / d P ) s  APF - c o ~ ,  (5.4.38) 
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where 

Derivative dm/dM is determined as a result of differentiation (5.3.31): 

Using the equation (5.4.11) for the characteristics of the first family to the 
element FH we find 

where 

sin PF sin p~ sin2 p~ cos PF. 
l p  = 

cos (PF + w)' CF= cos (PF + PF) 
(5.4.42) 

The distance between points F and H along the normal to the stream line 

An = (FH) sin p~ = XH - XF sin p ~ .  
cos (PF - t p ~ )  

Consequently the entropy gradient in equation (5.4.41) will be 

A S  (SH - SF) cos (PF + PF) -= - 
A n ( x ~  - XF) sin p~ 

wherep&, is found from the theory of the shock wave using Mach number 

MH' 
The entropy SF or stagnation pressure piF at a point F can be approxi- 

mately taken on the basis of corresponding values at point S on the shock, 
I ) 

i.e. SF%SS andpoFzpo,. 
Solving equations (5.4.38), (5.4.41) for APF, we get 

Substituting the value of APF in (5.4.38), AWF can be found, the angle 
m~ = AmH +OF can be calculated and Mach number MH can be improved. 
After calculating the angle PH = APF +PF the new angle of inclination 8cH 
of the shock at a point H can be found from the value of this angle and the 



givep Mach number M,. In this way its form on the segment SH is modiiied. 
If need be the calculations can be carried out taking values of parameters bet- 
ween points S and H in place of those at point S as a second approximation. 
In particular the values of 0.5 ( o s + o ~ )  and 0.5 (Ps+ PH) may be taken in 
place of os, PS respectively. 

The scheme of graphic solution is shown in Fig. 5.4.3, b. The point H' in 
the hodograph plane corresponding to the point H in the physical plane is 
determined as a result of the intersection of element F'H' of the characteris- 
tic of the first family with the shock polar constructed for a given Mach num- 
ber MI of an undisturbed flow. The vector O'H' determines the velocity AH 
at a point H. 

5. Application of Method of Characteristics to Solution of the Problem of 
Contour Design of Nozzle of a Supersonic Aerodynamic Wind Tunnel 

The method of characteristics helps us to solve one of the important prob- 
lems of gas dynamics regarding the shape of the nozzle of an aerodynamic 
wind tunnel to obtain a two-dimensional supersonic flow with a given speed. 
The nozzle providing this flow represents a type of tube with the front and 
rear walls plane, and the upper and lower walls in the form of a curvilinear 
specially profiled contour (Fig. 5.5.1). 

Fig. 5.5.1. Nozzle of supersonic wind tunnel: 

1-upper wall; 2-rear wall; 3-exit section; 4-lower wall; 
5-front wall; 6-critical section; 7-reservoir. 

Along with the determination of the form of the curvilinear contour the 
calculation of gas parameters at the reservoir (parameters of complete stagna- 
tion) and at the critical section of area S* is included in calculations of the 
nozzle. The gas parameters at the nozzle exit such as Mach number M,, 
pressure p,, area of exit cross section S and temperature TO are usually given 
quantities. The area of critical nozzle section is found from the equa- 
tion of flow rate (3.6.44), which may be expressed in the form p,V,S 
= p*a*S*. From this 
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From (3.6.46') id follows that the parameter. is determined by the given 
Mach number M, at the nozzle exit. From this value of Mw and pressure 
p, at the nozzle exit the pressure required at reservoir po to achieve the 
given Mach number M, at exit can be found by the application of formula 
(3.6.29). 

In addition the angle 2y of a non-profiled nozzle is given (Fig. 5.5.2). As 
shown by experimental research, this angle is usually selected in the range of 
30-35". Smaller values lead to an excessively long nozzle in which a thick 
boundary layer is formed on the wall, reducing the effective nozzle cross sec- 
tion. With higher values of the angle of the diffuser flow separation may take 
place, rendering the application of the nozzle meaningless in experimental 
research. 

Fig. 5.5.2. Non-profiled plane supersonic nozzle 
with radial flow. 

If the entrance section of the nozzle is smooth enough the motion in the 
region of the subcritical section can be regarded as an expanding radial flow 
from the source situated at point 0. Such a flow has the property that its 
direction coincides with the direction of radial lines originating in point 0. 
The variation in the magnitude of gas parameters along all these lines will 
have the same character. The length of the subsonic zone of a nozzle of unit 
width is determined by the quantity r*=S* [360/(2n x 2y x I)] and the dis- 
tance to the exit section r~ = S[360/(2n x 2y x I)]. 

In the part of the nozzle restricted by the arcs of two circles with radii r* 
and r ~ ,  i.e. in the limit of the critical section, the gas flow will be supersonic. 
The profiled nozzle has a straight wall BC in this part so that it provides 
gradual transition from radial flow to uniform rectilinear flow with a given 
velocity at the exit. For this purpose we draw a series of closely distributed 
lines from point 0 and determine velocity (Mach number M) on these lines 
at the points of intersection A1, A2, ..., A, of the characteristic of one of the 
families AA, (this will be considered as the characteristic of the second fami- 
ly), starting from point A on the arc of radius r~ (Fig. 5.5.3). Then point A1 
lies at the intersection of the ray rl = OA1 with the element of characteristic 
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AA1 drawn at an angle of p,= -sin-l(l/M,), where M, is the given Mach 
number at the nozzle exit. 

Mach number MI at point A1 can be found with the help of the expression 
& = S*/SI. As S1= 2nrl x 1(2y/360), S* =2nr* x 1(2y/360), we have & =r*/n.  
Then A1 and the corresponding Mach number MI can be found from (3.6.46). 

Similarly we can determine the coordinates of point of intersection A2 of 
neighboring ray r2 = OAz with an element of the characteristic AlA2 with an 
inclination of angle pl  =sin-'(1/M1) to the line OA1. The value of Mach 
number M2 and other quantities can be obtained as for the first case. As a 
result the characteristic of the second family m the form of segments of line 
AA1, AIA~,. . . An-1 An, intersecting the network of straight lines BA, at point 
A,, can be constructed. As at other points A,-2, A,-I, An, etc. of intersection 
of characteristics with the straight lines from the source 0 ,  the corresponding 
Mach numbers and angles p=sin-I (1/M) can be calculated at this point. 

The region of flow OAA, with the known velocity field bounded by the 
characteristic AAn and the straight walls of the nozzle is known as the tri- 
angle of information. The type of flow is maintained even if the nozzle con- 
tour behind point A, downstream is changed because the disturbances this 
produces cannot propagate upstream beyond the limit of Mach line AAa. 
Here a change of contour can be executed so that the radial flow on the Mach 
line is gradually transformed to a rectilinear flow of given Mach number M, 
at the nozzle exit. 

Fig. 5.5.3. Construction of profiled supersonic plane nozzle. 

Taking this condition into account, the characteristic of the first family 
emerging from point A in the form of a straight line can be constructed. Now 
if the velocity field is determined between the characteristics AA, and ADm 
the corresponding stream lines can be determined. The stream line that 
passes through point A, will coincide with the profiled contour of the nozzle. 

The condition that in the plane flow we are considering all the characteris- 
tics of the first family originating in points An-2, An-', etc. and the characteris- 
tic ADm will be straight lines (see Fig. 5.5.3) is used to determine the velocity 
field. The inclination of each characteristic to the radial line is determined by 
the corresponding Mach angle ,UI =sin-' (l/Ml), p2= sin-' (1/M2),. . . etc. The 
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velocity along the characteristic is determined by the value of velocity at the 
starting points Al ,  Az, ... etc. 

Let us consider the stream line emerging from point A,. The initial part 
of this line coincides with the direction of velocity at point A, and represents 
by itself the line which is an extension of contour BAn until it intersects with 
the characteristic of the first family A,-IA, at a point Dl. Behind point Dl 
the element of stream line coincides with the direction of velocityat point Dl, 
which is equal to the velocity at a point A,-I. Drawing a straight line from 
point Dl parallel to ray OA,-l up to the point of intersection Dz with charac- 
teristic A,-2D2, we get the following part of the stream line. Behind point Dz 
the stream line on the segment DzD,-2 (the point Dm-z lies on the charac- 
teristic AzD,,-z of the first family) will be parallel to the line OA,-*. The 
construction of the remaining segments of stream line can be done the same 
way. The segment of stream line behind point Dm, lying on the characteristic 
AD,, is parallel to the nozzle axis. The contour of the nozzle, coinciding 
with the stream line A,D,+l and drawn in the form of a smooth curve, gives 
a uniform supersonic flow with a given Mach number M, at the nozzle exit. 

This method of profiling does not take care of the effect of the boundary 
Iayer on the form of the contour of a nozzle which distorts the character of 
the flow and changes the form of the stream line from the calculated one. 
The effect of the boundary Iayer can be accounted for approximately if the 
contour at the exit is inclined from the nozzle axis by an angle equal to 
10-20'. 

Using the equations of characteristics for a two-dimensional flow, the 
construction of the contour of a circular nozzle can be carried out analogi- 
cally to give an axisymmetric supersonic flow with a given velocity at the 
nozzle exit. 



AN AIRFOIL AND A FINITE WING IN  
AN INCOMPRESSIBLE FLUID FLOW 

In this chapter problems connected with the formulation of aerodynamic 
theory for the calculation of flow around a wing profile in an incompressible 
fluid flow will be examined. The formation of a plane disturbed flow around 
an airfoil is the characteristic feature of this flow-interaction. Aerodynamic 
equations that are simpler than those for three-dimensional flows are used in 
this investigation. 

Strictly speaking the flow around an airfoil that is supposed to be a plane 
flow is an idealized situation. In reality the flow around a real wing of finite 
span will be three-dimensional. Therefore the aerodynamic characteristics of 
an airfoil cannot be used directly for a finite wing. However, these characteris- 
tics can be one of the basic parameters used in calculation of similar charac- 
teristics of real wings. Besides this, the solution of the problem of an airfoil 
has its own importance because the flow over certain parts of a wing is practi- 
cally a plane flow. 

In the present chapter we will confine ourselves to the study of the interac- 
tion between an airfoil and plane incompressible fluid flow. At the same time 
the problem of a finite wing in the same type of flow will be examined. The 
results so obtained have their own significance and can be used (see Chapters 
7 and 8) for aerodynamic study of high-speed motion. 

1. Thin Airfoil in Incompressible Plow 

Let us consider how to calculate the flow interaction of a steady incom- 
pressible fluid flow and a small, thin cambered airfoil at a small angle of 
attack (Fig. 6.1.1). The results to be obtained from this calculation for the 
aerodynamic characteristics of an airfoil can be directly used for cases of 
motion at low subsonic speeds (M, < 0.3 -0.4) when the gas can be consider- 
ed as an incompressible medium. These results can also be used as the initial 
data for aerodynamic calculations of airfoils of given form in a subsonic 
compressible flow. 

21 8 



As the airfoil is thin and the angle of attack is small the flow velocity near 
the airfoil will differ insignificantly from the undisturbed flow velocity. This 
kind of flow is said to be one with small disturbances. 

For the velocity of a small perturbation flow the following condition can 
be written: 

where u and v are the small perturbation components. 

Upper contour Y,, = y, ( x )  
r 

Fig. 6.1.1. Thin profile in incompressible flow. 

According to this condition we have 

Now let us determine the pressure in a flow with small disturbances. From 
Bernoulli's equation in which C2 is assumed to be equal to (p,/p,) +(V2,/2) 
and p =const we get the change in pressure 

Determining u here in terms of velocity potential u = aplax, we find 

P -PW = - PW vw ( a ~ l a x ) .  (6.1.4) 

The corresponding coefficient of pressure will be 

According to (6.1.4) the pressure difference on the lower side of the air- 
foil will be pr- pw = - (apl/ax) Vwp, and on the upper surface 
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where p,, pu are the velocity potentials on the lower and upper sides of the 
airfoil respectively. Consequently the lift force due to pressure acting on an 
element is 

a ~ l  apu dY=(pr-pu)dx= -V ,p ,  --- 
(ax ax)dx' 

and the lift force of a complete airfoil of chord b is 

The corresponding coefficient of lift force 

Let us consider the circulation of velocity along a contour having rectan- 
gular form with sides dx, dy surrounding an element of the profile. Then 
from Fig. 6.1.1 the circulation will be 

Introducing the concept of intensity of circulation (vortex) determined by 
the derivative dr/dx= y (x), we get 

As the slope dy/dx for a thin airfoil is small the product of this coefficient 
with the difference in the vertical components of velocity will be a small 
quantity of second order and hence 

In this way equation (6.1.6) can be written as 

C~ =(2/Vw b) i o Y (x) dx. 

Similarly the coefficient of moment is calculated by 

From formulas (6.1.8) and (6.1.9) it can be seen that the coefficients of lift 
and moment due to pressure depend on the distribution of intensity of cir- 
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culation over the profile. This shows that the flow past an airfoil can be 
replaced by a system of continuously distributed vortices. 

The vertical-component of velocity induced at a point with abscissa 5 (see 
Fig. 6.1.1) by the element of distributed vortex of circulation d r  = y(x)dx 
may be given by the Biot-Savart formula (2.7.12): 

dv = dr/[27t. (X - r)] = y (x) dx/[2n (x - 81. 
Then the velocity induced at this point by all the vortices will be 

From the boundary condition over the airfoil surface we have v/(V, +arp/ 
ax)=dy/dx. Assuming that the airfoil is thin, Vm= arp/axwV, may be 
accepted and the derivative may be calculated from the given equation of 
mean line 

where y, = y, (x), yl= yr (x) are equations of the upper and lower contours 
of profile respectively. 

In this way the distribution of vortices y (x) is determined by the integral 
equation 

Let us introduce a new independent variable 8 in place of x which is 
determined by the relation 

We will find the solution of equation (6.1.12) in the form of Fourier's 
trigonometrical series 

00 

A. sin (n~~)], (6.1.14) 

in which the variable 00, according to (6.1.13), is connected with the coordi- 
nate x = 5 by the equation 

= (b/2) (1 - cos 00). (6.1.15) 

Let us carry out the change of variables in (6.1.12). Differentiating (6.1.13), 
we get 

dx = (bj2) sin 8 d8. (6.1.16) 
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Substitution of (6.1.14) through (6.1.16) in (6.1.12) results in 
CXJ 

AO - cotisin 0 d0 +LC A. 1 sin (no) sin 0 dO 
n cos00-cos6 n cos 00 - cos e = P (go), 

0 n=l 0 

where b(00) = (dy/dx)r. 
Since cot (012) = (1 + cos 0)lsin 0, we have 

1T 1T 

I cot $ sin 0 dO =i cos 0 d8 
cos 00 - cos e cos 

0 0 0 

Similarly the second integral in (6.1.17) will be 

It can also be noted [I] that* 

d0 =O; J cos 0 d0 
= -n. 

cos 00 - cos B 
0 0 

In the same work [l] it is shown that for the integer values* of m there is a 
formula 

J cos (me) dB = -n sin (m 00) 
cos 00 - cos 0 sin 00 ' 

0 

Consequently 

i sin (no) sin 0 dB = --{ n sin [(n - 1) 001 - sin [(n + 1) Bo]] 
cos 00- cos 0 2 sin 00 sin 00 ' 

0 

After substituting the values of the integrals in (6.1.17) we get 

- AO + C A, cos (n00) = P (00). 

Integrating both parts of equation (6.1.18) in the range of 0 to n, we get 
the relation for coefficient A0 in the Fourier series: 

*These integrals are popularly known as Glauert's integral in the British and Ameri- 
can literature-Translator. 



MuItiplying by cos 0 and then by cos 28, we find the expressions for the 
Fourier coefficients A1 and Az respectively. Thus in general 

Let us consider the relation (6.1.8) for the coefficient of lift. Using the 
variable 0 therein and substituting (6.1.16), we get 

Taking into account (6.1.14), this becomes 

0 sin 0 d0 + 2 An sin (no) sin 0 d0. C I 
Integration of this gives 

cY=27~ [Ao+(A1/2)1. (6.1.22) 
In this way the coefficient of lift depends on the first two coefficients of the 
series. Substituting expression (6.1.19) and formula (6.1.20) in (6.1.22) with 
n = l ,  we find 

Similarly transferring the variable x to 0 in (6.1.9), for the coefficient of 
moment we get 

*I 

Using the expression (6.1.14) for y (B), the coefficient of moment is reduced to 

m,= Ao (1 - cos 8)2 do + sin (no) (1 - cos 8) sin 0 dB. i 
0 n=l  0 

Integration of this results in 



Taking (6.1.22) into account, 

Determining the values of A1 and A2 from (6.1.20) and substituting in (6.1.26), 
we get 

Let us consider the coordinates X I ,  yl related to an airfoil, in which case 
the equation of mean line will be y, = yl(x1) and the angle of inclination of 
tangent will be given by the derivative dyl/dxl. This angle (Fig. 6.1.2) is 

= @ + a, where @xdy/dx.  Finding the angle @ = P 1  -a from this and inser- 
ting its value in (6.1.23) and (6.1.27), we get: 

where 

I 
eo= -- I I @ I  (I - cos 8) dB; I 

76 
0 I 

! 

4 
Fig. 6.1.2. Mean line of profile. 

From (6.1.28) it follows that the coefficient of lift is equal to zero at 
a= -80.  The angle a= -eo is called the zero lift angle. The coefficients 
and ,UO are calculated from a given equation of mean line of profile under the 
condition that the variable in the expression for function /I,(;,) is replaced 
in accordance with (6.1.13) by the relation 2, = (112) ( 1  - cos 0). 
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2. Cross Flow Over Thin Plate 

Let us study an incompressible fluid flow over the simplest profile in the 
form of a thin plate, oriented perpendicularly to the direction of undisturbed 
velocity of flow. The solution of this problem may serve as an example of 
the application of the method of conformal transformation for investigating 
fluid motion. The results are used in real cases to determine the aerodynamic 
characteristics of finite wings (see Section 4). 

Let the plate be placed in the plane of a complex variable a = z + iy along 
real axis z (Fig. 6.2.1, b). The velocity vector of undisturbed flow Pwill coincide 
with the direction of imaginary axis y. In this case the flow-interaction of 
such a plate may be studied by means of conformal transformation from the 
flow-interaction of a circular cylinder in plane [ = + iq (Fig. 6.2.1, a). If we 
know the function W=f(f:), representing the complex potential for flow 
about a circular cylinder, and the analytic function f:=F(o) of complex vari- 
able o=z+iy (the so-called conformed function), transforming the circular 
contour in place [ to the segment of a straight line placed in the flow in plane 
a in transverse direction, then the function W=f [F(o)] will represent the 
complex potential for flow around a flat plate. 

Fig. 6.2.1. Conformal transformation of flow over circular cylinder (a) into 
flow over flat plate oriented vertically to velocity vector of undisturbed 

flow (b)  over flat plate oriented along flow (c). 

We will show that the formula 

0 = f: + (R2/0 (6.2.1) 

gives this conformal transformation of a circle of radius R in plane f: to the 
segment of a line of length 2a=4R in plane o. The equation (6.2.1) can be 
rewritten in the following way: 



As R2 = r2 + q2, after separating the real and imaginary components we get: 
z =25, y=O. Thus, the points on a horizontal line of length 2a = 4R in plane 
a correspond to the points on the circle of radius R in plane 5. 

Now we determine the complex potential for the flow around a circular 
cylinder. The method of conformal transformation, using the known func- 
tion of complex potential for a flow around a flat plate oriented along the 
flow, is again used for this purpose. This function has the form 

W = q + i y =  -iV(z+iy)= -Pa. (6.2.2) 

It can easily be shown that the conformal function 

0 = T - (R2/C) (6.2.3) 

transforms the segment of straight line in plane a placed along the flow into 
the circle in plane [ (see Fig. 6.2.1, a and c). Practically speaking, it follows 
from (6.2.3) that since for the points situated on the line a = iy (- 2R ,< y 4 2R, 
z = O), we have 

Separating the real and imaginary parts of this equation, we get: 

q = ~ / 2 ,  5 =  + dRZ- (y2/4), 
whence C2+q2 = R2. Thus the points lying on the circle in plane a correspond 
to the points lying on the vertical segment of line in plane T. Replacement 
of a in (6.2.2) by the value from (6.2.3) leads to the complex potential of 
flow around a circular cylinder of radius R in a rectilinear plane flow with 
velocity V: 

To obtain the complex potential for the flow past a flat plate placed 
across the flow (see Fig. 6.2.1, b) the following value of obtained from the 
formula (6.2.1) is to be used in (6.2.4): 

Then 

As a = z for the points lying on the plate where -a < z G a (a = 2R) the com- 
plex potential will be 



From this the potential function will be 

where the plus sign refers to the upper surface and the minus sign to the 
lower surface. 

Calculating the derivative ay/az, the velocity past the plate and the pres- 
sure can be found. From the details obtained it follows that the pressure on 
the upper and lower surfaces of the plate is the same. Consequently in the 
case of an unseparated flow over a flat plate across the flow of an ideal 
(inviscid) fluid the plate has no drag force. This interesting aerodynamic 
effect will be studied in the example of the flow-interaction of a flat plate 
placed in a flow at some finite angle of attack in Section 3. 

The flow characterized by the potential function (6.2.7) is shown in Fig. 
6.2.1, b. This flow can be represented as an irrotational flow around the plate 
which can be obtained by superposition of the flow from the dipole with 
potential 

W, = - iVc (6.2.8) 
to the undisturbed flow with potential 

Wdip = ~f: iV (R2/C), (6.2.9) 

where 1: is determined by the function (6.2.5). 

3. Thin Plate at An Angle of Attack 

Let us find the potential function for a disturbed flow of incompressible 
fluid past a thin plate oriented at an angle of attack a using the method of 
conformal transformation as in the previous problem (see Section 2). Let us 
place the plate in the plane of complex variable o = x + iy along real axis x. 

If it is assumed that the flow we are considering is irrotational its complex 
potential can be represented as the sum of potentials W1 =V,u and Wz res- 
pectively for longitudinal and cross flows over the plate with an undisturbed 
velocity V=aV, (Fig. 6.3.1). The total complex potential will be 

Taking into account (6.2.7) in which z is replaced by x, the total velocity 
potential past the flat plate will be 



From this value of velocity potential we find the component of velocity 

The second component of velocity V, =0 at the plate. 

I 

t v-oc v, 

Fig. 6.3.1. System of flow-interaction of flat plate at given angle of attack. 

From (6.3.3) it follows that at leading edge (x= -a) and trailing edge 
(x=a) the velocity Vx is infinite. Physically, this flow picture is not to be 
found. The limitation of velocity at one of the edges, for example at the trail- 
ing edge, can be found by superposing circulatory flow over the flow we are 
considering. The potential of rotating flow in plane is determined, in ac- 
cordance with (2.9.22), by the expression 

W3 = - (ri/2n) In c. (6.3.4) 

Substituting here the value of [ from (6.2.5), we get 

Adding (6.3.1) and (6.3.5), we find the complex potential of rotational-rectili- 
near flow over an inclined flat plate: 

W= WI+ WZ+ W ~ = V ~ C T +  iavm d o 2 - 4 ~ ~  

The circulation r can be determined from the Zhukovskii-Chaplygin* 
hypothesis according to which the velocity at the trailing edge of a flat plate 
has a finite value. The value of this velocity can be obtained with the help of 
the theory of conformal transformation in the form of the derivative dF/da 

*In the American literature this is known as the Kutta-Zhukovskii condition at the 
trailing edge-Translator. 
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of complex potential W for a cylinder. This potential, in turn, helps us to find 
the complex velocity at the corresponding point on the cylinder in terms of 
the derivative dw/dl. By the rules of differentiation of a complex function 
this is equal to 

d@ dW do - = . -  
dl  do dl' 

where W and W are the complex potentials for the cylinder and flat plate 
respectively. By the Zhukovskii-Chaplygin hypothesis the quantity dWldo 
is limited in its absolute value. As the derivative doldl, which can be deter- 
mined from (6.2.1) by the formula 

is equal to zero on the cylinder at a point l = R  the derivative dF/dl=O at 
the corresponding point on the trailing edge of the plate. 

The complex potential for the cylinder will be 

F= ~ ~ + r n ~ + w ~ .  
The potential characterizes the flow in the direction of the axis that 
corresponds to the flow over the flat plate in the same direction with a 
velocity V-. It is obtained by replacing the quantity o from (6.2.1) in for- 
mula W, = V,o: 

- 
WI = Voo I l  + (R2/l)1. 

The complex potentials W2 and F3 are determined by the equations (6.2.4) 
and (6.3.4) respectively. Replacing V by aV, in the first, we &d the total 
complex potential 

Then the derivative 

For the point c= R corresponding to the point on the trailing edge of the 
plate the derivative dF/dl  is equal to zero, i.e. 

Hence - r= -4naRV,, 

or, since 2R =a, 
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o n  substituting this result in (6.3.6) and differentiating with respect to a ,  the 
complex velocity will be given by 

After simple transformations and the substitution 2R =a we get 

On the surface of the plate ( o  = x): 

As 1x1 <a, we have 

dW a - x  -- - ~ , - i V , = ~ ,  ( 1  -ta,J&), 
do  

from which it follows that the total velocity past the flat plate is 

where the plus sign corresponds to the upper surface and the minus sign to 
the lower. The velocity at the trailing edge ( x = a =  2R) is equal to V, and at 
the leading edge (x = -a )  it is infinitely high. In actual cases the thickness of 
the leading edge is not equal to zero. Specifically, the edge of the airfoil, 
though not large, has a finite radius of curvature. For this reason the velocity 
at this edge has large but finite values. 

The general expressions for the main vector of forces due to hydro- 
dynamic pressures acting on a steady cylindrical body of arbitrary shape in a 
steady incompressible fluid flow can be used to determine the forces acting on 
the plate. Let us introduce the concept of complex force F= X- iY by 
analogy with complex velocity, defining this force as the mirror image of the 
main vector 3 in the real axis. 

The vector F we are considering is determined by the formulas (1.3.2) 
and (1.3.3) in which the coefficient c, is taken to be zero. Then 



AN AIRFOIL AND A FINITE WING 23 1 

where n is the direction of the external normal to the contour C of the body 
in the flow; 0 is  the angle between the element of contour ds and the x axis 
(Fig. 6.3.2). 

Fig. 6.3.2. Contour in incompressible fluid flow. 

Since 

da=dx+idy=ds (cos e+isin O)=eie ds; 1 (6.3.14) 
d a  = dx - idy = ds (cos 0 - i sin 0) = e-'@ ds, 

and the pressure is determined by the Bernoulli equation: 

it folIows that 

Taking into account that dG=e-2ieda on the basis of (6.3.14) and keeping in 
view that the complex velocity at the given point of contour by the condition 
of unseparated flow 

- 
V=V, -ivy = V c o ~ 0 - i V s i n 0 = V e - ~ ~ ,  (6.3.16) 

we find 

Since the complex velocity for potential flow is V = d W/do the force 

This expression (6.3.18) is known as the Zhukovskii-Chaplygin formula. 



The integration in (6.3.18) can be carried out over other contours sur- 
rounding the given contour C. As an example of such a contour the circular 
contour K may be selected, so that the complex velocity in plane o can be 
expressed in the form 

where Vm= v,,- ivy, and the coefficient A can be determined from (6.3.8'). 
The square of the complex velocity will be 

Substituting this value in (6.3.18), we get 

Here the first and third terms are zero. The integral $ do/o is calculated 
K 

taking into account the formula a = x + iy = reiq (see Fig. 6.3.2) and is equal 
to 

In this way the force 

Coming back to the conjugate value of this force, we have 

where V,=Vxm+iVyW. According to the expression for the force acting on 
a contour it is equal to the product of the density, velocity of undisturbed 
flow and circulation of velocity: 

This expression is known as the Zhukovskii formula. 
From (6.3.21) it follows that the acting force represents the vector that is 

perpendicular to the velocity vector of an undisturbed flow. Hence it is a lift 
force. Its direction coincides with the direction of the vector obtained by 



turning the velodty vector 7, through an angle of x/2 against the direction 
of the circulation. This force is called the Zhukovskii force. 

Let us apply formula (6.3.22) for calculation of the lift force on a flat 
plate. Keeping in mind the value of circulation from (6.3.9'), we get 

The normal and axial components N and R of the Zhukovskii force are 
respectively determined as follows (Fig. 6.3.3): 

N= Y cos a% Y= 2naapV2; (6.3.24) 

= - Y sin a w - Ya = - 2na2ap Vi. (6.3.25) 

The presence of axial force R acting along the flat plate against the flow seems 
to offer a paradox because all the elemental forces due to pressure are direct- 
ed along the normal to a surface. 
This component of the Zhukovskii 
force is known as the suction drag. 
The physical nature of its existence is 
explained like this: Let us assume 
that the leading edge is slightly round- 
ed. Then the velocities in the neigh- OL 

borhood of the leading edge would 
be high but not infinitely high as 
happens in the case of a flat edge' Fig. 6.3.3. System of forces acting on Bat 
According to Bernoulli's equation the plate (R-suction force). 
difference between the pressures at 
the leading edge and at infinity will be negative. Separation also results in the 
suction drag. The value of the suction drag is given by the expression (6.3.25). 

The expression (6.3.25) for suction drag refers to the case of flow past a 
flat plate where the velocity near its leading edge is determined by the for- 
mula (6.3.12). The axial component of perturbation velocity about a given 
plate, determined by this formula, will be 

The expression for suction drag can be generalized for the case of an arbi- 
trary given velocity near the 1eadi.ng edge. For this purpose we write (6.3.25) 
in the form 

where 

c2 = 2aa2 V2. 

Quantity C2 can be represented in the form of the expression 



where XL.E is the abscissa of leading edge (XL.E = -a); x is the varying abscis- 
sa of the points on the flat plate; Vi  is the axial component of perturbation 
velocity on the upper side of the wing. 

It can be shown that formula (6.3.28') is valid in practice. To do this we 
introduce expression (6.3.26) in (6.3.28'): 

Substituting this quantity in (6.3.27), we get the formula (6.3.25) obtained 
earlier. 

The results obtained for an incompressible irrotational uniform flow over 
an airfoil in the form of a thin plate are useful in studying the aerodynamic 
characteristics of airfoils of actual shapes and also for finite .wings in incom- 
pressible fluid flows as well as in a compressible gaseous medium. 

4. Finite Wing in Incompressible Fluid 

So far we have been examining the flow-interaction of an airfoil and an in- 
compressible fluid flow. It can be assumed that this profile corresponds to an 
elemental part of the lifting surface of a wing of infinite span in a rectilinear 
uniform flow. Hence the theory of this flow-interaction also happens to be the 
foundation of the aerodynamics of wings of infinite span. 

According to formula (6.3.22) the lift force on the part of a wing of unit 
span Y(')=p,V,T (Fig. 6.4.1, a). Consequently there is a rotational flow 

with circulation r around 
b)  - the profile. If the circulation 

is in. a clockwise direction . - 
\. .. .--'. ' + 

the velocities will be higher 
--L - I-= K. on the upper side of 'the 

Vortex of profile (the circulatory flow 
~ntensity X is superposed on the oncom- 

ing flow in the same direction) 
and lower on the under side 
of the profile (circulatory 
flow is in the opposite direc- 
tion to the undisturbed flow). 
Therefore, by Bernoulli's 
equation the pressure will be 

Bound vortex Free vortices less on the upper side than 
Fig. 6.4.1. System of equivalent vortices for On the lower side and the 

wing of rectangular plan. lift force will be directed 



upward as shown in Fig. 6.4.1, b. 
Since the circulation, according to (2.7.8) and (2.7.8'), is equal to the 

intensity of vortex K the element of wing can be replaced by the equivalent 
vortex with a given intensity of vortex along the span. Zhukovskii called this 
vortex the bound vortex. In a hydrodynamic sense a wing of infinite span is 
equivalent to a bound vortex. 

Let us now consider an approximate scheme of flow-interaction of a finite 
wing with a rectangular wing plan. The bound vortex, as established by S.A. 
Chaplygin, turns near the wingtips in the form of a pair of vortices and moves 
away behind the wing in the direction of the undisturbed flow. The distance 
e (see Fig. 6.4.1, c) from the point where the vortex turns to the wingtip 
depends on the geometry of the wing. Hence the hydrodynamic effect of a 
finite wing can be obtained by replacing it with a bound vortex and a pair 
of free vortices resembling the form of the letter l7. This scheme of wing is 
known as Chaplygin's 17-shaped scheme. 

The equivalent vortex system of a finite wing induces additional velocities 
in flow and results in the downwash that is the characteristic of flow past a 
finite wing. The following theorems of Helmohltz form the basis for calcula- 
tion of the induced velocities and downwash angle due to free vortices: 

1. The intensity of a vortex does not change in magnitude and consequent- 
ly a vortex cannot suddenly cut off or terminate in a fluid; 

2. The intensity of a vortex is independent of time; 
3. A vortex in an ideal fluid is not subject to extinction. 
In the system of a rectangular wing that we are considering the circulation 

along the span is taken to be constant on the assumption that the lift force of 
each elemental segment of the wing is equal. In reality the lift force of this 
rectangular wing plan varies along its span. This variation is small in the 
middle part of the wing but quite significant near the wingtips. For a wing of 
arbitrary plane the variation in circulation has an absolutely clear form which 
is based on the unequal sizes of segments and hence is characterized by 
different values of lifting force. The vortex system of flow over a wing not 
of rectangular plan can be obtained if the wing is replaced not by a single 
17-shaped vortex* but by a system of 17-shaped vortices forming avortex sheet 
(Fig. 6.4.2). The circulation will be constant along each vortex but will change 
from one vortex to another. For the middle cross section of the wing (root 
section) the lift force is maximum and therefore the intensity of vortex and 
circulation will be maximum at that section. 

Experiments show that this vortex sheet behind the wing is unsteady and 
at a comparatively small distance from the wing it twists around in two 
parallel vortex threads (see Fig. 6.4.2). 

*In the English and American literature it is known as a horseshoe vortex system- 
Translator. 
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Let us study the relations required for calculation of induced velocities 
and'downwash angle. First we have to determine the distance 10 between the 
free (curling) vortices. Here we will assume that the vortex system for a wing 
of span I can be replaced by one horseshoe vortex with constant circulation 
T O .  It is assumed that the fixed vortex, known as the lifting part of a 
horseshoe vortex, passes through the aerodynamic center of a wing with a 
coordinate x,.,. 

Fig. 6.4.2. Vortex sheet behind wing. 

The distance 10 between the free (curling) vortices is determined in the . 

following way: The area under the curve T(z )  is equal to TavI and the average 
circulation rav along the span is determined from the known lift force Y on 
the wing with the help of Zhukovskii's formula Y=p,V,Tavl. In accordance 
with this formula, taking into account that Y= c,q,bavl, average circulation 
will be 

Therefore for circulation it may be written: 

where c,o is the coefficient of lift for root section; 
b, is the root chord. 
Equations (6.4.1) and (6.4.2) establishing the relation between circulation 

of velocity and the corresponding values of the coefficient of lift and wing 
chord are known as theequations of correlation. From these equations we have 

The elemental value of the lift force, by equation (6.3.23), will be 
dY=p,Voordz and the lift acting on the wing wit1 be 
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Y=2p,Vw r d z .  f (6.4.4) 
0 

The concepts of vortex systems rav and TO on our assumption correspond 
to one and the same lift force Y and therefore 

0 

So equations (6.4.5) and (6.4.3) lead to 

b / l=  cybav/eyobr. (6.4.6) 

Let us determine the downwash angle induced by the system of a 
horseshoe vortex of intensity T O  at a given point A lying in the plane of vor- 
tices (see Fig. 6.4.2) at equal distances from the free vortices and at a distance 
L from the wing. We first find the downwash angle due to the bound vortex 
of length lo 

where wl is the velocity at a point A induced by the bound vortex. According 
to (2.7.1 1) 

wl = ( - r o / 4 w ~ ) [  cos PI -cos (n-P1) ]=( -ro /2nL)  cos 81. 
Therefore 

e l = T O  cos P1/2nV,L=r0 cos2 Pl/wVm sin pilo. (6.4.8) 

The induced velocity w: at the same point A due to one of the free vortices 
is calculated by formula (2.7.11). It is necessary to make the following 
substitutions: r = To, h= 10/2, a ,  =0, a2= w - 8 2 .  As a result 

W: = ( - ~o/[4w(lo/2)]}(1 + cos .P2) = ( - r0/27dO)(1 + sin B,). (6.4.9) 

The velocity created by a pair of free vortices will be twice wi: 

w2= 2wi= (- r o / ~ z o ) ( l  +sin PI).  (6.4.10) 

The corresponding downwash angle is 

82 = - w2/Vm = (ro/wVWlo)(1 +sin P 1). (6.4.1 1) 

The total value of the downwash angle due to the system of horseshoe 
vortices is 

(c0s2P1+1+sin81)= &=&1f&2=-  - ro( l  +sin 81) 
nVW1o sin /J'I wV,Zo sin ' 

(6.4.1 2) 

Replacing ro here with the value from (6.4.2) and determining 
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we get 

8 = (cyob,/2n~o)[l + dl + (IO/~L)~].  (6.4.13) 

According to (6.4.6) 

Introducing the notations 

k = 1/10, 1, = l/bav 

and taking into account (6.4.14), equation (6.4.13) can be transformed into 
the form 

According to formula (6.4.13') the downwash angles behind the wing in a 
subsonic flow are proportional to the coefficient of lift and are inversely 
proportional to the aspect ratio A. 

Let us introduce the new quantity 

then 

Research has shown that the quantity z is less than unity and therefore 
the downwash angle can be regarded as a function basically determined by 
the coefficient of lift and the aspect ratio of the wing. Now let us see what 
types of changes are brought about by downwash in the flow-interaction of 
a wing at an angle of attack a (also known as the goemetrical angle of attack) 
in a flow with velocity 7,. The appearance of downwash at angle e behind 
the wing results in the flow-interaction being characterized by values of velo- 
city and angle of attack a, differing from the values of Vrn and a that deter- 
mine the flow around a wing of infinite span. The effective angle of attack a, 
of a finite wing will be less than the geometrical angle of attack by the 
value of downwash angle e (Fig. 6.4.3), i.e. 

The presence of downwash leads to a change in the force-interaction of 
the medium and the body in the flow. If the downwash were absent the 
vector of an aerodynamic force, according to formula (6.3.21), would have 
been normal to the direction of undisturbed velocity vw. In the presence of 



downwash velocity the resultant aerodynamic force vector will be oriented 
along the normal to the direction of reaI velocity pm (see Fig. 6.4.3). As a 
result of inclination of the resultant 
force by angle e there appears com- 
ponent Xi in the direction of undis- 
turbed flow. This complementary 
force Xi, appearing as a result of 
downwash induced by the vortices, 
is known as the induced drag. From 
the physical point of view the "_ 
presence of induced drag is associa- 
ted with loss of part of the kinetic Fig. 6.4.3. Downwash near wing and 
energy of a moving wing, spent in occurrence of induced drag. 
the formation of vortices shed from 
its trailing edge. The value of this drag is determined from Fig. 6.4.3 by the 
expression 

Here lift force Y is found in the same way as for the wing of infinite span on 
the assumption that the downwash is small. If the force Xi is divided by the 
quantity (p,Vi/2)S,v we get the coefficient of induced drag 

If we assume the values of k e  1, (1/2L)2/k2e1 in expression (6.4.13') for E and 
introduce notation 1 =A,, then, after substitution in (6.4.18), we get 
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1. Subsonic Compressible Flow Over Thin Airfoil 

1.1 Linearization of equation of velocity potential 
The study of the flow-interaction between an airfoil and a subsonic flow is 

related to the solution of the equation of velocity potential for a plane two- 
dimensional flow that is obtained from (5.1.8) at & = 0. This has the form 

This partial differential equation of second order happens to be the nonlinear 
equation with respect to the unknown function 9. It describes the flow past 
fairly thick profiles creating large disturbances in the gas such that velocity of 
flow V and speed of sound a differ considerably from the corresponding para- 
meters of an undisturbed flow. 

If an airfoil is thin and the perturbations it creates are small, the equation 
(7.1 . l )  can be simplified to the linear differential equation with constant coeffi- 
cients and second-order partial derivatives. This simplification is known as 
linearization and the equation so obtained and the small perturbation flow 
described by it are known as the linearized equation and linearized flow 
respectively. 

The velocity conditions (6.1.1) and the actual equality (6.1.2) are fulfilled 
for a linearized flow. Within an accuracy of the order of perturbation velo- 
cities u and v (6.1.1) the equation for the speed of sound can be formulated 
from (3.6.20), which takes the form 

a2=aL + [(k - 1)/2] (VL - V2). (7.1.2) 

Using the expression (6.1.2) here in place of V2,  we get 

Substituting the quantity (7.1.2') in (7.1.1) and recalling that 

Vx=Voo+u, Vy=v,  v ;=v:+2voo  U, v ; z v 2 ,  
240 



and further a s su~ ing  that the total velocity potential of a linearized flow can 
be expressed by y, = y,, i- p', where p, is the velocity potential of an undisturb- 
ed flow and the perturbation velocity will'be y,'<y,, according to the condi- 
tion (6.1. l), we get 

The second-order partial derivatives of the potential y,' with respect to the co- 
ordinates x, y are small quantities of first order: 

Taking this in (7.1.3), the group of small terms of second and third order can 
be determined and, neglecting them, we get the linearized equation in the 
following form: 

where M, = V,/aw. 
Let us study the expression for pressure in a linearized flow. For this pur- 

pose we use the formula (3.6.26), which will be rewritten as 

-k / (k-1)  

Pw 
Substituting here the value of V 2  from (6.1.2), we get 

Keeping in view that by formula (3.6.22) 

we find 

Expanding the right side of this expression in series and maintaining the 
second term therein, we get 



From this the pressure difference will bep -p, = - p,V,u and the coefficient of 
pressure will be ?= - 2u/V,, i.e. we get the same relations (6.1.3), (6.1.5) as 
in the case of an incompressible fluid flow. However, in applying these rela- 
tions in the case of high subsonic speeds it is necessary to take into account 
that the perturbation velocity u = ayr/ax should be determined taking into 
account compressibility. 

1.2 Relationship between compressible gas flow and 
incompressible fluid flow over thin airfoil 

The flow-interaction of a thin airfoil in a compressible subsonic flow at a 
small angle of attack is studied with the help of equation (7.1.4') in which 
M, < 1. Let us now perform the replacement of variables in accordance with 
the relations 

xo=x, y o = y d l - ~ %  , v;=P'Y(V,O/V,), (7.1.5) 

where y is some arbitrary parameter, V,O is the velocity of a fictitious flow 
(fictitious velocity) which differs in general from the velocity V, of a given 
flow. The substitution of (7.1.5) in equation (7.1.4') gives the Laplace equa- 
tion for determination of velocity potential p; for an incompressible flow in 
plane xo, yo: 

In this way the problem of flow-interaction between a given profile and a 
compressible fluid flow can be solved using the results of the solution of the 
problem of an incompressible fluid flow with a fictitious velocity V,O over 
some transformed airfoil. Let us find out the relation between the correspond- 
ing parameters of flow past an airfoil and their geometrical characteristics. 
The relation between perturbation velocities uo and u in incompressible and 
compressible flows respectively is established, in accordance with (7.1.5), in 
the following way: 

Substituting (6.1.5) in this equation, the coefficients of - pressure in incompres- 
sible and compressible flows 5, = - 2uo/V,o and p = - 2u/V, respectively 
can be found. Consequently from (7.1.7) we get 

- - 
Pin= YP. (7.1.8) 

From the formulas 

Cy in = $Pin  TO, m~ in= ,#En QO  TO 



along with the expression (7.1.8) we find the relation between the correspond- 
ing coefficients of lift and moment: 

Let us establish the relation between the forms of the airfoils and the angles 
of attack. For this purpose we first determine the relation between the verti- 
cal components of velocity. According to (7.1.5) we have: 

For an incompressible fluid the condition of unseparated flow (3.3.17'), by 
which F= Fo = yo - fo (xo) and yo= fo (xo) as the equation of airfoil contour, 
results in 

or, recalling that uo< Vwo, it will be 

Similarly for a compressible gas flow it will be 

Consequently 

Keeping in view equations (7.1.5) and (7.1. lo), we get 
- .  

~ Y O I ~ Y  = ?/.\rl - M?,. 

Under the condition that at y=O the quantity yo-0; integration of this 
relation gives the equation connecting the vertical coordinates of fictitious 
and given profiles: 

At the same time it follows from (7.1.5) that the horizont.al coordinates of 
these profiles do not change. Considering this, the angles of attack in the 
above two cases can be expressed in the form 

a i n  = yo/(b - X) and a =y/(b - x), 

where'b is the distance to the trailing edge of the profile, x is the horizontal 
coordinate of a point (Fig. 7.1.1). Thus according to (7.1.11) we have 

a i n  = a(y/ 41- M:). (7.1.12) 



' Let us assume that the arbitrary parameter y = 1. Then 

jj =F ~n 7 yZYo  JI -MZ,, a=ain 41 - M L ; ~  
(7.1.13) 

Cy = Cy in, mz = mz in. 

In this way, if the pressure coefficients at the corresponding points of the 
profiles in the compressible and incompressible flows are identical the profile 
in the compressible flow must be thinner than that in the incompressible flow 
by 41 - ML times. The angle of attack will be reduced in the same proportion. 

Fig. 7.1.1. Profiles in small-perturbation incompressible 
(a) and compressible (6) flows. 

Let us consider the case when y = 4 1  -ML and hence 

From the results obtained it can be seen that for the two profiles under 
the same angle of attack the pressure coefficients at the corresponding points 
of the profile and their total lift coefficient and moment coefficient in the 
compressible flow will be l / d l  - ~ 2 ,  times greater than those in the incom- 
pressible flow. From this it can be concluded that the compressibility effect 
leads to a rise in pressure and lift. The factor 1 / d 1 - ~ 2  is called the 
Prandtl-Glauert correction factor for compressibility effect. 

2. Academician S.A. Khristianovich's Method 

2.1 Description of method 
If the airfoil or other body under flow-interaction induces finite disturb- 

ances in a flow the linearized equations are not applicable. In studying this 
kind of flow it is necessary to use the nonlinear equations of gas dynamics. 

Many problems of supersonic flows of gas can be solved by the application 
of the method of characteristics. The number of problems in supersonic aero- 
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dynamics that can be solved is further increased by the numerical methods of 
integrating equations of motion. The analysis of a subsonic gas flow is quite 
difticult. Mathematically this can be explained by the different types of equa- 
tions: hyperbolic for supersonic flows and elliptical for subsonic flows. The 
application of imaginary characteristics for elliptical equations does not 
yield any particular simplification. The greater difficulty in the investigation 
of subsonic flows can be physically explained by the fact that the dis- 
turbances in such flows propagate all over in the region of motion. On the 
other hand, in the case of supersonic flows the disturbances are confined by 
the surface of a cone with its apex at the point of disturbance and they pro- 
pagate only downstream. Here the investigation of small-perturbation sub- 
sonic flows, due to the linearized character of the equations, is somewhat 
simpler than for subsonic flows with large perturbations during the Aow- 
interactions of thick profiles. 

Academician S.A. Chaplygin's book on gas jets is devoted to the investi- 
gation of the method of studying such flows. In it the equations forming the 
mathematical basis of the theory of potential subsonic flows are set out. 
These equations are known as Chaplygin's equations in gas dynamics. Their 
specialty is that they determine the motion of a gas not in the x, y plane but 
in the plane of special coordinates z and /3 (z = V2 is the square of total velocity 
at a given point in flows; p is the polar angle which can be determined from 
V =  V x  cos p). Unlike the usual equations they are linear because the coeffi- 
cients in these equations represent by themselves the functions of independent 
variables z, P. These equations were solved by S.A. Chaplygin for a series 
of cases of gas motion at high subsonic speeds. 

Chaplygin's equations turned out to be the basis for many other methods 
in the field of high-speed aerodynamics. Using these equations, Academician 
Khristianovich worked out a method that helps us to characterize the effect 
of compressibility for a subsonic flow past airfoils of arbitrary shapes. The 
theoretical concepts of this method are to be found in detail in work [25]. Let 
us study the basic concept of this method and its application to the solution 

Fig. 7.2.1. Calculation of pressure over profile in compressible flow: 

a-real flow; 6-fictitious flow; I-given profile; 2-fictitious profile. 



of'various problems of flow-interactions of profiles in a compressible subsonic 
flow. 

Examining a compressible flow past an airfoil of given form, S.A. Khris- 
tianovich showed that the equations of this flow-interaction can be assimilat- 
ed to the equations of an incompressible fluid flow past an airfoil of some 
different form (Fig. 7.2.1). So, with the help of S.A. Khristianovich's method 
a relatively simple problem of a fictitious incompressible flow past some ficti- 
tious profile is solved to start with and then the parameters obtained are 
worked out for the conditions of the compressible flow past a given profile. 

The above analysis is based on the use of the functional relation between 
the real relative velocity L= V/a* in the compressible flow and the value of 
the fictitious nondimensional velocity A = Vola* at the corresponding points 
on the actual and fictitious profiles respectively (Table 7.2.1). Here the method 
we are considering makes it possible to transform the given profile into the 
fictitious profile. 

As shown by S.A. Khristianovich, the difference in the forms of the actual 
and fictitious profiles can be neglected in the case of thin airfoils. S.A. Khris- 
tianovich's method allows us to recalculate the flow parameters over the 
airfoil (pressure, velocity) fairly easily for any Mach number M,>O, i.e. 
accounting for the compressibility, if the distribution of these parameters 
around the same airfoil in a low subsonic flow without compressibility effect 
(M,xO) is known. In addition, this method helps us to extend the calculation 
of parameters for one Mach number M,, > 0  to the other Mach number 
M,z >O (M,z#M,I). 

In  performing calculations by S.A. Khristianovich's method it is necessary 
to bear in mind that it is valid under the condition of subsonic flow velocity 
all over the profile. This condition is observed when the Mach number of the 
undisturbed flow is less than its critical value Mwcr. Therefore before em- 
barking on the calculation it is necessary to find this critical value and to 

TABLE 7.2.1 
........................................ 
A 
A 

--- 
A 
A 

--- 
A 
A 
--- 
A 
A 
........................................ 

0 

0 
----- 

0.400 

0.3862 
----- 

0.675 

0.6080 
----- 

0.875 

0.7223 

0.05 

0.0500 
----- 

0.450 

0.4307 
----- 

0.7000 

0.6251 
----- 

0.900 

0.7324 

0.10 

0.0998 
----- 

0.500 

0.4734 
----- 

0.725 

0.6413 
- - - - A  

0.925 

0.7413 

0.15 
0.1493 

----- 
6.550 

0.5144 - ---- 
0.750 

0.6568 
----- 

0.950 

0.7483 

0.20 / 0.25 / 0.30 1 0.35 
0.1983 0.2467 0.2943 0.3410 
------- --- ---- --0 

0.600 / 0.625 1 0.650 

0.5535 0.5722 0.5904 
---- ---- - ----- --- 

0.825 0.850 

:::;:7 I ::::7 1 0.6988 1 0.7110 
---- ---------- --- 
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establish that &<&,,. The critical Mach number M,,, can also be de- 
termined by S.A. Khristianovich's method. 

2.2 Conversion of pressure coefficient from 
incompressible fluid flow to Mach number M, > 0 

Let the distribution of the pressure coefficient over an airfoil in an incom- - - 
pressible flow be known, i.e. the nature of functionposp~ (x)  be known (Fig. 
7.2.2). The transformation of this function for the new Mach number 
a, > M, > 0 will be carried out in the following order: 

Fig. 7-2.2. Type of pressure distribution on one side 
of profile at different values of Mw. 

For a given Mach number M, > 1 the relative velocity is determined by 

The fictitious speed A ,  of an incompressible flow corresponding to the 
value of I, can be found from Table 7.2.1. For a selected value of 6, from 
Bernoulli's equation 

Po= 1 - ( L ~ / A , ) ~  

we determine the fictitious velocity in the form - 
A = ~,41 -TO. 

Knowing A, the actual local velocity I for a compressible flow can be 
obtained from Table 7.2.1 and the pressure p can be calculated by the formula 
(3.6.26) in which it is assumed that V2/V2,,= [(k- I)/(k + I)] I*. The pressure 
coefficient is then determined by the formula p= 2[(p/pm) - l]/lzML. The 



- - 
nature of curve p=p (x) recalculated for a given Mach number M, is shown 
in Fig. 7.2.2. 

2.3 Conversion of pressure coefficient from Mach number 
> 0 to Mach number M,z > 0 (Mm1 #&2) - - 

Let us assume that the distribution of pressure coefficient p~ =pl (x )  is 
known in the compressible fluid flow at some Mach number M,I (Mwc,> 
Mwl >0). To calculate the corresponding distribution of the pressure coeffi- 
cient at the new Mach number Mw2 > O  it is necessary first to find the relative 
velocities 1-1 and ,?,2 by using formula (7.2.1) for the Mach numbers M,I 
and MW2 respectively. Then the relative velocities Awl and A,2 of a fictitious 
incompressible flow can be determined from Table 7.2.1. 

By inserting some value of coefficient of pressure FI the absolute pressure 

can be found from the formula & = 2(pl -p,l j/(kMmlpWl) and the local 
relative velocity of the actual flow can be obtained: 

k+ 1 (k- I)/IC a* = 1 - ( )  ]}li2 . 
For the value of ,?I Table 7.2.1 gives the local velocity in the fictitious in- 

compressible flow. The corresponding coefficient of pressure can be calculat- 
ed by Bernoulli's equation (7.2.2) 

Calculation of coefficient of pressure 6 from this value of 50 for Mach 
number MW2 is carried out in the same way as the conversion of the pressure 
coefficient of the incompressible flow to the Mach number M, >O already 
discussed. 

2.4 Determination of critical Mach number M 
According to S.A. Khristianovich's hypothesis, in an incompressible flow 

past an airfoil the local sonic speed corresponding to the critical Mach 
number of an undisturbed flow M,,, arises at the point where the highest 
suction occurs. Khristianovich established the relation between the mini- 
mum pressure coefficient Pomin for the highest suction and the critical Mach 
number M,,,. 

So it is clear that the value of the highest suction pornin should be deter- 
mined first by some means, for example with the help of a low-speed wind 
tunnel, before attempting to find the critical Mach number. If the pressure 
distribution, taking into account compressibility, for M,,,>M,>O is ob- 
tained from the wind tunnel test the quantity &,,in can be ,determined by the 



reverse conversion of highest suction ;omin to the Mach number M,=O. 
Let us assume that the value of highest suction pod, is known. As the 

relative velocity A= 1 at the point of appearance of sonic speed, the value of 
the local velocity of the fictitious incompressible flow A=0.7577 from Table 
7.2.1 for the value of I= 1. Now from Bernoulli's equation 

- 
Pornin = 1 - (A/-4/1,)2 

the relative speed of the fictitious undisturbed flow will be 

and Table 7.2.1 and the value of A, give the critical velocity A,,, in the com- 
pressible flow. The corresponding critical Mach number will be 

The graph of critical Mach number versus pornin developed on the basis of 
the results of the above calculation is shown 

cocr 
in Fig. 7.2.3. 

-- 
3. Wing Profile in Flow Having Supercritical 0.8. 
Velocity (M, > MWo) 

A subsonic flow past an airfoil may be 
characterized by the following two cases. In 0.5 
the first case the local flow velocity on the 0.4- 
surface does not go beyond sonic velozity -0.5 -1.0 -1.5 Gmin 
anywhere on the airfoil. This is a case of pure ~ i ~ .  7.Ze3. curve for determina- 
subsonic flow interaction. It is known that at tion of critical Mach number M 
this velocity shock waves cannot arise at any by S.A. Khristianovich. 

point on the airfoil. The lift and drag forces 
will be determined with the compressibility effect. In general they depend on 
the forces due to normal pressure and friction. This kind of drag consisting of 
drag due to normal pressure and frictional drag is known as profile drag. 

In the second case, known as the supercritical flow interaction, the Mach 
number M of an undisturbed flow is higher than critical, i.e. M, >M,,,. The 
local velocity at some points around the profile becomes higher than sonic 
velocity and a zone of local supersonic speeds comes into the picture. Now 
the flow-interaction of the profile is characterized by the fact that the local 
velocity is less than sonic velocity ahead of the leading edge as well as behind 
the airfoil. Therefore during transition from supersonic to subsonic speeds 
local shocks arise near the wing (Fig. 7.3.1). These shocks, resembling in form 
the letter I ( I  shocks), consist of two shocks each: the front curvilinear 
(oblique) shock DE and the rear almost linear shock CB (see Fig. 7.3.1, b). 



' Local shocks, which may appear on the upper as well as the lower surface 
of the wing profile, significantly alter the pressure distribution and set up ad- 
ditional drag known as wave drag Xw. Thus the total drag of profile X will 
consist of profile drag Xp, and wave drag Xw, i.e. 

x= XPI + x w  

or 
Cx = Cxpr + Cxw, 

where c, is the coefficient of resultant drag of an airfoil; c,, and c,, are the 
coefficients of profile and wave drag respectively. 

I '  n l 
Fig. 7.3.1. Profile in subsonic flow with supercritical speed: 

a-scheme of calculation of flow-interaction in presence of local normal shock; 
b-pressure distribution over profile with formation of local 1 shock. 

Let us examine the simple method of calculation of wave drag suggested 
by Prof. G.F. Burago (see the book [I]). Assume that a local supersonic zone 
is formed on the upper side of the profile which takes the approximate form 
of the nearly straight shock BC (see Fig. 7.3.1, a). Let us separate out a flow- 
jet passing through this shock. The gas parameters in this jet will be V1,  ply 
ply MI just before the shock and V2, p2, pz, M2 behind the shock. Take two 
control surfaces I-I, 11-11 to the left and right side at a fair distance from the 
profile. Denote the gas parameters on the left plane by V1,, pl,, pl, and 
those on the right plane by V2m, ~ 2 ~ 9  ~ 2 ~ .  

Applying the theorem according to which the rate of change of mass mo- 
mentum of a gas flowing through the control surfaces is equal to the resultant 
force acting on the left and right surfaces and the wave drag force Xw acting 
on the profile, we get 



where dml,, dmz, are the mass flow rates per second of gas along the jet: 

These are equal from the condition of constant flow rate, i.e. 

plm Vim d ~ l m = ~ ~ w  V2-x dy2m. (7.3.2) 

As postulated by G.F. Burago, we assume that equality of velocity is reestab- 
lished at a considerable distance behind the wing, i.e. V2,+ Vim. Accordingly, 
using (7.3.2) we get 

Consequently 

It can be assumed that p2, =pi, for jets not intersecting with the shock, 
i.e. the pressure at a considerable distance behind the profile settles down to 
the value of pressure in the undisturbed flow. For jets passing across the 
shock we have p b  <pi,. 

In reality, since 

P ~ ~ I P ~ ~ = P ~ I P ~ = V O  < 1. (7.3.5) 

Taking into account (7.3.9, equation (7.3.3) can be transformed with the 
help of the equation of mass flow rate 

plrnvlcod~lrn=p~V~d~Js, 

so that 

As a result the wave drag will be 
P 
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and the coefficient of wave drag will be 

where s is the length of the shock. 
The function vo (4.3.20) may be expressed in the form of a series with 

n=Ml- 1: 

'In the expression (7.3.7) the value of vo (O)= 1 because at M I =  1 (n=O) the 
shock changes to a wave of infinitesimally small intensity and the pressure 
pb=po. 

Using (4.3.20), (4.3.13) and (4.3.15) it can also be shown that 

Keeping in view that for thin airfoils at small angles of attack the difference 
(MI - 1) is small and in the series expansion (7.3.7) it can be truncated to the 
fourth term, we have 

As shown by experiment, up to the given approximation it can be assumed 
that the quantity (MI - I) for a given airfoil is proportional to the difference 
(M,-MmCr). Denoting the corresponding coefficient of proportionality by 
A1 and including it in the general coefficient A, which can be determined in 
the form 

we get the following expression for the coefficient of wave drag using (7.3.6') 
and (7.3.7'): 

- A (Mm - Mmcr)3. Cxw - (7.3.9) 

The coefficient A, in the general case, depends on the form of the profile, 
angle of attack and Mach number M,. However, aerodynamic experiments 
in wind tunnels on modern airfoils at low angles of attack showed that coeffi- 
cient A z l l .  In such cases satisfactory results are obtained from formula 
(7.3.9) if the difference M, -M,,, does not exceed 0.15. 
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From formula (7.3.9) it follows that the coefficient of wave drag increases 
with the rise in M-. This happens because the shocks appearing at the profile 
become more intensive and elongated 
with the rise in flight speed. To Cx 

reduce cx,  at a given M, it is neces- U.5 

sary to raise the critical Mach number 0.4 
MW,, which is basically achieved by 
reducing the thickness of the profile. 
A similar effect can be achieved by 0.2 

reducing the angle of attack. 0. r 
Figure 7.3.2 shows the empirical 0 @, 0.2 O,j 0.4 0.6 o,7 

curve characterizing variation in co- 
Fig. 7.3.2. Profile drag in transonic zone efficient of drag c, = c,,, + c,, in the of flow-interaction. 

transonic regime of flow-interaction. 
For values of M-~0.45-0.5 there is only profile drag. The higher values 
of M, correspond to supercritical velocities of flow (M, >0.5-0.55) where 
wave drag comes into the picture due to the formation of local shocks. 

4. Flat Plate in Supersonic Flow of Gas Having Constant Heat Coefficients 

Let us study the simplest wing profiIe in the form of a flat plate placed in 
a supersonic flow at an angle of attack a. The scheme of flow-interaction of 
this plate is shown in Fig. 7.4.1. Near the leading edge the supersonic flow is 
split into two parts: upper (above flat plate) and lower (below it)-parts 
which do not affect each other. Therefore the supersonic flow-interaction on 
each side of the plate can be studied independently. 

Let us examine the upper side of the plate. The flow over this side repre- 
sents in itself a plane supersonic flow over a surface which makes an angle of 
more than 180" with the direction of the undisturbed flow. This kind of flow, 
shown in Fig. 7.4.2 with the plane O C  corresponding to the upper surface of 
the plate, was first investigated by Prandtl and Meyer and is called the 
Prandtl-Meyer flow. 

According to the system of flow in Fig. 7.4.2 the flow parallel to the plane 
OB gradually turns, undergoes expansion and takes a new direction parallel 
to the plane OC. The angle of inclination of this plane Doc to the vector F, 
corresponds to the angle of attack a of the flat plate in Fig. 7.4.1. The dis- 
turbed part of the flow with expansion is limited from the left side by the 
Mach line O D  which is inclined to the velocity vector of undisturbed flow - 
V ,  at an angle p,= sin-'(l/M,), where M, is the Mach number in the un- 
disturbed flow. The process of expansion ends on the Mach line O E  
inclined to the velocity vector of disturbed flow VOc by an angle pot= sin-' 
(l/Moc), which can be determined from the Mach number of the disturbed 
flow over plane OC. The change in the direction of flow between the Mach 



lines OD and OE can be expressed as the successive summation of inclina- 
tions of stream lines by small angles A p .  To each such inclination indicating 
the appearance of additional disturbance there corresponds a straight Mach 
line passing through point 0. 

I 

Fig. 7.4.1. System of supersonic flow-interaction of flat plate: 

I-expansion fan; 2-compression shock. 

In this way the region of turning will be filled up by an infinite number of 
Mach lines forming a "fan" of lines of disturbance which characterizes the 
centralized expansion wave. This centralized wave, known as Prandtl-Meyer's 
expansion fan, is determined by the straight Mach lines. The flow parameters 
are constant along each of these lines and therefore each line corresponds to 
a series of plain expansion wa7res. 

The problem of the motion of a gas about an obtuse angle, which is 
related to the formation of a centralized expansion wave, can be solved by 
the characteristics method. The point of intersection F of the stream line in a 
steady uniform flow (angle of inclination of the stream line at this point /3 =0) 
with the characteristics OD in a fixed plane corresponds to point F' on the 
epicycloidal characteristic in the hodograph plane of the same family. To be 
more precise, each of these characteristics can be referred, for example, to the 
characteristics of the first family. The equation of characteristics of this 
family in the hodograph plane will be P = o -t PI. Since p = 0 by the above 
condition we have P I  = -o,(M,), where the angle o, is found from (5.3.31) 
for a given Mach number M,. Hence the equation of characteristics will be 
P = o - ow, from which 

For a given small inclination of stream line P = A p  the corresponding 
angle can be taken as w = AD + o, and the Mach number M can be found out 
on the neighboring Mach line inclined to the new direction of the stream line 



at an angle /~=sitl-'(l/M). The Mach number on the plate OC having angle 
of inclination p= Boc=a, i.e. on the upper surface, is determined by 

woc = poc + o ~ .  (7.4.2) 

The value of local Mach number Mot obtained helps in determining the Mach 
angle ,uoc=sin-l(l/Moc). A graphic solution of the Prandtl-Meyer flow is 
shown in Fig. 7.4.2, b. The coordinate of the point G' of the intersection of the 
epicycloid with the line O'G' parallel to the plane OC determines the relative 
velocity AOC of a disturbed flow near plane OC. In a physical plane the point 
G of the intersection of the stream line with the characteristic OE corresponds 
to point G'. 

Fig. 7.4.2. System of flow-interaction of obtuse angle (Prandtl-Meyer flow): 

a-physical plane; b-hodograph plane; c-system of small-perturbation flow; 
I-expansion wave; 2-epicycloid. 

From the known Mach number Moc (LOC) the pressure on the upper side 
of the plate can be found out by applying formula (3.6.30) 

The corresponding value of the coefficient of pressure will be 

At hypersonic speeds (M,% 1) the analysis of the Prandtl-Meyer flow is 
simplified because in determining the function w we can use (5.3.41), which 
helps to determine local Mach number M directly. Replacing angles woe and 
o, in (7.4.2) by their values from (5.3.41), we get 



The corresponding pressure can be determined by formula (3.6.39). 
Let us study the Prandtl-Meyer flow arising at hypersonic speeds in the 

case of small angles of flow inclination Poc=a. At very high Mach numbers 
M, the bundle of Mach lines emerging from point 0 will be very narrow. 
With fair accuracy it can be assumed that these Mach lines condense to one 
line across which the flow turns suddenly and an expansion of flow takes 
place. Hence this line can apparently be regarded as the 'expansion shock' 
behind which speed (Mach number) increases and pressure decreases. The 
angle ,u,, of inclination of this line to the vector 7; is obtained if the analogy 
of a compression shock is followed and the calculation of this angle is carried 
out by formula (4.6.9) under the condition that the angle PC = POC = a in this 
formula is negative. Assuming that 0, = pb,, we find 

poc - - - 1 4 +J-+- E l -  221-6) 4 (1 -~5)~  K2' 
(7.4.5) 

where I DOC I = I a I is the absolute value of the angle of turn of flow (angle 
of attack) and the quantity K2=(M,j?~~)2. Applying the formula (4.6.1 1') for 
calculation of the coefficient of pressure, and taking into account the sign of 
angle POC = a, we get 

At low Mach number M, and small angles of attack Poc=a Prandtl- 
Meyer's small perturbation flow comes into the picture near the inclined 
surface. The expression for sonic speed is valid for such a flow. Now if the 
formula for the local Mach ?umber is found from (7.1.2): 

and if the value of a2 in this formula is introduced from (7.1.27, we get 

In accordance with this expression we can assume as a first approximation 
that MmM, in a small perturbation flow and hence the characteristic equa- 
tion in the physical plane will be dy/dx= tan(P + p,). As the angle of flow 
inclination p is small and P e p ,  we get dyldxm +tan p,. Consequently the 
characteristics themselves represent the Mach lines inclined to the x axis by 
the angles rt p,. For a Prandtl-Meyer flow we have the family of character- 
istics in the form of parallel lines inclined to the horizontal axis by an angle 
p, (see Fig. 7.4.2, c). 

The equations of characteristics for a plsne supersonic flow in the hodo- 
graph plane can be obtained from (5.3.21) and (5.3.22) in terms of finite 



differences: , 

(AV/V) T tan PAD = 0. 

For a small perturbation flow we may take 

AV= u, V= V-, AB =/I, tan ,u= tan ,x,=(MZ,- 

Hence 

u/v- = k I?/~'M% - 1. (7.4.8') 

Substituting the value of u in (6.1.5) from (7.4.8'), we get the coefficient of 
pressure, 

p= 72/?/6&- 1. (7.4.9) 

Since a suction flow is assumed for which j < O  and it is assumed that 
angle /3 is an absolute quantity the minus sign should be taken in formula 
(7.4.9). 

Accordingly the coefficient of pressure on the upper surface of the plate 
inclined at a small angle of attack B = a will be 

- - 
pu=poc U =  -2al.d~;- 1. (7.4.10) 

Let us examine the lower side of the flat plate. The flow-interaction of 
this side (see Fig. 7.4.1) is accompanied by the formation of shock OE 
emerging from a point on the leading edge and hence by the compression of 
flow. It is necessary to use the formula (4.3.25) to determine the angle of 
inclination of shock &OE, where MI = N1, and PC = a. From the value of BcoE 
obtained the Mach number Mz = Mocl on the lower side can be found from 
(4.3.19) or (4.3.19'). 

In determining the flow character in the region behind point C on the 
trailing edge the following~conclusions can be drawn: On the upper side of the 
plate the Mach number Mocu before the shock CD is higher than the Mach 
number M, before the shock OE appearing at the lower side of the leading 
edge. If we assume that the flow behind a point C does not deviate from the 
undisturbed flow direction (stream line CF is parallel to the velocity vector 
5?,) it is obvious that the losses in the shock on the upper side will be heavier 
and therefore McF~< Me=!. Then the pressure from the top of line CF seems 
to be more than that from below. 

Discontinuity in pressure on the boundary surface cannot be maintained 
in a gas flow although the velocities can remain different. Therefore in 
actual conditions the direction of the stream line CF differs from the direc- 
tion of an undisturbed velocity, i.e. downwash is formed behind the plate. 
From the physical conditions it must be clear that the line CF inclines toward 
the lower side. Meantime the flow behind shock CD turns by a small angle, 
which leads to reductions in pressure. 



Experiments show that the downwash angle is small and therefore it can 
be said with fair accuracy that the flow direction coincides with the direction 
of an undisturbed flow at a point C.  Accordingly the shock angle &CD on the 
upper side is determined by the formula (4.3.25) where MI =Mocu, Bc=a. 
The corresponding Mach number behind the shock Mz= M c ~ u  is determined 
from (4.3.19) or (4.3.19') for the given values of O,=&CD, MI =Mocu and 
PC = a. 

The Prandtl-Meyer flow with Mach number M ~ F ~ ,  which can be determin- 
ed with the help of formula wc~l=wocl+a, takes place below the line CF in 
the region behind the trailing edge. 

The pressure pu=pocu on the upper side of the plate is determined by 
formula (7.4.3) and the corresponding pressure on the lower side pl=pocl is 
obtained from the relation (4.3.1 5), where p2 =PI, PI =pw, 0, = &OE and 
P~<Pu<prn 

If the length of the plate is L and its width is equal to unity the force due 
to normal pressure acting on the plate is given by F=L (pr-p,). Hence the 
lift force is Y= F cas a and the drag force is X= F sin a. The correspond- 
ing values of the lift and drag coefficients will be c,= Y/q, L and cx= X/q,L 
respectively. Introducing the coefficients of pressure on the upper and lower 
sides in the form &, = (pu -p,)/q, and = (pl -p,)/q, respectively, we get 
the following expressions for the aerodynamic coefficients: 

cy=(Fl-&) cos a; 

The force X arising during the supersonic flow-interaction of the plate and 
induced by the formation of shock waves and plain waves of disturbances is 
known as wave drag and the corresponding quantity cx is called the coefficient 
of wave drag. This drag is not zero even in the case of an ideal (inviscid) fluid. 

The aerodynamic efficiency factor of plate K = cy/cx= cot a is obviously 
the function solely of the angle of attack. As a consequence of the uniform 
pressure distribution over the plate surface the center of pressure is situated 
at the middle. Hence the moment of pressure forces about an axis at the 
leading edge will be M, = F. L/2 and the corresponding coefficient of moment 
will be 

At hypersonic speeds the coefficient of pressure on the upper surface of the 
plate is approximately obtained from formula (7.4.6) and on the lower sur- 
face from formula (4.6.12). Taking this into account and assuming Pc=a in 
(4.6.12), we get the following expression for the difference in pressure 
coefficients (jI-j,), which is also known as the coefficient of pressure drop: 
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Hence 

Formulas (7.4.13) through (7.4.16) indicate the law of hypersonic similari- 
ty applicable to the flow-interaction of a thin plate. The basic content of this 
law is that the corresponding values of $a2, c,/a2 c,/a3 and mz/a2 for a flat 
plate will be one and the same for equal values of K=M,a but independent 
of the quantities M, and a. The parameter K = M,a is known as the criterion 
of hypersonic similarity. From formulas (7.4.13) through (7.4.16) it follows 
that the relations for the coefficients of pressure, lift and moment are quadra- 
tic. For the coefficient of drag it is the cubic function of the angle of attack a. 
In the limiting case at K+w: 

For a flat plate situated in a small-perturbation (linearized) flow the pres- 
sure coefficients are calculated by formula (7.4.9) in which p = a  is considered. 
The minus sign in this formula determines the pressure coeflicient on the 
upper side and the plus sign that on the lower side. Hence the difference bet- 
ween the pressure coefficients with respect to angle of attack is 

( ~ - j i J / a = 4 / * / ~ ~ -  1. (7.4.19) 

Substituting in formulas (7.4.1 1) and (7.4.12), we get 

c y / a = 4 / * / ~ k -  1; (7.4.20) 

In the given case the criterion of similarity happens to be the Mach number 
M,. The corresponding values of ;/a, c,,/a, c,/a2 and m,/a will be identical 
independent of the value of the angle of attack but keeping the value of M, 
constant. If the case of a small-perturbation flow at very high values of Mach 
numbers M, > 1 is taken formulas (7.4.19) and (7.4.22) can be expressed in 
the following way: 



In this way the criterion of hypersonic similarity K =  &a is valid even for a 
small-perturbation (linearized) flow with high Mach numbers. It is obvious 
that this kind of flow can occur only at very small angles of attack. 

5. Supersonic Flow Past Airfoil of Arbitrary Form 

5.1 Application of method of characteristics 
Let us study a supersonic flow past a sharp airfoil of arbitrary form (Fig. 

7.5.1). The upper and lower contours of the profile are given by the equations 
yu=fu (x) and y1=5 (x) respectively. Let us assume that the angle of attack 
is more than the angle Pou formed by the tangent to a profile contour on the 
upper side at a point 0 at the leading edge. The Prandtl-Meyer flow comes 
into the picture at this point. The flow assumes the form of an expansion fan 
emerging from point 0 as from the source of disturbances and follows the 
direction of the tangent to the contour at this point. Beyond point 0 the flow 
continues to expand along the contour. Consequently the flow past the air- 
foil can be considered as the successive summation of Prandtl-Meyer flows. 
As the flow turns at the points on the contour by an infinitesimally small 
angle separate Mach lines will emerge from these points in place of the fans 
of expansion lines (see Pig. 7.5.1). 

Fig. 7.5.1. Sharp-nosed profile in supersonic flow: 

I-expansion fan; 2-Mach line. 

The velocity at a point 0 is found with the help of formula (7.4.2), which 
can be written in the form 

where PO,, = t a r 1  (dyu/dx)o. The corresponding Mach number MO is obtained 
from Table 5.3.1 for the given value of oo. 

At a neighboring point C situated at a small distance from the edge the 



velocity of the gas is calculated as for a Prandtl-Meyer flow with the help of 
the formula 

Adding the left and right sides of equations (7.5.1) and (7.5.2), we get the 
relation 

where Qc= tanb1 (dyU/dx)c. Hence, in accordance with (7.5.3) we have for any 
arbitrary point N on the contour 

where angle Q~=tan- l  ( d y u l d ~ ) ~  is calculated taking into account its sign. 
For the front part of the contour the signs of angles will be positive and for 
the rear part negative. 

We assume that the flow at a point B, as in the case of the flow-interac- 
tion of a flat plate, approximately maintains the direction of an undisturbed 
flow. Moving now at a speed corresponding to M B ~  near the contour, the flow 
turns at point B and shock BE emerges therefrom. The angle of inclination 
B c ~ =  of the shock and the parameters behind it are worked out with the help 
of the corresponding formulas of the theory of shocks for the known values 
of angle of attack a, Mach number M B ~  and the contour angle at point B on 
the upper side. The parameters on the upper surface of an airfoil (pressure, 
velocity, etc.) are determined by the relations for an isentropic gas flow from 
the known value of the local Mach number. 

If the angle of attack is equal to the angle PO,, we have the limiting case of 
the Prandtl-Meyer flow at a point 0 for which the Mach number at this point 
Mor =M,. The formula (7.5.4) can be rewritten in the form 

Calculation of flow-interaction on the lower side of the profile (Fig. 7.5.2) 
begins with the determination of gas parameters at point 0 immediately 
behind the shock. For this purpose the angle of inclination of shock BCo is 
calculated on the basis of the values M I  =I% and PC =a + Pol. The Mach 
number Mol =Mz at a point 0 is found from (4.3.19) or (4.3.19'). This Mach 
number will be assumed to be constant in the infinitesimally small region 
around point 0 on the segment of the contour in the form of a straight 
element OD. The straight element OJ of the oblique shock corresponds to 
this segment OD. Its length is determined as the distance from point 0 to 
point J, which lies at the intersection of the shock and the characteristic of 
the first family emerging from point D. 

The flow behind the rectilinear shock will be irrotational. Therefore the 
part of the contour behind point D is in the isentropic flow. To determine the 
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velocity of thiskind of flow at apoint F we use equation (7.4.1) from which we 
find w==wD -(PD- PF), where CUD is the value of angle cu worked out by 
formula (5.3.31) for a value of M on the segment OD of a contour. The 
values of angles and pF are determined taking into account the sign (in 
the present case the angles JYD and /3p on the front part of the contour are 
negative). 

!4 I 

Fig. 7.5.2. Supersonic flow-interaction on lower surface of profile with 
formation of compression shock: 

I-straight portion of contour of body; 11-curved portion of contour of body; 
111-curvilinear part of compression shock; IV-linear part of compression shock. 

The flow around the contour segment DF can be considered as a Prandtl- 
Meyer flow. Therefore the line of disturbance F-1-3 emerges from point F 
as from the source of disturbance. It crosses the extension of a straight shock 
at point 3 and bends it. As a result the actual direction of the shock will be 
determined by the point of intersection 3' of the shock and the characteristic. 

The bending of the shock downstream will be governed by the interaction 
between it and the characteristics emerging from the points G, H, K, etc. The 
flow becomes rotational due to the shock bending. To calculate this it is 
necessary to apply the relations of a non-isentropic plane flow to the charac- 
teristics. 

The characteristic JH of the second family happens to be the boundary 
of this rotational flow. This characteristic will be gradually built up in the 
form of a broken line from the known values of Mach number M and angle 
p along the rectilinear characteristics of the second family emerging from 
points F, G, etc. on the contour. The velocity at point H on a contour lying 
at the same time on the characteristic JH is obtained from the expression 
w ~ = o D - ( ~ D -  pH). At point K, in the neighborhood of point H, the flow 
parameters are worked out from the equations of characteristics which take 
into account the rotational character of the flow behind a shock. To deter- 
mine the velocity at this point it is enough here to know the speed and 
its direction (angle P) at point 7, which is situated near point K on the 



element 7-K of ,the characteristic of the second family. To determine this 
velocity we have to work out the curvature of the shock behind point J o n  the 
segment J-3' and find out the parameters on the shock at point 3'. The 
following data can be used for this purpose: Mach number M = M I  = MF and 
angle P = j?p for the direction of flow at point 1 and the parameters M ~ = M J ,  

on the segment at point J. Applying the formula (5.4.46) and assum- 
ing that E = O ,  we get the following expressions for the change in angle B 
along the characteristic 1-3: 

where 

AS (S3 - Si )  cos (Pi + p i )  -= sin2 / C I  cos ,UI 

An (x3-xl) sin ,UI 
7 C1= 

cos (p l  + P I )  ' 

The derivative (dw/dj?)j is calculated from (5.4.39) for the values of the 
corresponding parameters at point I; the angles wl and c o ~  are obtained from 
(5.3.31) for the Mach numbers M at points 1 and Jrespectively. 

Point 3 in Fig. 7.5.2 lies at the point of intersection of a rectilinear shock 
and the characteristic 1-3. Consequently its coordinates are found from 
the simultaneous solution of the equations: 

~ 3 - ~ 1 = ( ~ 3 - ~ 1 )  tan(Pl+pl); 
y3 = x3 tan (Bco - a). 

(7.5.6) 

The intersection of the characteristic and the shock will be different (at 
point 3') because of the shock bending. The new angle of inclination 0cJ31 of 
the shock on the segment 5-3' is determined from the angle of flow inclina- 
tion behind the shock Pc=P3'=APl+P1 and the Mach number M3'. This 
M3' is calculated with the help of an expression w3'=Awl +col in which Awl 
is found from (5.4.38): 

Hence the equation of the element J-3' of a shock will be y,, - yJ = (x, - X I )  
tan (Bc~3,-a) .  As a result of the flow turning at point 3' the characteristic 
changes its direction on the segment 1-3'. The equation of characteristics on 
this segment will take the form y3,- Y I  = ( ~ 3 1  - - X I )  tan (P3' +p3,) .  Solving 
these two equations simultaneously7 we get the coordinates x3,, y3, for point 3'. 

Let us examine a point 5 situated at the intersection of the elements of 
characteristics 2-5 and 3'-5 of the first and second family respectively. The 
coordinates of this point ys and xs can be determined from the solution of the 
equations for the elements of the corresponding characteristics: 
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Y S  - ~ 2 =  (xs -xz) tan (Q2 + p2) ; (7.5.8) 
Y S  -y3# = (XS - X Y )  tan (831 - p ~ ) .  

The change in the flow-direction during transition from point 2 to point 5 
along the element 2-5 of the characteristic can be obtained from equation 
(5.4.22) with e =O: 

where AD2 = /3s - p2;  Ax3' = xs = x31; 

AS -- (S31- Q) cos (& + ~ 2 )  cos (P3* - ~ 3 . 1  is the entropy gradient in which 
An - f+e 

f = (xs - x2) sin p3# cos ( 82  + p2); 
e=  ( X S  - x y )  sin p2 cos (/I3' -,us'). 

The values of c2 and t3' are determined by (5.4.15). The Mach number M at 
a point 5 is found from (5.4.23) for the given AP2. Similarly the velocity at a 
point 6, lying at the intersection of the elements of characteristics H-6 
and 5-6 of the first and second family respectively, is determined for the 
known values of the gas parameters at point 5 and point H on the wall. 
Here the coordinates XH, y~ of point H are obtained from the solution 
of the contour equation Y H = ~ H  ( X H )  and the equation yH-y2=(xH-x2)  
x tan (p2 - p2) for the element 2-6 of a characteristic. 

Let us take an arbitrary point 7 with coordinates y7, x7 on the element H-6 
of a characteristic. The flow parameters at this point are determined bjr the 
interpolation process. For example, angle P7 = P 6  - ( P 6  - P H ) ( ~  - 7)/(6  - H). 
Similarly the Mach number M7 and the corresponding Mach angle p7 can be 
found. Point 7 has been selected in such a way that the element 7-K of a 
characteristic drawn from this point at an angle j17 - p7 intersects the contour 
at point K lying at a small distance from point H. The coordinates of this 
point y ~ ,  XK are obtained from the solution of the equations yK-Y7 = (XK-x7)  
x tan (/37 - p7) and y~ = ~ H ( X K )  for the element of a characteristic and for a 
contour respectively. As the flow at point K is rotational the calculation of 
velocity at this point should be carried out with the help of (5.4.27). Assuming 
E = 0 in this equation, we get 

where A07 = 0~ - 0 7 ;  AP7 = fig - P7 and the angle P K =  t a n - ' ( d ~ ~ / d x ) ~ .  The 
parameter t7 is determined from (5.4.28) for the given values of p7 and P7 
and the entropy gradient is calculated by formula (5.4.29): 

A s  (s7 - SK) COs (P7 - p7) -- 
An - . (XK-x7) sin p7 ' 



The entropy Sg at point K is found by calculation of its value at a point 0 
immediately behind the shock. The entropy ST at a point 7 is calculated by 
interpolation from its values at points H and 6.  

Similarly the velocity field in the region between the characteristic DJ, the 
contour of profile and the curved shock 5-3'4' is determined by means of 
successive solution of each of the three problems examined in Chapter 5 Sec- 
tion 4. The form of this shock is determined step by step as a broken line and 
the given region of flow is filled up with a network of characteristics. At the 
nodal points of the net of characteristics pressure can be determined by using 
formula (3.6.28) for a given Mach number. In this formula stagnation pres- 
sure po=p; is calculated by interpolation from formula (5.4.19). The 
pressure at the points on a contour is found for the corresponding Mach 
numbers and the stagnation pressure po=p; calculated from (4.3.22) for 
angle 8,o and a given Mach number M,. Similarly we can determine the velo- 
city, density and pressure at points on the lower side of a contour including 
point B at the leading edge. 

The flow calculation on the lower side of the airfoil is simplified in that 
case when the characteristic of a second family from point J does not intersect 
the contour, so that the flow can be considered isentropic (Fig. 7.5.3). For 
calculation of the Mach number at an arbitrary point L on a contour we use 
equation (7.5.1): 

Here angle PLis determined by the formulaP~= tan-'(dy~/dx)~, taking the sign 
into account: it will be negative over the front part of a contour and positive 
near the leading edge; the angle will be negative. The form of a shock is 
determined by the angle Bc of its inclination at points 3' and 4'. These points 
are situated at the intersection of the shock and the rectilinear characteristics 
from points F, G. The shock angle 0, at point 3' is approximately determined 
from (4.3.25) for given values of P3' = PF and M,. Similarly we can find the 
angle of inclination of the shock at a point 4'. 

Fig. 7.5.3. Supersonic isentropic flow-interaction 
of curvilinear sharp profile: 

1-contour of body in flow; 2-characteristic of second family. 



,The calculation of flow-interaction at the angles of attack a 2 pol has been 
examined for the case where there exists a suction flow all over the upper side 
of an airfoil. If this condition is not satisfied (a< Pol) the gas flow will be 
compressed over the upper contour near the leading edge and the shock will 
be formed there. Hence the calculation of this kind of flow-interaction 
should be carried out in the same way as on the lower surface. 

5.2 Hypersonic flow over thin profile 
If a thin profile with sharp edges (see Fig. 7.5.1) is placed in a hypersonic 

flow at such small angles of attack that the local Mach numbers at all points 
of its upper and lower surfaces considerably exceed unity and if in addition 
the conditions of isentropic flow are maintained on the lower contour (see 
Fig. 7.5.3) the simplified relations of characteristics can be applied for the 
calculation of perturbation velocity. 

If angle of attack a Po,, then to calculate Mach number M at any arbi- 
trary point N on the upper contour it is necessary to use, in accordance with 
(7.4.4), the formula 

As there exists a suction flow all over the upper contour the Mach number 
MN > M,. 

The flow-interaction on the lower surface is accompanied by the forma- 
tion of a shock and hence by the compression of the gas flow. The coefficient 
of pressure at a point 0 immediately behind the shock is calculated with the 
help of formula (4.6.12) in the following way: 

where K = M, (a - Pol) and the angle POI is taken with the minus sign. From 
the formula $=2eco (a-Po,) it is possible to calculate the angle of shock 
inclination Bco and then the Mach number at point 0 can be found for the 
given value of K, = M,Oco by using formula (4.6.16): 

The flow behind point 0 will be a suction flow, so to determine the velocity 
at an arbitrary point L we can use the relation 

An approximate calculation of the hypersonic flow-interaction of a thin 
profile can be carried out with the help of the method of a local plate. Ac- 
cording to this method the flow at any arbitrary point on a contour is worked 
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out from the corresponding formulas for a flat plate with the assumption 
that a plate is placed in a flow with a Mach number M, at an angle of attack 
equal to the angle between the velocity vector vb, Qnd the tangent to a contour 
at the point in question. In this way the coefficient of pressure at some point 
N on the upper side of the contour will be, according to (7.4.6): 

where KN = M, (a - PN). 
Using (7.5.13) we get the relation 

for the arbitrary point L on the lower surface of the airfoil. Here 

In formula (7.5.16) the angle BN has a plus sign for the front part of the 
contour and a minus sign near the trailing edge. In formula (7.5.17) the angle 
/IL has a minus sign near the leading edge and a plus sign near the trailing 
edge. 

In the limit of K+oo : - 
PN = 0; (7.5.18) 

TL= 2(a - P L ) ~ / ( ~  - d). (7.5.19) 

At zero angle of attack formulas (7.5.16), (7.5.17) and (7.5.19) take the fol- 
lowing form: 

In formulas (7.5.16') and (7.5.17') the quantities KN= MooP~,  KL= Moop~. 

5.3 Thin profile in small perturbation flow 
In this case we are considering the flow-interaction of a thin airfoil at 

small angles of attack. This kind of flow-interaction is characterized by the 
property that shocks of finite strength are absent and the characteristics on 
the upper and lower sides are straight lines with an angle of inclination 
,UW = sin-l(1 /Moo). 

We use equation (7.4.9) to determine the pressure coefficient on this pro- 
file. If an angle of attack a>,80u the pressure coefficient at any arbitrary 
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point N on the upper side according to (7.4.9), will be 
- 
PNF= - 2 (a - @,)I JM", - 1 Y (7.5.20) 

and at some point L on the lower side it will be 
- 
P L = 2 ( a - 8 ~ / d ~ ~ - l .  (7.5.21) 

For zero angle of attack we have - 
= 2pN/ J M ~  - 1; (7.5.20') 

PL= -2pL/4M2- 1. (7.5.21') 

5.4 Aerodynamic coefficients 
Formulas (1.3.2) and (1.3.3) can be used to determine aerodynamic pres- 

sure forces by transferring them to the fixed axes x, y (see Fig. 7.5.1). Formula 
(1.3.2) gives the axial force R for the airfoil and formula (1.3.3) the normal 
force h? 

I - dS 
R=q,So ~ ~ o s ( P ~ x ) - - .  

(S)  
So' 

Taking SO = be 1 as a characteristic area and recalling that dS = dl. 1 (b is the 
chord of the profile, dl is the element of a contour), we get the following 
expressions for aerodynamic coefficients: 

A 

CR = Rlqoo S o  = # p  cos (P~x) dl; 
A 

CN = N/qw s o  = cos (pny) df, 

where df=dl/b and the integrals 
are worked out along the contour 
of an airfoil. 

CC Let us introduce the substitu- 
x tion 

A A 

di= dilsin (Ex), dicos (P,y) = d% 

Fig. 7.5.4. Aerodynamic forces for protile in where dx-=dx/b. Now, coming to 
fixed and velocity systems of coordinates, the usual integrals from the cur- 

vilinear integrals, we get: 



where and i,, are the pressure coefficients on the upper and lower sides of 
the profile respectively. 

Applying the formula for trans- 
formation [see formula (1.2.3) and 
Table 1.2.11, we get aerodynamic 
coefficients in the velocity system of 
coordinates (Fig. 7.5.4): 

cx=cR cos a + c ~  sin a ; 
c,=cN cos a - C R  sin a. 

] (7.5.24) 

Fig. 7.5.5. Scheme for determination BY analogy with (1.3.6) we get the of moment of forces for profile. 
formula for the coefficient of moment 
past the leading edge of the profile due to pressure forces (Fig. 7.5.5): 

Mz m,= - =- I ( 1 . d ~ - j y d ~ )  , 

4,  Sob q, Sob 

where y= y/b. 
We will determine the pressure coefficient of the profile under the condi- 

tion that the center of pressure lies on the profile chord. If its coordinate is 
xc.p, 

1 1 

~($-P.)z~F+I  [ ~ r n ( $ ) ~ - ? ~ ? ~ ( g ) J d ;  
Xc., 0 c q = =  0 
b . (7.5.26) 

f ( 5 - & )  d ~  
0 

As an example let us find the relations of the aerodynamic coefficients for 
a wedge-shaped airfoil (Fig. 7.5.6). Recalling that (dyldx)~ = tan PI for the 



lower contour and (dy/dx),= tan Pu for the upper contour and assuming that 
the pressure coefficients $ and $ are 
constant, we get from (7.5.22) and 

CR= -mtan/?r+&tanjlu; (7.5.27) - - 
CN=PI-~U. (7.5.28) 

Fig. 7.5.6. Wedge-shaped profile. Here angle 81 in (7.5.27) 
should be considered as negative. 

The coefficient of moment can be found from (7.5.25): 

At zero angle of attack the coefficients cR and CN determine respectively the 
coefficient of drag cx = CR and the coefficient of lift c, = CN. Two possible cases 
must be taken into account in calculating these coefficients. In the first case 
the angle of attack a >Bu and so there arises a Prandtl-Meyer expansion flow 
on the upper side: hence &< 0. On the lower side of the airfoil we find the 
compression of flow (c>O), which is analyzed by the theory of shock waves 
for angle of inclination =a + jar]. 

The relations for calculation of the aerodynamic coefficients can be written 
in the form: 

c,p=&ltan PI/ - I hl tan ; (7.5.30) 
- - 

CN =pr + I pul ; (7.5.31) 

For a symmetrical wedge we have tan BU= ltan in these formulas. If - 
the angle of attack a = Bu, pu = 0. 

For small wedge angles tan PEP; then 

For a hypersonic flow over a thin wedge formulas (7.4.6) and (4.6.12) can 
be used to calculate the pressure coefficients. The pressure coefficient on the 
lower side, using (4.6.12), will be 

and on the upper side its absolute value can be found with the help of (7.4.6): 



where 

K I = M = ( ~ + ( B I  I ) ;  Ku=M,(a-Pu) .  

Substituting the values of 6 and ~ & l  from (7.5.33) and (7.5.34) in (7.5.301), 
(7.5.31) and (7.5.32'), we get the coeficient of axial and normal pressure forces 
and also the coefficient of moment due to pressure forces. 

If a thin wedge is placed in a flow not having high velocity the pressure 
coefficient is determined by formula (7.4.9), according to which 

Substituting the values of& and pu from (7.5.35) and (7.5.36) in (7.5.30'), 
(7.5.31) and (7.5.32'), we get the coefficients of axial and normal forces and 
also the coefficient of moment due to pressure forces. 

Let us examine the second case of flow-interaction with a <  Du. Now the 
compression of flow will be observed on the lower as well as on the upper 
side of the airfoil; consequently 6 >0 and & >O. To determine the coefi- 
cients CR, CN and mz we have to apply formulas (7.5.27) through (7.5.29). 
For the arbitrary values of 81 and /la the pressure coefficients& and 6 will 
be obtained from the theory of shocks for angles of inclination / lc=a+ 1/111 
and PC = Pu - a respectively. 

At hypersonic speeds the pressure coefficient on the lower side is calculat- 
ed by the formula (7.5.33). On the upper side it will be found from the similar 
relation 

where Ku = M,(P, - a). 
At low supersonic speeds formula (7.5.35) can be used. In place of 

(7.5.36) we can apply the relation 
- 
pu=2 ( B ~ - ~ ) / ( M " , -  1 .  (7.5.38) 

For a symmetrical airfoil (IPII = P u )  and at zero angle of attack these 
formulas are simplified. At hypersonic speeds this case gives 

where P =  PI^= /lu, K =M&. 
According to the relations (7.5.27) through (7.5.29), 



Fdr low supersonic speeds 

and hence 

Zhukovskii's formula: We have seen from Chapter 6 Section 3 that the lift 
force acting on a profile in an incompressible flow is determined by Zhukov- 
skii's formula (6.3.22). Experiments showed that this formula could be ex- 
tended to the case of the flow-interaction of thin airfoils in a low-perturbation 
(linearized) gas flow with high speed. Let us examine this for the case of a flat 
plate at a low angle of attack in a supersonic €tow. If the velocity of a dis- 
turbed flow over the upper side of a plate is equal to V, +u and on the lower 
side V, - u the circulation about the contour surrounding this plate will be 

According to (6.1.5) the additional velocity 

u=1~,$21, 

and hence 

Using formula (7.5.31) in which it is assumed that 

we get the expression 

which represents by itself Zhukovskii's well-known formula. 

6. Swept Wing of Infinite Span 

As an example of the application of aerodynamic characteristics of an 
airfoil we will take up the analysis of the flow-interaction of a swept wing of 
infinite span in an inviscid gas flow. The scheme of this system is shown in 
Fig. 7.6.1. If IC is an angle of sweep this flow-interaction is characterized by 
the velocity component V,,=V, cos IC normal to the leading edge. Here it 
is assumed that the other velocity component V,, = V, sin IC, parallel to this 
edge, does not call for any change in pressure distribution. Consequently the 
velocity field in each plane perpendicular to the leading edge will remain one 



and the same. This indicates that the coefficients of pressure, lift and drag 
acting on a swept wing of infinite span could be determined from the values 
of these coefficients corresponding to the wing section (airfoil) in the plane 
perpendicular to its leading edge. The velocity and Mach number on the basis 
of which these coefficients are calculated will be V,, = V, cos K and M,, = 
M, cos K respectively. 

Let us assume that in an undisturbed flow with supersonic speed (V, > 
a,, M, > 1) the sweep angle satisfies an inequality K > n/2 - p,, according to 
which cos K < sin p, and hence V,, < a, = 

V, sin p,, i.e. the velocity component nor- 
mal to the leading edge will be subsonic. So 
the flow-interaction of the section of a swept M, * ?, 

wing in its very nature will be subsonic. In 
this case the swept edge is known as a 
subsonic edge. 

At increased velocities the normal compo- 

v- B 
nent may exceed sonic speed (V,, >a, = 

V, sin p,) so that we have K < n/2 - p, and 
cos u > sin p,. In that case the flow-interac- 
tion of the swept wing profile will be super- 
sonic. Then the leading edge will be called a 
supersonic edge. 

Let us study the calculation of the super- Fig. 7.6.1. Swept wing of infinite 
span in supersonic flow: 

sonic flow-interaction of a swept wing for 
both these cases. I-Mach line for subsonic edge; 

2-Mach line for supersonic 
Supersonic leading edge: The flow-interac- edge. 

tion of this wing can be worked out by the 
formulas derived for a flat plate of infinite span under the condition that 
the undisturbed flow velocity is V,,= V ,  cos u >a, and the corresponding 
Mach number is M,, =M, cos u > 1. The angle of attack of a flat plate 
a! is connected with the given angle of attack of a swept wing by the obvious 
relation sin ar=sin alcos K. At small angles of attack it will be al= alcos K. 

Using formula (7.4.9) and replacing B and M, in it by ar=a/cos K and 
Mn, =Moo cos K respectively, we get a relation for the pressure coefficient on 
a swept wing: 

In this formula pressure coefficient 6 is taken with respect to the velocity 
head q,=(1/2) kp,~:,. To obtain the value of pressure coefficient 5 with 
respect to the velocity head of an undisturbed flow q,= (112) k p , ~ L  we have - - 
to use the formula p=p, cos2 K, according to which 

p= + 2a cos K / ~ M " ,  cosZ K - 1. (7.6.1) 
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In (7.6.1) the plus sign determines the pressure coefficient on the lower side of 
the wing and the minus sign that on the upper side. 

The coefficients of lift and wave drag can be found from the expressions 
(7.4.1 1). Considering small angles of attack, we get 

c, =4a cos I C / ~ M L C O S ~  IC- 1, (7.6.2) 

cx = 4a2 cos I C / ~ M ~  cos2 IC - 1. (7.6.3) 

By substituting the value of 1c=0 for unswept wings in (7.6.2) and (7.6.3) 
it can be seen that the sweep increases wave drag coefficient c,. At the same 
time the lift coefficient c, also increases. They are connected by the relation 
c, =c,/a. It will be shown in Chapter 8 that the results relating to an infinite 
aspect-ratio wing with sweep can be used for calculation of the flow-inter- 
action of the parts of finite swept wings having supersonic leading edges. 

Subsonic leading edge: In this case the flow-interaction of the wing sec- 
tions, corresponding to the motion of a rectangular wing with Mach number 
Mn,< 1, must be examined with the help of the subsonic or transonic theory 
of profile. The drag will be determined by the laws of subsonic flows and the 
wave drag may arise only during supercritical flow past the wing (M,,> 
M,,S, in which case shocks appear on the wing surface. If Mn,< Mmcr 
shocks and wave drag do not arise. This discussion is related to a wing of 
infinite span. Wave losses are always present for finite wings because the 
velocity component V ,  sin IC has an effect on the wingtips. As a result the 
supersonic properties of a flow come into the picture and wave drag appears. 

For the study of this drag it is 
necessary to apply the three- 
dimensional theory of super- 
sonic flow-interaction. 

Suction force: As shown 
in Chapter 6 Section 3, a 
suction force arises at the 
leading edge of an airfoil in 
an incompressible fluid flow. 
A similar effect appears in 
the case of a subsonic flow of 
compressible gas over an air- 
foil. Here the sweep of the 
wing's leading edge will have 
an effect on the value of this 
suction force. 

For calculation of this 
Fig. 7.6.2. Suction force of swept wing. force we apply the expres- 

sion (6.3.25) which can be 



WING PROHLE IN A COMPRESSIBLE GAS FLOW 275 

extended, with the help of the appropriate transformations, to the more 
general case of the flow-interaction of a wing with a swept leading edge (Fig. 
7.6.2). Let us study this transformation. The velocity component of an un- 
disturbed inviscid flow, tangential to the leading edge of a swept wing, does 
not change the field of perturbation velocities. It remains the same as for a 
rectangular wing in a fluid flow with velocity V,,,=V, cos K. The forces 
acting on the wing also remain unchanged. 

As a result of this a suction force 

will act on an element dzo of the wing with a straight leading edge (in the 
system of coordinates zo, xo) where, in accordance with (6.3.28'), 

From Fig. (7.6.2) it follows that 

 TO = dT/cos IC, ~ Z O  = ~ Z / C O S  IC, uo =U/COS K ; 

xo - XL.E.O = (X - XL.E) cos I<. 

Substituting these values in (7.6.4), we get 

d ~ / d z = n ~ c ' d l +  tan2 IC , (7.6.5) 

where 
c2= lim [u~(x-x~ .~) ] .  

X+X L.E 
Expressions (7.6.5) and (7.6.6) can be generalized for the case of com- 

pressible flows. For this purpose see Chapter 8 Section 2 and use the relation 
(8.2.4) connecting the geometrical characteristics of wings in compressible 
and incompressible flows. From these relations it follows that all linear di- 
mensions along the x axis for a wing in a compressible flow are reduced by 
d l  -M& times compared to those in an incompressible flow; at the same 
time the wing thickness and the spanwise dimensions remain unchanged. 
Therefore 

where index "in" shows the dimensions of a wing in an incompressible flow. 
From (8.2.4) it follows that 



and, therefore the pressure coefficients in compressible and incompressible 
flows are related by 

- - 
p=pin/ 41 -M:. (7.6.9) 

Suction force T, by its physical nature, happens to be a force dependent 
on the action of normal pressure. It is determined from the condition TwaY 
at small angles of attack. The corresponding coefficient of suction drag will 
be given by ex,= T/(q,So) = ac,. As the wing dimensions along the y axis do 
not change as between compressible and incompressible flows the angles of 
attack for the two kinds of flow also remain unchanged, i.e. a=ain. Hence 

or, according to (7.1.14), 

CxT=CxTin/  -"k. (7.6.10) 

Keeping in view the relations obtained, the following expressions can be 
written for the airfoil of a swept wing: 

2 2 p, V ,  CxTin pWV, 
CXT 2 bdz= - .- 2 bin J l  - M2, dzin 41-M: 

But since dz= dzi, we have 

dT/dz = dTin/d~in. 

The right side of equation (7.6.11), dealing with an incompressible flow, is 
determined by formulas (7.6.5) and (7.6.6): 

dTinId~in==~w cinJ1 + tan2 Kin, 

where 

c& = lim [uin (xi, - x ~ . ~ . ~ ~ ) ] .  
X .  +X in L.E.in 

The changes based on the relations (7.6.11), (7.6.7) and (7.6.8) result in 

Hence 
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where 
c2 = lim [u2 (X - XL.E)]. 

x-X L.E 

7. Airfoil in Supersonic Gas Flow with Variable Heat Coefficients 

Let us consider the analysis of a flow-interaction process for a wing pro- 
file in a high-temperature supersonic flow of gas in which the variation of 
specific heats can be defined by balanced dissociation. We assume that the flow 
is potential about the curvilinear surface of the profile and that it represents 
by itself a suction flow described by equation (5.3.27) for the calculation of an 
angle o of turn of flow from the initial value of Mach number M equal to 
unity. The integral on the right side of this equation can be determined be- 
forehand by giving a series of values of enthalpy il < io for selected fixed values 
of stagnation enthalpy io and entropy S. 

The calculations are carried out in the following way: The corresponding 
values of velocity should be worked out from the formula Vi= d2(i0- il) and 
the sonic speed ai could be worked out for the given values of ii and S from 
the table or graph of thermodynamic functions. Now from the values of ai 
and Vi obtained above it is possible to calculate pi= sin-' (ai/Vi) and cot pi = 

d~f-1. Among the values of Vi and ai we find certain values that happen 
to be the critical ones (Vi =ai =a*). The value of a* so obtained is the lower 
limit of the integral (5.3.27). The upper limit is any arbitrary quantity select- 
ed from the condition of Vi >a*. From the results of the numerical solution 
of this integral tables are composed [13] containing the data for the values of 
entropy S from lo4 to 1.9 x 104 m2/sec2. degree at an interval of A S  = 103 m2/ 
sec2. degree and the maximum values of stagnation enthalpy io to 4 x 107 m2/ 
sec2 at an interval of Aio= lo6 m2/sec2. These are selected as the fixed para- 
meters. The corresponding values of velocity V in m/sec, sonic speed a in m/ 
sec, Mach number M and turning angle coo are given in the tables for each 
pair of values of io and S depending on the selected values of enthalpy i 
with an interval of Ai=  lo5 m2/sec2. 

With the help of these tables the problem of a dissociating gas flow around 
a sharp-edged airfoil of curvilinear form under given conditions of undis- 
turbed flow (V,, i,, S,, a) is solved in the following way: 

To determine the velocity on the upper side of the airfoil (see Fig. 7.5.1) 
with suction flow all over we must use formula (7.5.4). The value of ow in 
(7.5.4) is found from the table [13] for the given values of enthalpy io=i,+ 
0.5V; and entropy S,= S (p , ,  T,). After selecting an arbitrary point N at 
which the inclination of the surface to the vector is determined by an 
angle (a- j?), the angle o~ can be determined by (7.5.4) and then velocity VN 
and the corresponding Mach number MN can be found from the same tables 
[13] for given io and S. 



The calculation of flow-idteraction with formation of shock on the lower 
side can be carried out in the following way: First we work out the parameters 
of a dissociating gas behind the shock near the leading edge point 0 (velocity 
Val, pressure pol, temperature To/, enthalpy iol, entropy SI). Then io = iol f 
0.5 VZ0l is found from the values of iol and Vol and the angle wol is determined 
from the tables [13] for given values of io and S.  

The flow behind the shock will be rotational (non-isentropic) and the cal- 
culation of its parameters should, strictly speaking, be performed taking 
this peculiarity into account. But this of course makes the analysis compli- 
cated. However, the simpler method based on the application of formula 
(7.5.4) for an isentropic flow appears to be useful for evaluation of these 
parameters. For a given point L on the contour this formula will be written 
in the form 

OL=UOI - (POI - PL), 
where POI, PL are the angles of inclination of tangents at point 0 on the lead- 
ing edge and point L respectively. The velocity VL and Mach number ML are 
found on the basis of the value of w~ obtained from tables [13] for given 
values of io and S. The pressure, density and temperature at point L are deter- 
mined from the i-S diagram or from the appropriate tables in the form of 
the functions p(i,, S), p(iL, S), T(iL, S )  for iL = io - 0.5 v:. 

It is obvious that the calculation of the parameters of a dissociating gas 
over a flat plate is simplified. Let us consider the upper side of it. From the 
known values of V,, p,, T, we determine i,(p,, T,) and S(p,, T,) and also 
the stagnation enthalpy io= i,+O.5 VL. Next we find w, from tables [13] 
for given values of io and S and then work out ooc=o, +a. The remaining 
parameters will be determined from the same table for this value of wo,. The 
calculation of flow-interaction on the lower side is related to the calculation 
of the dissociating gas parameters behind an oblique shock for a given angle 
of inclination of the plate and the known parameters of an'undisturbed flow 
(see Chapter 4 Sections 7 and 8). Here it is assumed that the parameters 
obtained for the conditions immediately behind the shock will be the flow 
parameters on the lower side of the plate. 



A WING IN  A SUPERSONIC FLOW 

1. Linearized Theory of Finite Wing in Supersonic Flow 

1.1 Linearization of equation for a potential function 
Let us consider a thin, small cambered wing of arbitrary plan and finite 

span in a supersonic flow at a small angle of attack. The disturbances creat- 
ed in the flow by such a wing will be small. The linearized theory used to 
study a small-perturbation flow around a thin airfoil (see Chapter 6 Section 
2) can be applied to the flow-interaction problem of this kind of wing. The 
velocity conditions for such flows were given in the form of (6.1.1). If a 
linearized three-dimensional gas flow is considered these conditions must be 
completed by adding the terms for the velocity component along the z axis. 
Accordingly the following relations will be valid for a linearized three-dimen- 
sional flow with small disturbances: 

where u, v, w are components of the perturbation velocity along the x, y, z 
axes respectively. By virtue of the property of a linearized flow we have 

ugV,, vgV,, wgV,. (8.1.2) 

These conditions help to linearize the equation of motion and equation of 
continuity and simplify the solution of the flow-interaction problem of a thin 
wing in a steady inviscid fluid flow. The equations of motion of this kind of 
flow in their general form are obtained from the system (3.1.17), where 
p = o, a v,/at = a vy/at = a v,/at = o: 
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'The continuity equation is assumed in the form of (2.4.4). Expanding the 
partial derivatives, we get 

As shown in Chapter 5 Section 1, the equation of motion and the conti- 
nuity equation can be combined into one equation relating the velocity com- 
ponents. Performing the transformations as in Chapter 5 Section 1, we get 
this equation in the following form: 

Keeping in view the relation (2.3.2) for the potential function and the 
equality condition of partial cross derivatives (a2p/a.@y= a2p/ayax, etc.), the 
equation of velocity potential from (8.1.5) will be as follows: 

These equations (8.1.5) and (8.1.6) are the basic differential equations of gas 
dynamics for three-dimensional steady gas flows. The first corresponds to the 
more general case of rotational (not potential) gas motion and the second is 
used only for the study of irrotational (potential) flows. 

As the flow around thin wings at small angles of attack is potential the 
equation of velocity potential (8.1.6) can be applied to the study of this flow- 
interaction. To linearize equation (8.1.6), which is a nonlinear differential 
equation, we introduce into it the expression for sonic velocity (7.1.2') and 
the quantities 

p=pm+pf. 

Analyzing the equation so obtained from the viewpoint of the order of 
smallness of the terms, as we did in Chapter 6 Section 2 for a small-pertur- 
bation plane gas flow: we get the linearized equation for the velocity potential 
of three-dimensional perturbation components in the following way: 



1.2 Boundary conditions 
Study of the flow-interaction of a thin wing of finite aspect ratio leads to 

the solution of the linearized equation (8.1.7) in terms of second-order partial 
derivatives of the velocity potential p' for given boundary conditions. Let us 
examine these boundary conditions. 

1. The wing in a linearized flow (Fig. 8.1.1) induces disturbances which 
are concentrated in the region of waves. This region is bounded by the sur- 
face representing the Mach cones with their apexes at the points on thelead- 
ing edge with the angle ,u,=sin-I (l/Mw). The boundary condition to be 
satisfied by the solution of equation (8.1.7) for function q' can be written as 

By this condition the perturbation velocities are equal to zero on the surface 
of the wave (denoted by C )  or outside this surface. 

'right 

Fig. 8.1.1. Thin wing in linearized flow. 

2. The solution for an additional potential q' must satisfy the boundary 
condition of an unseparated flow over wing surface S so that the normal 
component of velocity at  every point on the wing is equal to zero, i.e. 

a~ A a~ A 
( v ~ , = ( ~ ) ~ = ~  cos (nx) +- cos (ny) a~ 

a~ * + - cos (nz) = 0. 
a2 

Here 

The directional cosines of the external normal to the surface are found 
from the formulas af analytical geometry: 



cos (nx) = - A  (aflax), cos (nj) = A, 
A (8.1.10) 

cos )nz) = - A (aflaz), 
where 

and the function f is determined by the nature of the wing surface [function 
y= f, (x, z) for an upper surface, function y=fr (x, z) for a lower surface]. 

The linearized (small-perturbation) character of the flow is realized under 
the condition that the wing is thin and hence af/ax< 1, aflaz< 1. According- 

A A A 
ly cos (nx) = - aflax, cos (ny) = 1, cos (nz) = - aflaz. During the flow-interac- 
tion of a thin wing the following conditions are also fulfilled: 

Taking this into account, equation (8.1.9) can be written in the form 

from which the boundary condition will be 

3. The flow-interaction may be accompanied by the appearance of a lift 
force whose resultant value is obtained by integrating the values of the ele- 
mental lift force [for wing elements having width dz and lengths equal to the 
chords b (z) (see Fig. 8.1. I)]. According to the expression (6.1.8) the coefficient 
of lift for an elemental surface, assuming circulation T(z) at the section z 
equal to 

will be 

Hence the circulation at a given section is 

From the correlating equation (8.1.13) (see Chapter 6 Section 4) it is clear 
that the circulation changes as we move to a neighboring section with a 
different lift coefficient. This variation is given by 

d r  (z) = (drldz) dz = 0.5 V, (dldz) (cryb) dz. (8.1.14) 



According to the vortex model of a wing discussed in Chapter 6 Section 4 
the elementary bound vortex of the section in question must pass through the 
contour surrounding the neighboring section. This vortex undergoes a turn 
and leaves the trailing edges in the form of a pair of elementary free vortices 
forming a vortex sheet behind the wing (see Fig. 8.1.1). In the case of a thin 
wing at a low angle of attack the width of this sheet may be taken as the wing- 
span and the free vortices may be directed along the direction of the undis- 
turbed flow. 

The following boundary conditions on a vortex sheet may be established 
from the physical considerations. The normal velocity component of a parti- 
cle vn= apr/an must remain continuous on it. Since the direction of the nor- 
mal over the vortex sheet differs negligibly from the direction of axis Oy the 
derivative av'lan can be replaced by the quantity aq'lay. Consequently the 
condition may be written as 

(apl/a~)y=+o = (a~f /a~)y=-oy  (8.1.15) 

where the left side corresponds to velocity V, immediately above the vortex 
sheet (y= +O) and the right side to that below it (y= -0). The condition 
(8.1.15) represents continuity of the function apf/ay across the vortex sheet. 

In addition the dynamic condition of continuity of pressure must be satis- 
fied on the vortex sheet. From (6.1.5) we get the relation 

( ~ P ~ I ~ X ) ~ = + O  = (ap t~a~) ,=-~ ,  (8.1.16) 

indicating the continuity of the derivative apr/ax during transition through 
the vortex sheet. 

Let us examine the flow-interaction of a wing of symmetrical profile 
(jVu = - yr) at zero angle of attack. In this case there is no lift force and hence 
no vortex sheet. The vertical components of velocity on the upper and lower 
sides are equal in magnitude and opposite in sign due to the symmetry of the 
wing, i.e. v (x, + y, z) = - v (x, - y, z). The component v = O  in the plane xOz 
outside the wing. Hence 

a p ~ ~ a ~  = 0. (8.1.17) 

Next let us assume that a wing of zero thickness and the same plan given 
by the strrface equation y=f  (x, z) is placed in the flow at  a small angle of 
attack. It follows from (8.1.12) that the vertical components of velocity 
V, =&'lay on the upper and lower sides of the wing at the corresponding 
points are equal. In view of the rather small angle of attack the above condi- 
tion can be used for the plane y=O. At the same time this condition can be 
extended to the vortex sheet behind the wing, which is treated as an extension 
of the vortices in the plane Y = 0. Therefore the components of velocity V ,  at 
the points situated symmetrically about this plane are equal, i.e. 

ay1 (xY -YY z)iay = avr/(x, +Y, z)/ay. 



Consequently the additional potential p' is an odd function of coordinate j~, 

i.e. 

Therefore, the derivative apf/ax on the lower side of the vortex sheet is equal 
to the value of -apl/ax on the upper side. However, the equality of the deri- 
vatives ap'/ax was established from the condition of continuity of pressure. 
The above equalities may be simultaneously fulfilled if and only if 

on the vortex sheet. 
4. To establish the last boundary condition we take the disturbed regions 

Srighly Sleft (see Fig. 8.1.1) representing the parts of the plane y = 0 divided by 
the Mach wave surface situated outside the wing and vortex sheet. The flow 
is continuous over these parts of the plane y=O in the limits of the Mach 
wave zone. Therefore the potential p' also turns out to be a continuous func- 
tion. At the same time, taking into account that function p' is an odd func- 
tion according to (8.1.18), it is necessary to take 

for the plane y = 0. 

1.3 Components of resultant velocity 
potential and aerodynamic coefficients 

The above boundary conditions must be satisfied by the solution of equa- 
tion (8.1.7) of an additional potential p'. This solution for a wing of a given 
plan can be obtained by adding the potential pi for an ideal plane wing 1 (Fig. 
8.1.2) of the same plan as the given wing but with a symmetrical profile at an 
angle of attack a =0, and the potential pi for another idealized wing 2 with 
camber and zero thickness at the given angle of attack a. 

The surface of the idealized wing with a symmetrical airfoil may be given 
by the equation 

and that of a wing of zero thickness by an equation of mean lines of the 
airfoil 

In this way the resultant potential for a given wing will be 

pf=p; +pi. (8.1.23) 

The flow about wing 2 at af 0 can be represented as the flow about a wing 3 at 
zero angle of attack with the surface equation y=0.5 (f,+Ji) and an addi- 



tional flow superposed on this taking place about a wing 4 in the form of a 
flat plate with the same chord as the original wing placed at an angle a (see 
Fig. 8.1.2). 

gtven profile 

mean line 
I--- 

mean line 

2) 

chord 

Fig. 8.1.2. System of linearized supersonic flow-interaction of wing of 
finite thickness at a given angle of attack: 

I-wing at a=O with symmetrical profile and given thickness distribution; 2-wing 
at  a#O with zero thickness (wing profile coincides with mean line); 3-wing at  
a=O with zero thickness (wing profile coincides with mean line); 4-wing a t  a#O 

with zero thickness (wing profile in form of flat plate of same chord). 

According to this system of dividing the flow about a wing into two addi- 
tional components of flow the resultant potential for a given wing will be 

By analogy with this value of the velocity potential the distribution of pres- 
sure coefficient may be given by 

and then the drag force and lift can be found. From (8.1.24) and (8.1.25) it 
can be seen that the resultant drag force of a given wing can be obtained 
from the forces for wings 1,3 and 4, i.e. 

Introducing the notation for the sum of two components X3 and X4 in the 
form Xi= X3 + X4 and writing the above equation of drag force in terms of 
aerodynamic drag coefficient, we have 



or, 

From (8.1.27) it follows that the coefficient of drag of a wing consists of 
the coefficient of drag c , ~  of a symmetrical wing at cy =O and the additional 
drag coefficient cxi related to the lift force calculated for a wing of zero thick- 
ness at c,#O. This coefficient cxi is further composed of the coefficient of in- 
duced wave drag calculated for a case where induced vortices are absent and 
the complementary coefficient of induced vortex drag due to the finite span 
and the consequent formation of a vortex sheet behind the trailing edge of 
the wing. 

By analogy with the expression (8.1.26) for drag we can write, in a general 
form, the relation determining the resultant lift force on a wing Y= YI + Y3 + 
Y4. It can be seen from Fig. 8.1.2 that wing 1 having a symmetrical profile 
creates no lift force at zero angle of attack, i.e. Y I  =O. Hence the resultant 
lift force on a wing is 

Y =  Y3+ Y4 (8.1.28) 

and the corresponding coefficient of this force is 

In this way, according to the approximate linearized theory of flow-inter- 
action, the wing thickness will have no effect on lift force. Wing 3 gives con- 
stant lift force independent of the angle of attack and represents the value of 
this force at zero angle of attack for a given camber of wing. The lift force 
related to the angle of attack is provided by wing 4 and hence depends on 
the wing plan. 

The main problem of the aerodynamics of finite wings in a small-pertur- 
bation supersonic flow lies in finding the pressure distribution resulting in 
forces and the corresponding aerodynamic coefficients in terms of their indi- 
vidual components from formulas (8.1.27), (8.1.29). This problem also forms 
part of the basic material of the present chapter. 

1.4 Characteristics of supersonic flow-interaction of wings 
- When determining the aerodynamic characteristics of wings it is necessary 

to take into account the peculiarities of supersonic flow-interactions. The pe- 
culiarities are based on the specific property of supersonic flows whereby the 
disturbances spread only downstream and within the boundaries of the cone 
of disturbances (Mach cone) with the angle p,=sin-l(l/M,) at the apex. 

Let us examine the flow-interaction of a thin wing of arbitrary plan in a 
supersonic flow (Fig. 8.1.3). Point 0 at the leading edge happens to be the 
source of disturbances spreading downstream in the limits of the Mach cone. 
Here the Mach lines OF  and OG can be taken in front of the leading edge 



(Fig. 8.1.3, a) as well as behind it (Fig. 8.1.3, b). The position of Mach lines 
for a given form bf wing depends on the Mach number M,. In the first case 
the Mach number M, is less than that in the second case and the angle of 
disturbance ji, > (42) - rc (rc-angle of sweep back). The component of velo- 
city normal to the leading edge is V,,=V, cos rc. As cos K <  sin p,= 1/M, 
and V, = a,M, it is obvious that the normal component V,, is less than the 
speed of sound. The modon of a gas in the region near the leading edge of a 
swept wing for this case was studied in Chapter 7 Section 6.  This motion is 
similar to the subsonic flow-interaction of an airfoil which is characterized by 
interaction between the upper and lower surfaces occurring through the lead- 
ing edge. This kind of edge is called a subsonic leading edge (see Fig. 8.1.3, a). 

0' 0 

Fig. 8.1.3. Scheme of supersonic flow-interaction of wing: 

a-wing with subsonic edges; b-wing with supersonic edges. 

With an increase in speed the zone of propagation of disturbances dimi- 
nishes and the Mach lines remain behind the leading edges. In this case, as 
shown in Fig. 8.1.3, b, the normal velocity component becomes higher than 
sonic velocity. In reality, it can be seen from Fig. 8.1.3, b that the angle of 

'TC 
disturbances 11, < - - K. Hence sin ,u, = 1 /M, c cos IC and therefore Vn,= 

2 
V ,  cos rc > a,. This kind of leading edge is called a supersonic leading edge. 
The flow-interaction of a wing in the region of this leading edge is supersonic 
in nature. The peculiarity of this flow is the absence of interaction between 
the upper and lower surfaces. 

If the Mach line coincides with the leading edge (rc= w/2-p,) the edge 
will be a sonic one. It is obvious that the velocity component normal to the 
leading edge in this case is equal to the speed of sound. 

Let us introduce the parameter of sweep n = tan rclcot ,uC1,. For a superso- 
nic leading edge cot ji, >tan rc and therefore n < 1. With subsonic and sonic 
leading edges we have n > 1 and n= 1 respectively because in the first case 
cot ji, < tan rc and in the second cot ,u, = tan rc. 



,By analogy with the leading edge the concept of subsonic, sonic and super- 
sonic wing tips and trailing edges can be introduced. Wing tip CD, having an 
angle of inclination to the direction of undisturbed flow velocity less than 
the angle of disturbances (see Fig. 8.1.3, a), is called a subsonic tip. The com- 
ponent of velocity normal to the tip and equal to V,,= V, sin ys in the given 
case will be less than sonic velocity. In reality, since a,= V, sin p, and p, > 
ys we have V,,< a,. It is obvious that the parameter of sweep will be n > 1. 
The part of the wing surface with the subsonic tip lies in the region bounded 
by the cones of disturbance emerging from the points of discontinuity A and 
C of the contour. A cross-flow of air across the wing tips will be observed 
due to the pressure of the subsonic normal component of velocity determin- 
ing the flow-interaction over this part of the wing. This will result in a change 
in pressure distribution. These effects of wing tips on the flow-interaction of a 
wing are not found in general if the wing tips are supersonic, which will hap- 
pen when ys >p, (see Fig. 8.1.3, b). In this case the normal velocity compo- 
nent V,,= V ,  sin y8 is higher than the sonic velocity a,= V, sin p,. 

Similar conclusions may be derived for the trailing edge of a wing. A 
subsonic trailing edge (y3 < p,; Vn < a,) and a supersonic trailing edge (y3 > 
p,; V,, >a,) are shown in Figs. 8.1.3, a and 8.1.3, b respectively. 

From the above analysis a qualitative difference between the supersonic 
and subsonic flow-interactions of a wing can be explained. This difference en- 
ters the picture due to the different types of effects of wing tips and trailing 
edges on the flow-interaction over the wing surface. Whereas the wing tips 
and trailing edges in a supersonic flow do not affect the flow near the wing at 
all (see Fig. 8.1.3, b), or this effect is restricted to the part of the wing surface 
in the vicinity of these edges (see Fig. 8.1.3, a) the effect of wing tips and trail- 
ing edges in a subsonic flow will be felt all over the surface due to the possi- 
bility of propagation of disturbances downward as well as upward. 

2. Method of Sources 

The method of sources is used to solve the problem of the determination 
of the aerodynamic characteristics (PI, c , ~ )  of a thin wing of arbitrary plan 
and symmetrical profile in a small-perturbation flow at zero angle of attack 
(cy=0). . 

The sources in an incompressible flow were discussed in Chapter 2 Section 
9. The velocity potential of flow due to an incompressible point source situat- 
ed at the origin of the coordinate system xn, y,, zn according to (2.9.14) 
will be 

qn = - qn/4n J x i  + y," + Z; , (8.2.1) 

where q, is volume flow from the source per unit time. 
In the method of sources we are not dealing with isolated point sources 



but with sources continuously distributed over some part of a plane-usually 
the coordinate plane xOz. 

Let dq, be an elementary volume flow rate of fluid created by sources on a 
small area do, = dt,d(, in plane xOz. Then the derivative dq,/do, = Q,, 
known as the intensity of distribution of sources, defines the strength of sour- 
ces per unit area. 

If + v is the vertical component of velocity on an elemental area (the plus 
sign indicates that the fluid emerges from sources on the area and the minus 
sign shows downward source flow) it is obvious that the elemental volume 
flow rate dq, = 2vda, and hence 

For this elementary source the corresponding velocity potential will be 

dvi = - Q, don/4z .(xi + y: + zi . (8.2.3) 

Using this expression we can find the relation for the elementary potential of 
a source in a subsonic compressible flow. Let us examine equation (8.1.7) for 
this purpose and introduce new variables 

x,=x/dl -M%, yn=y, zn=z. (8.2.4) 

With the help of these variables equation (8.1.7) will be transformed into 

which coincides with the continuity equation (2.4.8') for an incompressible 
flow. Hence the problem of a compressible perturbation flow in coordinates 
x, y, z can be reduced to the problem of an incompressible perturbation flow 
in coordinates x,, y,, z,. Here both systems of coordinates are related to 
equations (8.2.4). 

So it is possible to go from the potential (8.2.3) for an incompressible ele- 
mentary source to the corresponding potential for a compressible subsonic 
source. Let us find the relation between the small area do, in plane xnOzn 
for an incompressible flow and the area do in the comparable plane for a 
compressible flow. Using equation (8.2.4) (by replacing xn with t and z, with - 
(') and the expression do, = d<,d(, we find dc, =(dtd[) (1141 - M%), from 
which, recalling that dtdc = do, we get the relation 

do,=doldl -M&. (8.2.6) 

Further we transform the expression for Q, appearing in (8.2.3). The 
component v n  = aql/ay, or, according to (8.2.4), v,- aql/ay. It follows from 
this that the component of velocity v in a compressible flow is equal to the 
component of velocity v, in an incompressible flow. That is, the densities of 
distribution of sources in compressible and incompressible flows are identical: 
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Taking the relations obtained above into account, equation (8.2.3) can 
be transformed into the following form for a compressible flow: 

dp' = - ~ d a / 4 n d x ~  + (1 - ML) (y2 +z2). (8.2.8) 

Direct substitution of this indicates that the function p' is an integral of equa- 
tion (8.2.5). Here it is immaterial whether the speeds are subsonic (M,< l )  
or supersonic (M, > 1). In the latter case the expression for an elementary 
potential may conveniently be written in the form 

dp' = - eda/4ndx2 - af2 (y2 + zZ), (8.2.9) 

where aj2 = ML - 1. It can be seen from the expression (8.2.9) that at M, > 1 
it has real values in the part of space where x2 af2 (y2 +z2). This indicates 
that the region of influence of sources, i.e. the region of perturbed flow 
witnessing interaction of these sources, lies inside the conical surface repre- 
sented by the equation x2 = af2 (y2 +z2). If a point is situated outside this sur- 
face, the sources will have no effect on that point. Here perturbation flow 
due to the given source is absent. 

Equation x2=af2 (y2+z2) formally determines the surfaces of two co- 
axial cones (Fig. 8.2.1) with their apexes at the origin of coordinates. Hence 
the strength of a source Qda is used in creating perturbation flows inside 
these cones. In an actual case the supersonic disturbances propagate only 
downstream, i.e. only in one of the cones (right-hand cone in Fig. 8.2.1). The 
perturbation flow in such a cone is determined by the potential having twice 
the value of that in (8.2.9) because the whole strength of the source, not just 
half its value, is felt in the flow enclosed in the cone of disturbance. Accord- 
ing to this 

In the previous case the elementary area da=d<dc with sources was 
placed at the origin of coordinates. If it is moved from the origin of coordi- 
nates to the point with coordinates x=<, z=c, equation (8.2.10) will be 
written as 

During the study of the flow-interaction of a wing its surface is replaced 
by a system of distributed sources. To find the potential due to these sources 
at a point A ( x ,  y, z) (Fig. 8.2.2) it is necessary to integrate (8.2.1 1) over the 
region a in which at least part of the sources are situated. Each of these 
sources will have an effect at a point A (x, y, z) if this point lies inside the 



cone of disturbances with its apex at the source. Thus the zone of action of 
sources (region of integration) is assumed to be in the region of intersection 
of the wing surface and the "inverted cone of disturbances" having its apex 
at a point A (x, y, 2). 

Fig. 8.2.1. Regions of disturbed flow due to supersonic source; right- 
cone of disturbances (Mach cone) in real supersonic flow. 

In the simpler case the point A and the source are placed, as shown in Fig. 
8.2.2, in the same plane y=O. In this case the zone of action coincides with 
the region of intersection of the wing and the lines of disturbances emerging 
from a point M (x, 2). The region of integration lies on the wing and repre- 
sents the intersection of the wing with the "inverted plane Mach wave" with 
its apex at the point A (x, 2). 

Fig. 8.2.2. Region of effect of supersonic sources. 

After determining the region of integration a it is possible to find the 
resultant potential at a point A (x, y, 2): 

0 

The additional axial component of velocity can be found by taking the partial 
derivative of 9' in (8.2.12): 
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The pressure coefficient at the corresponding point i= -2 (u/V,) can be 
obtained from this expression. 

Let us introduce the new coordinates 

In terms of these coordinates expression (8.2.12) will be 

In the particular case of a point lying on the wing (y l  =0) the .additional 
potential 

where 
Q =2~,,=0=2 ( ~ ( D ' / ~ Y I ) , ~ = o  

according to (8.2.7). 
The expressions obtained for the potential function help us to find the 

distribution of velocity and pressure over the surface of a thin wing for a 
given plan, shape of wing profile and Mach number M of undisturbed flow. 

3. Delta Wing with Symmetrical Profile (a = 0, c, =0) 

3.1 Semi-wing with subsonic leading edge 
Let us study the flow-interaction of a semi-wing with symmetrical airfoil 

in a supersonic flow at zero angle of attack. This semi-wing represents a tri- 
angular surface with one of its sides lying on the x axis and the trailing edge 

Fig. 8.3.1. Triangular panel of wing with subsonic leading edge. 
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at infinity (this kind of semi-wing is also known as a delta semi-wing of infi- 
nite length) ( ~ i ~ . '  8.3.1). If this surface has a subsonic leading edge the Mach 
line emerging from apex 0 will be situated ahead of this edge. 

The parameters of flow-interaction a t  small angles of attack can be deter- 
mined by replacing the lifting surface with a system of sources distributed in 
the plane y=  0. Consider an arbitrary point P on the surface and calculate the 
velocity potential at this point by adding the effects of sources lying in the 
region OAPB bounded by the leading edge and side edges O A  and OB and 
the Mach lines AP and BP. 

The intensity of sources Q (5, [) is determined by formula (8.2.7) in which 
v = IV, from the condition of unseparated flow, where 1 = dyldx is the slope 
of the wing surface. In this way 

The velocity potential at point P is obtained from formula (8.2.12). Sub- 
stituting Q by 21V, and taking y = 0, we get 

- 1 3 2  11 dt&' 
~t ~ ( X P  - t)2 - a12 (ZP - o2 ' (8.3.1) 

0 

where XP, ZP are coordinates of point P. This integral takes into account the 
effect of sources lying on the area o at  point P.  This area o is equal to the 
region OAPB which can be represented in the form of the sum of the two 
segments OAPH and HPB. Accordingly the integral 9' in (8.3.1) can be writ- 
ten in the form of the sum of two integrals: , 

~ ~ = - ~ [ J J f ( t , ~ d t d ~ + J J f ( t ~ i ) d t d ~ ] ~  ~t (8.3.2) 
OAPH HPB 

where 

The integration in the section OAPH with respect to [ for each of the 
value of 5 = can be taken from g = &= c tan K up to 5 = tD = XP - (ZP - 5)a' 
and the integration with respect to 5 can be taken from 0 to zp. On the sec- 
tion HPB it is necessary to carry out integration with respect to 5 for values 
of [ = 52 from 5 = <F = [ tan K up to t = <E= XP - (5 -zp)a'. Integration with 
respect to 5 should be carried out from zp up to ZB = (XP + alzp)/(a' +tan K). 

Thus 

xp-a' (zp-5) ZB xp-a' (zp-5) 

rt=-"[[d~ It j ~ ( t y ~ * t + J d ~  j f ( t . ~ d t  (8.3.4) 
0 2: tan K zp 5 tan K I 

The integral to be determined (up to the accuracy of the constant) will be 
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Using this expression and applying the main value of the integral, we get the 
following formula for potential function: 

where the function IzP-(I  is taken with its absolute value. 
Calculating the partial derivative apl/ax, we get the component of addi- 

tional velocity at a point P along the x axis: 

dt 
d(xP - l tan ~ ) 2 -  a12 (zp - ~ ) 2  (8.3.7) 

0 

Noting that tan K >a1, we get after integration 

. . .+ 
- 22, (x, tan K - af2 zp) + .x2p + a12 z$] + 2zB (tan2 K - af2) 

+ 2 (ap2 zp - xp tan K) -In 2 d(tan2 K - at2) (x$ - af2 z$) I [ 

Substituting here the value of z~ = (xp +a'zp)/(al + tan ,K), we get after 
simplification: 

In a' (zp tan K - XP) 
U =  

7cJtan2 K - af2 aI2 zp - XP tan K + d(tan2 K - af2) ( ~ 2 ,  - ar2 z%) ' 

The expression under the square root sign in the denominator can be brought 
to the following form: 

(tan2 K - af2) (x$ - af2 z;) = (xp tan K - ar2 ZP)~ - at2 (xp - zp tan K ) ~ .  
Consequently 

U =  
AVm XP tan %--af2 ZP + Jp tan K-at' z ~ ] ~ -  3 - I  

adtan2 K -  a12 ln {af (xp - zp tan K) a' (XP- ZP tan K) 



IV, 
U =  - cosh-I (8.3.8) 

ndtan2 K - af2 a' (XP - ZP tan K) 

For convenience of calculation we 
introduce angle B determined by the 
condition tan 0 =zp/xp and the angle of 
sharpness of the leading edge y = n/2 - u 
(Fig. 8.3.2). We also introduce the 
notations 

n = tan u/a'= tan ji,/tan y, 
= zp tan K/XP = tan 0/ tan y. 

Then 

A V, n2 - a u= - - cash-I -. 
na'.\/n2 - 1 n (1 -G)' Fig. 8.3.2. AnguIar parameters for 

(8.3.9) triangular panel of wing. 
- 

Using the formula cosh-' a = ln (a -t da - 1) we have 

The pressure coefficient at the point in question will be 

Let us now consider point N lying on a wing in the region between the 
Mach line OK' and the x axis (see Fig. 8.3.1) and calculate the velocity at  
this point induced by the sources distributed over the wing surface. Formula 
(8.3.1) for determining velocity potential can be used for this purpose. Taking 
into account that the effect of the source at a point N is restricted to the 
region a = OLJ, we get the expression 

($,'= -511 
It 

f (<, C) d<dC, 
OLJ 

where the function f (c, [) is determined by the relation (8.3.3). The integra- 
tion with respect to c for each value of [=C3 should be carried out from 
c= ~ R = C  tan K to c = &-=xN -t a' (ZN- c) and the integration with respect to 
5 should be done from 0 to ZJ. Thus 

zJ x ~ + a ' ( z ~ - O  

J d[ J 
7C 

f (535) d<, (8.3.12) 
0 5 tan K 



where zJ = (XN + afzN)/(tan IC +a'). On integrating and then using the main 
value of the integral we get 

XN-5 tan K 
p'= - ~c cosh-1 4- 

0 

This expression is similar to (8.3.6) with the difference that the upper limit of 
integration here is taken as the coordinate of a point ZJ. After finding the 
derivative ay'lax and carrying out the integration we get the relation (8.3.9') 
for an additional velocity component where it is necessary to take a<O 
because the coordinate z~ happens to be of negative value. It is possible to 
take the coordinate ZN as positive in calculations and then a > 0. If an 
absolute value of tan IC is taken in this process it is possible to use equation 
(8.3.9) for determination of the induced velocity. In (8.3.9) the sign before a 
should be changed for this case. The relation will then have the following 
form: 

The pressure coefficient will be 

Kt\ 
Fig. 8.3.3. Effect of sources on velocity beyond wing. 

The sources distributed over a wing also induce velocity in the region 
between the Mach line OK and the leading subsonic edge (Fig. 8.3.3). The 
value of this velocity at any point L is determined by the sources distributed 



in the region OUG. The corresponding potential function can be obtained 
from the expression (8.3.12) in which ZJ and xN+at (zN-() should be 
replaced by zu and xL-a' (ZL-l;) respectively where the last-named is the 
coordinate of a point R (see Fig. 8.3.3). Thus 

p t = - ' 5 l d d r  n 1 f(<7i)d<r (8.3.15) 
0 f tan K 

where zu = (XL- a'z~)/(tan rc- a'). Integration on this gives 

After finding the derivative apr/ax and then integrating under the condition 
that o=zL tan ~ / x p > l  we get, as for (8.3.9), the following formula for 
additional velocity component: 

where n > a. 
The coefficient of pressure in the region in question will be 

Fig. 8.3.4. Pressure field for triangular panel of wing 
with subsonic leading edge. 

The pressure field for a semi-wing of triangular plan with a subsonic 
leading edge is shown in Fig. 8.3.4. The coefficient of pressure along the 
Mach lines is equal to zero. The theoretical value of the pressure coefficient 



on .the leading edge is equal to infinity. The pressure realized can be con- 
sidered as physically a significant pressure in magnitude which corresponds to 
the stagnation pressure at subsonic speed with its direction coinciding with 
the normal to the leading edge. 

3.2 Delta wing symmetrical about x axis with subsonic leading edge 
The velocity at a point P on a delta wing symmetrical about the x axis 

with subsonic leading edges (Fig. 8.3.5) is obtained by superposition of the 
effect of sources in the region OBPA' bounded by the leading edges OA' and 
OB and the Mach lines PA' and PB. The velocity induced by the sources 
lying in the region OAPB is determined by formula (8.3.9). The sources 
distributed in the region OAA' are responsible for the velocity at point P, 
which is calculated from the expression (8.3.13). The resultant value of the 
velocity is 

This expression can be simplified. Taking summation and using the property 
of logarithm, we get 

which gives 

The second term under the square root sign can be expressed in the form 

Thus 

Expressions (8.3.18) through (8.3.20) are valid under the condition that 
n > l > a .  

The coefficient of pressure can be determined with the help of (6.1.5) for 
the given value of the additional velocity component: 



The sources distributed on the part of the wing OUG' have an effect on 
the point L situated between the leading edge and the Mach wave (see Fig. 
8.3.5). The velocity induced by these sources can be calculated as a sum of 
the velocities induced by the sources lying in the region OUG [formula 
(8.3.16)] and by sources distributed in the triangle OGG' [formula (8.3.1311. 

Fig. 8.3.5. Delta wing, symmetrical about x axis, 
with subsonic leading edge. 

Consequently 

where n > o > l .  
Formula (8.3.22) can be expressed jn the form 

which gives the expression 

The first term under the square root sign may be represented by 

Then the additional velocity component will be 

- The pressure coefficient at a given point L, determined by the formula 
p = - 2 (u/V,), will be 
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3.3 Infinite semi-wing with supersonic edge 
For this kind of wing (Fig. 8.3.6) the Mach line OK emerging from the 

apex lies on its surface. Consequently 

(742)-~c>p,, tan K <  a', ?=tan ti/a'< 1 (at=cot p,= JML- 1). 

Let us consider the velocity at a point L on the wing between the leading 
edge and the Mach line OK. As the side edge of the wing, coinciding with 
the x axis, lies behind the Mach line drawn from point L this edge has no effect 
on the flow at this point. This flow will be the same as that on a flat plate 
interacting with the supersonic flow Vnw = V, sin K >a ,  in the direction nor- 
mal to the leading edge. The additional velocity component by the expression 
(7.6.1) and the formula p = - 2u/V, will be 

u= -Avw COS r ~ / . r f ~ ~  cos2 K -  1. 

M:=af2+l and 1-l/cos21c=-tan2rc, 

we have 

from which 

u = - L V,/af Jl, 

where n =tan ~ / a '  < 1. 

Fig. 8.3.6. Triangular wing panel with supersonic edge. 



The corresponding value of the pressure coefficient will be 

Formulas (8.3.26) and (8.3.27) are applicable in cases when n< 1 and 
1 >a>n. 

Let us find the velocity and pressure at point P lying between the Mach 
line OK and a side edge. If we assumed that this point lies on a wing whose 
apex is situated at a point C (see Fig. 8.3.6) the velocity could be obtained 
taking into account only the effect of the leading edge, that is, of sources 
distributed in the region PCH. By formula (8.3.26) this velocity becomes 

To determine the actual velocity at point P on the given wing with apex at a 
point 0 it is necessary to calculate the velocity induced by the sources distri- 
buted over a triangle ACO from formula (8.3.28) but with the opposite sign 
for the intensity of vortices. The value of this actual velocity is obtained 
from formula (8.3.7). Replacing the upper limit of integration by zc= 
(XP- afzp)/(tan rc-a') in this formula, we get 

where tan rc< a' (y >,urn). 
Recalling that at n =tan ~ / a '  < 1, a = zp tan K/XP < 1 and a c n 

4 (tan2 K - a'2) (x: - af2 2;) - 4 (XP tan u - a'2 zp) 

we get, after integration, 

2 (tan2 rc - af2) zc - 2 (XP tan rc - aI2 ZP) 
x sin-' C 4 4  (XP tan rc - af2 Z P ) ~  - 4 (tan2 K - af2) (x; - at2 z:) 

- - 2 (xp tan rc - af2 zp) 

(xp tan u - af2 Z P ) ~  - 4 (tan2 K - af2) (x: - ar2 2:) 
1. (8.3.30) 

Inserting the value of zc = (xp - afzp)/(tan K - aI2), we find that 



2 (tan2 K - (xp - afzp) - 2 (XP tan K - at2 ZP) = 2af (xp -zp tan K). 
tan K-a' 

The quantity under the square root sign in equation (8.3.30) can be simplified 
to 

4 (xp tan K - at2 zp)l- 4 (tan2 K - af2) (xi - af2 2;) 

= 4 at2 (xp -zp tan K ) ~ .  

Hence 

af2 ZP -XP tan tc 
uAoC= - a' (XP - ZP tan K) I 

AV, at2 zp - xp tan K 
UAOC = - n & f ~ - t a n ~  KyS-l a' (~p-ZP tan K). 

Taking into account that n =tan tc/af, a=zp tan K/XP, we get 

The resultant velocity at point P will be 

The coefficient of pressure at point P will be 

where a < n <  I .  
The induced velocity at  a point N, lying between the Mach wave OKf and 

the side edge, is obtained by superposition of effects of sources distributed in 
the region of a surface OEF bounded by the leading edge OF, side edge OE 
and Mach line E F  emerging from point N. 

Formula (8.3.29) is used to calculate the velocity where the upper limit of 
integration is to be replaced by the quantity ZF= (xN + afzN)/(tan K +a1) and 
the coordinates xp, ZP are to be changed to the corresponding quantities 
XN, ZN: 

After integration we get 



2 (tan2 K - ar2) ZF - 2 (XN tan K - ar2 ZN) . [ - -  

6 4  (XN tan K - U'~Z,V)~ - 4(tan2 K - aj2) (x$ - at2 4) 
-2 (XN tan K-at2 ZN) - sin-' .- 

6 4  (xN tan K - a12 Z N ) ~  - 4 (tan2 rc - a'2) (x; - ar2 zz) I. 
Inserting the value of ZF = (xN + afzN)/(tan IC + at2), the numerator of the first 
term in the square bracket will be 

(xN+" 'N) - (XN tan - zN) = 2 (zN tan K - xN). 
tan K + a' 

For convenience in further simplifications we express the quantity (8.3.31) 
for point N in the form 4a12 (zN tan K - x ~ ) ~ .  Taking these values, we get 

"W [Z - - (XN tan rc - ar2 ZN) UOEF = - 
nl/at2-tan21~ 2 a' ( z ,~  tan rc - XN) 

A V, XN tan rc - ar2 ZN 
UOEF = - cos-I 

ndat2-  tan2 K a' (XN- zN tan K)' 

Introducing the notations of a and n, this reduces to 

where a<O, n< 1, (a1 <n. 
If the positive values of ZN >O and 0 = zN tan K/XN > 0 are assumed and if 

the absolute values of n are taken, 

y cot X 

Fig. 8.3.7. Pressure field for triangular panel of wing 
with supersonic leading edge. 



u= - a Vcm n 2 + a  - cos-' - 
aa' 41 -n2 n ( l + c )  

the coefficient of pressure at point N will be 

The pressure field for an infinite delta semi-wing with a supersonic leading 
edge is shown in Fig. 8.3.7. The pressure is constant between the leading edge 
and the inner Mach line. It decreases further and reaches the value of the 
pressure of undisturbed flow at the external Mach line (;=O). 

3.4 Delta wing symmetrical about x axis with supersonic leading edge 
The velocity and pressure coefficient at a point L (Fig. 8.3.8) lying between 

the Mach line O K  and the leading edge are determined by formulas (8.3.26) 
and (8.3.27) respectively because the leading edge O R  affects the flow only in 
this region. These formulas are applicable under the conditions of n <  1; 
l > a > n .  

Fig. 8.3.8. Delta wing, symmetrical about x axis, 
with supersonic leading edge: 

I-Mach line: 2-line of maximum thickness. 

If point P situated within the Mach angle is taken, not only the leading 
edge but also the side and trailing edge have an effect on the flow at that 
point. The velocity, governed by the effect of the leading edge and a section 
of the line of maximum thickness OA (see Fig. 8.3.8), is determined by for- 
mula (8.3.33). The velocity induced by the sources distributed in the region 
OA'A is calculated from the expression (8.3.36). Superposing all these com- 
ponents, we get the resultant velocity at point P on a symmetrical wing: 



Let us simplify this expression using the formula 

Then 

Considering that 

we get the final form for the velocity at P: 

The corresponding value of the pressure coefficient will be 

4. Flow-interaction of Swept Wing with Four Corners Having 
Symmetrical Profile and Subsonic Edges at Zero Angle of Attack 

Using the formulas for determination of velocity and pressure on the 
surface of a delta wing it is possible to analyze the flow-interaction of wings 
with symmetrical profiles and arbitrary plan at zero angle of attack. Let us 
take a swept wing with four corners as shown in Fig. 8.4.1. Here and in some 
other figures the left system of coordinates is used. for the convenience of 
three-dimensional representation of the wing system, the sections in question 
and the necessary notations. We assume that for this kind of wing the 
leading edge, trailing edge and line of maximum thickness CBCf will be sub- 
sonic. Accordingly the angles of sweep KI and 1c3 of the leading edge and 
trailing edge and the angle ~2 of the line of maximum thickness will be more 
than (n/2) - pm. 

The distribution of velocity and pressure over a profile depends on the 
position of the profile along the wing span, i.e. on the coordinate z of the 
wing section. 

Profile FL (z=zl):  It is necessary to examine the four regions of flow 
interaction on the profile: FG, GH, HJ and JL. Region F'G is bounded by 
point F on the leading edge and point G lying at the intersection of a Mach 
line and the coordinate plane z = 21. Here point G is assumed to be situated in 
the zOx plane and hence it is determined as the point of intersection of a 
Mach line from point B f ,  which is a projection of point B in the zOx plane, 



and the line z=zl (see Fig. 8.4.1). The velocity and the pressure coefficient in 
region FG situated behind Mach line OKo on the wing surface are deter- 
mined with the help of the distribution of sources in a triangle OCC' using 
formulas (8.3.20) and (8.3.21) respectively. 

Fig. 8.4.1. Wing having four corners and symmetrical profile with subsonic edges. 

As the inclination of a surface is equal to 11 the pressure coefficient will be 
obtained from (8.3.21) as 

where nl =tan ~ c l l a ' ,  a1 =zl tan KI/XI, XI is the variable coordinate of a point. 
The drag coefficient of an airfoil corresponding to region FG will be 

where b is the local chord of an airfoil. 
Since 



z+ tan ul zl tan K I  
CT~=------- , -7 dxl = - dx 1 

x1 4 z l  tan I C ~  
0: , 

we have 

= 1 ~  
- 8 z, A: tan K~ 

CXFG = cosh--' fi- .& 
6'  

(8.4.3) 
b.lra'Jn2-1 

where 

21 tan K I  
g 1 ~ =  - ----- zl tan 1c1 

-1, a I G =  
XF XG 

The distribution of sources in QOCC' with intensity of Q = 211V, has an 
effect in region GH and in the triangular surface BCC' where the strength of 
sources Q =2 (A2- 11) Vm (the sign of angle 1 2  is opposite to that of ]"I). 

As the section GH stretches behind the Mach line OK0 within the limits of 
the wing the calculation of the pressure coefficient, based on the action of 
distributed sources in the region OCC', should be done with the help of 
formula (8.3.21). The effect of distribution of sources in triangle BCC' on 
the pressure coefficient could be obtained with the help of the relation (8.3.25) 
because section G H  is situated behind the boundaries of triangle BCC' 
between Mach wave B'KB and edge BC. So 

where nz=tan u2/a1, az=zl tan rt-zlxz, x2 is the coordinate taken from a 
point B and equal to xz=xr -XB. 

Using formulas (8.4.2) and (8.4.4) the coefficient of drag for section GH 
will be obtained: 

8 A; z, tan u, 
CXGH = - - 

bna' dnf - 1 I-a: a: 
c1G 

- 8 (3-2-11) 1 1  21 tan 1c2 - .- (8.4.5) 
b n a ' d n m  

where a z ~  and 6 2 G  are taken with respect to point B. 
Summing (8.4.3) and (8.4.5) and taking into account that 

zt tan rcl 21 tan 1c1 zl tan K I  

= Xp 
, Gin=-= 

XH XB -1-21 tan ~ 2 '  
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21 tan ~ 2 -  tan ~2 zl tan ~2 
0 2 G  =------tan y, tan ~2 = - =n2, 02H = - = 1, 

XG a' XH 

we get 

21 tan K I  

L 

- 8 (12-11) 1 1  zl tan ~2 

- I J- n:-1 d& cosh-I --- (8.4.6) 
bxa'dn; - 1 02-1 a: ' 

='2=-"2 

Let us assume that the part of chord HL (considering that point H is 
located on line BC) is equal to Fb, where; is some nondimensional coefficient 
of proportionality determined from the condition T=B'D/~, (b, is the root 
chord). Then for the surface OBC the part of chord FH will be (1 -7) b. 

As part B'D of a root chord is equal to br the remaining part OB' will be 
equal to (I  -F)b,. The angles 1 1  and 1 2  can be expressed in the following 
way: 

where d = Alb, is the relative thickness of the profile. 
Taking into account the values of 1 1  and 1 2 ,  formula (8.4.6) could be re- 

presented in the form 

21 tan ~1 

(1-7) b,+q tan K 2  

CXFH = - 2 [ t a z  I b (1 -F) xu' dnf- 1 
CTIF=l 

02FGn2 
tan ~2 ng-1 da2 +-- I c o s h - ~ = . 7 ] .  (8.4.8) 

rdnz- 1 0;-I a2 
0 2 ~ ~ 1  

The velocity on a line HJ is induced by the sources of intensity Q =211V, 
distributed in triangle OCC' and by the sources of intensity Q=2 (12-&)V, 
distributed in section BCC'. The first distribution of sources establishes the 
pressure coefficient which is determined by formula (8.3.21) with the substitu- 
tion of 1 =11, n =nl and a =al. The pressure coefficient due to the second 
distribution of sources is also determined by (8.3.21). Here we must take 
1 = 22 - 11, n =nz and a = o2. Adding these pressure coefficients, we get 



Applying formula (8.4.5) with the replacement of A1 by A2 and notingthat 
in it 

n1 =tan lcl/al, n2=tan ?cz/a1, a1 =zl tan lcl/xl, 

we get 

"2J - 
tan 1c2 c o ~ h - l d  n2 kSz -0: do2 

where a 2  is taken with respect to point B. 
For section JL the effect of a threefold distribution of sources, namely in 

triangular surfaces OCC', BCC' and DCC', should be taken into account. 
The first two distributions of sources control the pressure coefficient deter- 
mined with the help of formula (8.4.9) in which and a 2  are taken with 
respect to the points 0 and D respectively. The additional coefficient of 
pressure given by the induced effects of the sources distributed in region DCC' 
having intensity -12  could be found from formula (8.3.25), in which it is 
necessary to assume 1 = il2, n =n3, o = as. 

Superposing the coefficients of pressure due to all three distributions of 
sources, we get 

where al ,  a 2  and 6 3  are taken with respect to points 0, B and D. Inserting 
the value of & in formula (8.4.2) and replacing 1 1  by 12, we get 



03J 

Adding (8.4.10) and (8.4.12), we will have 

. - 

2J2 2, n:-a: do, 
cxHL' - b X  

[(l 1-0: of 

03L 

n:-1 do, 

In this expression 

zl tan KI zl tan K I  
olH= , OIL= 

(1 -r) b, +ZI tan KZ b,+zl tan 1 ~ 3  I 

zl tan KZ 
fS2~=1, 62L=-  9 

r b,+z~ tan ~3 

zl tan I C ~  
'1 tan K3,n3, 0 3 ~ ~  = o3.T =- 

x; XL 

where 

xi=zl cot ,u-=z, a', xl=zl  tan K,. 

The integrals appearing in (8.4.8) and (8.4.13) can be solved by parts 
using the formula cosh-I a = In (a + da2 - 1). Then 
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The plus sign is taken for x = 2, n > 1 > o and the minus sign for .u = 0, 
1 < a <  n. Let us introduce the notations: 

n2 - ax do ["plus" sign in (8.4.1411 2- 0 1 cosh-l J- . - (8.4.15) 
1-02 a 2  =Qforx=O, 1 < a < n  

r'minus" sign in (8.4.14)]. 

Substituting a =  1 in expression (8.4.14) with the plus sign, we get N=ln 2. 
Assuming a = n  in the same expression (8.4.14) with the minus sign, we get 
Q = (ln 2n)ln. Noting this, the resultant coefficient of profile drag is obtained 
as a result of summation of (8.4.8) and (8.4.13): 

where Nt, N;? and N3 are obtained by formulas (8.4.14), (8.4.15) for the 
conditions n > 1 > o, x =  2 (plus sign) according to the values 

zl tan 1c1 zl tan KI 1 
GlH= - Y olL= 

(1 -r) b,+zi tan uz br+zl tan ~3 I 
(8.4.17) 

zl tan ~cz 
b 2 ~ =  - 

b, r +zl tan ~3 

respectively. 
Formula (8.4.17) is valid (see Fig. 8.4.1) at 

O < Z < Z B ~ < Z D I ,  

where 

Z B ~  = (1 - Y) b,/(tan rcl -a'), z ~ l  =Tb,/(tan uz- a'), (8.4.19) 

or (Fig. 8.4.2) at 

The drag coefficient of a profile, determined by formula (8.4.16), is with 
respect to the local chord b. The value of drag coefficient c,, with respect to 
the root chord b, is obtained from the formula CXO=CX (bibr). 
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Fig. 8.4.2. Scheme of interaction of wing with Mach lines. 

Profile at wing root section (z  = 0): The values of aerodynamic coefficients 
for this profile are determined in the following way: The velocity in section 
OB of length (1 - 3 b, of this airfoil (see Fig. 8.4.1) is induced by the sources 
of intensity Q = 211 V, distributed over the triangle OCC'. According to this 
the coefficient of pressure can be calculated from the formula (8.3.21). 
Assuming a = zl tan ICI/XI = 0, we get 

The sources with intensity Q = 2111V, distributed over region OCC' and 
with intensity Q = 2 (112 - 11) Vm distributed over a triangle BCC' act on region 
DB of length-b, of the profile. The coefficients of pressure are determined 
accordingly. Applying formula (8.3.21) with a =O, we get 

The coefficient of drag of a profile, taking both upper and lower surfaces, 
with respect to the root chord b, will be: 

Using the values  of&^ from (8.4.21) and of i B ~  from (8.4.22) and keeping in 
view that 

IL2= -2/(2i), &-A1= -2/[2; (1 -;)I, 
(1 - r) b, ?bl = 212 and ; b,A2 = - 112, 
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we get 

where 

cosh-' n2=ln (n2+ . I n n ) .  

Protile FIL,: Let us find the coefficient of drag of a profile (see Fig. 8.4.1) 
that has the coordinate zl satisfying the inequality ZBI < ZI < ZDI. The sources 
of intensity Q=2A1Vm distributed over the region OCDC' and those with 
intensity Q = 2 (A2 - AI) Va3 distributed over BCC' act on section FlHl of this 
profile. Therefore it is possible to use formula (8.4.4) to calculate the pressure 
coefficient and the relation (8.4.5) to determine the drag coefficient. This 
relation (8.4.5) for the section FlHl of this profile can be written in the form 

8 A: 2, tan icl nf-a: do, 
C X F ~ H ~  = - - I cosh-1 J-. - 

bnaf dnf  - 1 1 of 

8 (A2- ,I1) 2, tan 7c2 ,I1 n;-l do2 - - [ c o s ~ - ~ ~ = . -  (8.4.25) 
bna' dni-  1 o;-1 o y  

where a1 and a2 are taken with respect to 0 and B respectively. 
The pressure in region HlLl of the profile is determined in the same way 

as for region HL using formulas (8.4.9) and (8.4.11). The corresponding 
pressure coefficient c~.~L~ is found from the expression (8.4.13) in which the 
limits olH and olL are replaced by the quantities alH1 and o l ~ l ,  the limits 
a 2 ~  and G ~ L  by and ax,, and the limits osJ and o 3 ~  by 0 3 ~ ~  and C T ~ L ~ ,  

which could be determined from formula (8.4.13'). The total drag coefficient 
of profile F1L1 with respect to root chord b, is equal to 

where Nl, N2, N3 are obtained from the expressions (8.4.14), (8.4.15) for the 
corresponding values of olHl atL1 and 02~1  which are calculated for points 
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HI, and LI by formula (8.4.17). The quantity Q1 is determined from the rela- 
tions (8.4.14) and (8.4.15) for x=O at 

o=z1 tan ~ 2 / [ ~ 1  tan K I  - ( l - r )  &I. (8.4.27) 

Profile F2L.2: Let us take the profile situated between points Dl and B1 
(see Fig. 8.4.2) with the coordinate ZI which satisfies the inequality z ~ l <  
zl< ZB,. The flow-interaction of this profile is fairly complicated in nature. 
The velocity in region F2G2 is induced by sources with intensity Q=2A1V, 
distributed over the triangle OCC'. Hence the coefficient of pressure in this 
region is determined with the help of formula (8.4.1) and the corresponding 
drag coefficient C,F,G, is given by expression (8.4.3) in which the integration 
is taken in the range from a 1 ~ ~  to 0 1 ~ ~ .  

The pressure in region G2H2 depends on the influence of sources with 
intensity Q=2A1V, distributed over region OCC' and also of sources with 
intensity Q = 2 (12 - A1) V ,  situated in region BCC'. Consequently the pres- 
sure coefficient is calculated by formula (8.4.4) and the drag coefficient 
C ~ G ~ H ~  is given by expression (8.4.5) in which the first integral is carried 
out in the range from a l ~ ,  to 0 1 ~ 2  and the second integral in the range from 
a 2 ~ 2  to a 2 H 2 .  

The sources distributed in region OCC' (Q=211V,) and those over 
triangle BCC' [Q = 2 (A2 - 11) V,] and surface BCC' (Q = - 2A2V,) have their 
effect in section H2J2 of this profile. The first distribution establishes the 
pressure coefficient obtained from formula (8.3.21) and the remaining two 
distributions give the coefficient determined by expression (8.3.25). The total 
value of the pressure coefficient on this section of profile will be 

where Dl ,  o2 and o3 are taken with respect to 0, B and D respectively. 
Applying the formula 

it is possible to calculate the drag coefficient of the section of profile in 
question with respect to root chord b,. 

The flow-interaction of the last section Jz L2 of this profile is governed by 
the influence of the sources distributed over the same regions of the wing as 
those for section H2Jz of this profile. Here we must take into account the 
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fact that the velocity induced by the sources over region BCC' is determined 
by formula (8.3.20) where 12 is replaced by the angular coefficient (122-121). 
Therefore the pressure coefficient should be calculated by formula (8.4.11) and 
the drag coefficient C X J ~ L ~  should be obtained from expression (8.4.12) in 
which the integrals are evaluated in the range from anJ2 to cnLZ (n = 1, 2, 3). 

The resultant drag coefficient is obtained by superposition of coefficients 
for all four sections of the profile: 

C X F ~ G ~  + CxCi2ff2 + CXH~JZ + C x ~ 2 ~ 2  . (8.4.30) 

As a result of substitution of the corresponding values of c, we get 

where Q 2  is determined by (8.4.14) and (8.4.15) for x=O at - 
g = z1 tan I C ~ / ( Z ~  tan ~2 - r br), 

provided the value of zl satisfies the inequality 
- 

F b, 
<Z1< (1 --TI br . 

tan ICI -a1 tan KI -a' 

Profile F3L3: Let us consider section F3L3 (see Fig. 8.4.1) with the coordi- 
nate zl satisfying the inequality: 

Z D ~  < zl< 202 3 (8.4.32) 

where 

The pressure on section F3J3 of the profile is established by the action of 
the sources distributed over the triangular surfaces OCC' ( Q  = 211 V,) and 
BCC' [Q = 2 (122 - ill) Voo]. Therefore the coefficient of pressure can be calcu- 
lated from expression (8.4.4) and the drag coefficient can be obtained from 
formula (8.4.5) in which the limits (TnG and s , ~  are replaced by the quantities 
g n ~ ~  and an J, (n= 1, 2). 

Besides the above distributions of sources OCC1 and BCC' the sources of 
intensity Q =  -2A2V, distributed over triangle DCC' also act on section 
J3H3 of the profile. The coefficient of pressure is equal to the value calculated 
from formula (8.4.4) and the additional value obtained from formula (8.3.25) 
in which A = - A2. 



The flow-interaction of section H3L3 is characterized by the induced effect 
of the sources distributed in three regions of the wing: OCC', BCC' and 
DCC'. Accordingly the calculation of the pressure coefficient on this section 
of wing should be carried out with the help of formula (8.4.1 1). 

Calculating the corresponding components of the coefficient of drag for 
all three sections and summing them, we get the resultant coefficient of 
drag: 

- - 
C X F ~ L ~  = 

n1 [N1 r - r  ( 1 - 3  N2-;2 In 21 = 
7Cbr Y2 (1 - 3 2  A:- 1 

It is easy to see that expression (8.4.34) is convenient for calculation of 
the drag coefficient of the profile situated between points Dl and D2 (see 
Fig. 8.4.2) and having coordinate zl which satisfies the inequality: 

F br 
<z1< br . (8.4.35) 

tan KZ - a' tan 1c1- a' 

Profile FsL~: Let us consider section FsL5 (see Fig. 8.4.1 j with the coordi- 
nates 

where 

zn2= b,/(tan KI - a'). (8.4.37) 

Three distributions of sources, namely OCC' (Q  =211 V,), BCC' [Q = 
2 (A2 - ll)V,] and DCC' (Q = - 212V,), act simultaneously on this section. 
Section F5Hs of the profile is situated behind Mach line OKo within the 
boundary of a wing. So we must use formula (8.3.21) with 1 = 1 1  for calcula- 
tion of pressure due to the distribution of source OCC'. The second distribu- 
tion of sources BCC' acts on section F5H5, which is situated between the 
Mach line and edge BC within the limit of the wing surface. Here it is 
necessary to apply formula (8.3.25), substituting 1 by kz- l * ~ ,  for calculation 
of additional pressure caused by the effects of distribution of sources BCC'. 
The second section H5L5 of the profile lies on the Mach lines OKo and B'KB, 
i.e. on one side of the Mach line and the corresponding edges OC and BC. 
Formula (8.3.21), having the distribution OCC' corresponding to the quantity 
1 = ,I1 and the distribution BCC' corresponding to the quantity A = A 2  - 11,  is 
applied to determine the coefficient of pressare from the distributed sources 
OCC' and BCC'. 



Section HsLs.1ies on different sides with respect to Mach line DKD and 
railing edge DC, i.e. behind the triangular surface DCC' where the intensity 
)f sources Q= -212V,. So we must apply formula (8.3.25), changing I to 
- A2, to calculate the coefficient of pressure due to these sources. 

Using the value of the coefficient of pressure obtained it is possible to 
letermine the corresponding coefficient of drag of profile F5L5: 

- - n 
cx FsLs = [NI r - r  ( 1 - r )  ~2-;21n 21 

zb,? (1 - 3 2  dn7- 1 

where Q3 is determined from (8.4.14) and (8.4.15) for x=O a t  

a = z j  tan xs/(zl tan I C ~  -b,). (8.4.39) 

The results of calculation of the cx/Z2 
distribution of the function for drag 2.8 

coefficient cx/T2 (d= d / b )  along the 2.4 
span of a swept wing having cons- 
tant chord b ( K I =  xz = I C ~  = 60") and 2.0 

symmetrical rhombus airfoil (;= 112) 
at M,= 1.8 and 1.9 are shown in Fig. 
8.4.3. From the graph it is seen that 
as we move away from the root chord 0.8 
the drag coefficient reduces. The 
value of the function cx/Z2 for the 
profile of a rectangular wing is shown 0 
in the figure for comparison. To l i l I I 1  

- - 0.4 
determine the resultant drag coeffi- b I 2 3 4 5 t = Z / b  

cient of a wing it is necessary to Fig. 8.4.3. Distribution of coefficient of 
integrate along the span the distri- drag along span of swept wing with 
bution of drag coefficients cxk of the constant chord and subsonic edges 

profile using the formula (dotted lines-for unswept wing). 

Effect of side edges (tips): If the wing has a side edge (Fig. 8.4.4) it is 
necessary to take into account its effect on the pressure distribution and coeffi- 
cient of drag. Calculation of the tlow-interaction of this kind of wing having 



six corners will be done in the following way: First the velocities and pressures 
in region OO'D'D due to the distribution of sources in triangular section 
OCD are calculated. The calculation will be carried out as in the previous 
case (see Fig. 8.4.1), in which a wing plan with four corners without side 
edges was examined. But it is necessary to improve the calculated velocities 
and pressures to account for the effect of side edges O'C", which is equivalent 
to the action of sources distributed over a triangle O'CD'. The intensity of 
these sources will have a sign opposite to that of the sources corresponding to a 
wing with an area O'CD'. The section of sources distributed over a triangle 
O'CD' spreads over the wing within the boundaries of section OfT"D' sur- 
rounded by Mach line O'K', trailing edge and side edges. For example, for 
the profile F,L, the effect of sources is restricted to the region F;L, (point F; 
lies at the intersection of the chord FzL2 and Mach line O'K'). 

Fig. 8.4.4. Wing with side edges. 

Let us examine how the pressure on section J2L2 of this profile is calculat- 
ed. Considering only the distribution of sources in the region OCC', the 
coefficient of pressure can be determined by formula (8.4.1 1). The correction 
dpon  the influence of sources with the opposite sign in a triangle O'CD' can 
be carried out so that 

- - - 
P J ~ ~ ~ = P J L -  AP. (8.4.41) 

In determining the correction d p  the position of section J2L2 of the pro- 
file with respect to Mach line 01'K1' passing through a point 01' which lies 
on the opposite side edge should be taken into account (see Fig. 8.4.4). If 
this line does not intersect section J2L2 the distribution of vortices in the 
region O'CD' of one side of the wing will affect only this section. At the 
same time the effect of the sources OI'C'D~' is excluded. The induced velocity 
is calculated by formula (8.3.13) and the corresponding additional value of 
the pressure coefficient d j =  -2u/V,. This additional quantity can be repre- 
sented in the form of the summation 



where dh depends on the distribution of the sources O'CC' (Q = 211 V,) and 
A& and A& are due to the distributions of sources B'CC" [Q = 2 (12 -11) V,] 
and D'CC" ( Q  = - 222 V,) respectively. 

Applying formula (8.3.14), we get 

where a, ,  oz and as are taken with respect to points 0 ' ,  B' and Dr. 
If Mach line 01'Kl' intersects chord FA2 then, along with the effect of 

the sources O'CC", we have to take into account the effect of the sources 
distributed in triangle O1'C'ClU on the opposite side of the wing. The same 
formula (8.3.13) is used for the calculation of induced velocity. 

5. Flow-interaction of Wing with Four Corners, Symmetrical Airfoil and 
Edges of Different Types (Subsonic and Supersonic) 

5.1 Leading edge and middle edge subsonic, trailing edge supersonic 
Disturbances from the supersonic trailing edges of a wing (Fig. 8.5.1, a) 

propagate downstream within the boundaries of the Mach cone with genera- 
tor DKD. As such they have no effect on the flow-interaction of a wing sur- 
face. The velocity and pressure depend on the effect of the leading edge and 
middle edge. 

Let us consider the profile FL with a coordinate z l<  zgi. The coefficient 
of pressure at section E%, due to interaction of the sources with intensity Q= 
211V, distributed over a triangle OCC', is determined by formula (8.4.1) and 
the corresponding drag coefficient CXFG by expression (8.4.3). The coefficient 
of pressure at the next section GH affected by distributed sources in the 
triangles OCC' (Q =2AlV,) and BCC' [Q = 2 (12 - A , )  V,] can be calculated 
by formula (8.4.4). The corresponding value of coefficient of drag C ~ G H  for 
this section can be determined from expression (8.4.5). 

We find the interaction of the same distribution of sources on section 
NL as on section GH. However, considering that section HL lies on the wing 
surface below Mach line BKB the calculation of pressure coefficient &L 
should be carried out with the help of formula (8.4.9) and that of drag coeffi- 
cient CXHL from expression (8.4.10). The resultant drag coefficient of this 
profile will be 
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In examining section FlLl having a coordinate zl >zsl the effect of the 
distribution of sources OCC' and BCC' should be taken into account 
simultaneously. Drag coefficient C X F ~ H ~  for section F t H l  can be determined 
by formula (8.4.25) and drag coefficient c ~ ~ ~ L ~  for section HlLi can be found 
from expression (8.4.13) in which the third term in the square brackets is 
taken as zero and the limits  an^ and O,L are replaced by the quantities o , ~ ,  
and anLi (n= I ,  2) respectively. The total drag coefficient of airfoil F ~ L I  will 
be 

Fig. 8.5.1. Wing with four corners in supersonic flow: 

a-leading edge and side edge subsonic, trailing edge supersonic; 
&--leading edge subsonic, side edge and trailing edge supersonic. 

c-all edges supersonic. 

5.2 Leading edge subsonic, middle edge and trailing edge supersonic 
The main feature of the flow interaction of the wing shown in (Fig. 

8.5.1, b) in that the sources distributed over the region BDDI have no effect 
on the distribution of velocities and pressures in the remaining part of the 
wing situated above Mach line BKB. 



Let us take the airfoil FL with coordinates zl< ZD,. The sources distri- 
buted in triangle OCC' (see Fig. 8.5.1, a) interact on the section FH of this 
profile. Hence the pressure distribution can be found with the help of formula 
(8.4.1) and the corresponding drag coefficient CXFH can be obtained from 
expression (8.4.3) in which the upper limit o l ~  should be changed to ol~. The 
second section HG undergoes the effect of the subsonic leading edge OC (and 
hence of the distribution of sources OCC') and of the supersonic middle edge 
BC. The corresponding pressure coefficient is determined in the form of the 
sum of two coefficients. The first of these coefficients is calculated from 
expression (8.4.1) and the second from formula (8.3.27), where it is necessary 
to take 1 =1.2-121 and n=nz .  Thus 

The velocity on section GL is induced by sources distributed over triangles 
OCC' and BCC' (see Fig. 8.5.1, a). Applying formulas (8.5.3) and (8.3.40), 
we get the following relation for the coefficient of pressure: 

The drag coefficient of this airfoil will be 

The airfoil FILI is situated below Mach line OK0 and therefore the distri- 
bution of sources with intensity Q=211V, in triangle OCC' will affect it. 
Besides that, the distribution of sources with intensity Q =2 (,I2- 11) Veo over 
a triangle BCC' will act on section HILI and cause additional pressure which 
can be calculated by using formula (8.3.27), replacing 1 by (A2-121). Accord- 
ingly, the coefficient of pressure PF~H, at section F1Hl is calculated from 
expression (8.3.21) and the coefficient of pressure FHILl at section HILl from 
formula (8.5.3). The coefficient of drag of the profile will be 



5.3 AU edges of wing supersonic 
For this kind of wing (Fig. 8.5.1, c) the Mach lines OKO, BKB and DKD 

drawn from the points 0, B and D are located below the corresponding edges 
OC, BC and DC. Therefore the pressure coefficient should be calculated using 
formulas (8.3.27) and (8.3.40). 

Let us study airfoil FL with a coordinate O< zl< ZD,. The section FH lies 
between the leading edge 06 and the Mach line OKo. Therefore, the other 
edge OC' (see Fig. 8.5.1, a) will not affect the flow in this region which is consi- 
dered to be a plane supersonic flow. Considering that the sources in a triangle 
OCC' withintensity Q =211V, interact on the section FH the pressure coeffi- 
cient &H can be determined from formula (8.3.27) in which 1 and n are 
changed to 1 1  and nl respectively. The additional pressure on the section HG 
is established from the effect of the edge OC'. The pressure coefficient jHG on 
this section is found from expression (8.3.40) with n=nt and a=o l .  

Besides the interaction of distribution of sources OCC' on section GJ the 
distribution of sources BCC' with intensity Q = 2(12 - 11) V, gives induced 
effects in this section. Applying formulas (8.3.40) and (8.3.27), we get the 
expression for the pressure coefficient: 

The last section JL of the profile undergoes the additional effect of the 
opposite edge BC'. Accordingly the coefficient of pressure on section JL, 
where sources with intensity Q = 2 (12 - 11) V ,  interact, will be 

The drag coefficient of the profile FL will be 

The coefficient of pressure GIHl on section FI HI of profile FILI with the 
coordinate ZD,< z l< ZD, is determined by formula (8.3.27) in which 1 = 1 1  and 
n=nl. At the neighboring section HlGl formula (8.3.40) with 1=11, n=nl 
and a = should be applied to determine the pressure coefficient &,G,. The 
pressure on the last section GtLl is obtained from interaction of the distribu- 
tion of sources OCC' (Q =211V,) and BCC' [Q=2 (12-11) V,]. Therefore 
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formula (8.5.7)can be used to calculate pressure coefficient &&,. The drag 
coefficient of profile F l L 1  will then be given by 

%Fl *X1 XGl 
(8.5.10) 

The flow around the airfoil F&2 at a section ZD, < z l  happens to be the 
plane supersonic flow. Therefore the pressure coefficient on it is determined 
by formula (8.3.27). The sources distributed over triangle OCC' with intensity 
Q = 2A1Vm act on the section R G 2 .  Hence the coefficient of pressure ~ ' F ~ G ~  is 
found from formula (8.3.27) in which 1 = d 1  and n = n l .  The sources with 
intensity Q = 2 ( 1 2 -  11) V, distributed over triangle BCC', have an additional 
effect on section G2L2. Therefore the pressure coefficient on this section will 
be 

The coefficient of drag for profile F2L2 will be 

5.4 Delta wing 
From the relations obtained for a swept wing with a plan having four 

corners it is possible to get the relations for the aerodynamic characteristics of 

Fig. 8.5.2. Drag of delta wings with symmetrical rhombic 
profile in supersonic flow: - x= ~ [ b , ,  n, = tan ~ [ a '  (ar= 2 / ~ " ,  - I ) .  



a delta wing (Fig. 8.5.2). For this kind of wing the trailing edge is supersonic. 
The leading edge and the line of maximum thickness (middle edge) can be 
either subsonic or supersonic. Accordingly the local velocities and pressures 
and also the resultant drag coefficient cx are determined. 

The results of the calculation of a function cxa'/4z2 for delta wings with 
subsonic (nl > 1) and supersonic (nl < 1) leading edges with respect to (1 -;) at 
various values of nl (angle of sweep I C ~ )  are shown in Fig. 8.5.2. The values 
of cxa'/4i2 at nl=0 correspond to a rectangular wing with symmetrical 
profile. 

The coefficient of drag of this kind of wing can be determined with the 
help of formula (7.5.22). The coefficients of pressurepl and $, entering into it 
are calculated from expression (8.3.27). As the airfoil is symmetrical - - -  
pr = I pul =p  and Idy/dxlr = (dyldx), = A. Therefore 

where x=x/b, and the coefficient pl and p2 are determined from (8.3.27) at 
nl = O  for 1 1  and I 2  respectively. Inserting the values of $ and $2, we get 

Using the values of II and I 2  from (8.4.7), we have 

The effect on drag of the location of the maximum thickness of an airfoil 
can be obtained from Fig. 8.5.2. A value of r can be obtained that corres- 
ponds to the minimum drag coefficient. The points where the curves turn 
refer to the values of; at which the line of maximum thickness becomes sonic - 
(nz=nl r= 1). 

6. Zone of Application of Method of Sources 

The method of sources was used in Sections 3 and 5 to study flow-interac- 
tion and determine the drag force of a wing with a symmetrical airfoil at zero 
angle of attack, i.e. in the absence of lift force. Experiments show that the 
limits of application of this method in aerodynamic studies can be extended. 
Let us consider cases where a small-perturbation flow around a thin wing at 
zero angle of attack can be determined with the help of this method of 
sources and the lift force and drag calculated. 

Let us take two wings with different leading edges. One of them (Fig. 



8.6.1) has a curvilinear edge with a finite supersonic region and the other 
wing a completely subsonic leading edge (Fig. 8.6.2). 

Fig. 8.6.1. Wing with limited part of leading edge supersonic. 

In Fig. 8.6.1 points E, E' at which the tangent to the contour coincides 
with the generators of the cones of disturbances happen to be the boundaries 
of a supersonic region. Consider the velocity potential at some point M 
situated in the region bounded by the side edge ED and the lines of distur- 
bance emerging from points E, D, D' and B' in plane xOz. 

According to formula (8.2.16), in which the zone of integration o is equal 
to o = S1+ S2, the velocity potential at a given point will be 

In this expression the function Ql (x, z) = 2 (ayl/ay),=o, which follows from 
(8.2.17). This function is determined from the condition of smooth flow over 
the wing surface (8.1.12). As the - 
equation of this surface is given the 
function Ql (x, z) will be known. In "IM- 
the particular case of a wing in the 
form of a flat plate at an angle of 
attack a the function Q1=2VW a. So 4 

determination of y' from formula 
(8.6.1) is connected with determina- 
tion of the unknown function Q2, 
which governs the intensity of distri- 
bution of sources over the region of 
area S2. Fig. 8.6.2. Wing with subsonic leading edge. 

To find this function Q2 we take 
an arbitrary point N(x, 0, z) lying in the region between the Mach lines 
drawn from points E and D. According to (8.1.20) the velocity potential at 
this point is equal to zero. Therefore the following expression can be 
obtained according to the notations indicated in Fig. 8.6.1: 



The first term on the right side of this integral equation is a known func- 
tion because the intensity Q on the area S 3  is determined from the boundary 
conditions. Therefore the unknown function Q2 representing the intensity of 
sources in the region Sq can be obtained from this equation. 

So if the leading edge of a wing with a symmetrical airfoil is completely or 
partially supersonic the method of sources is applicable in the study of the 
flow-interaction of the wing at a given angle of attack. The same conclusion 
can be drawn for a wing with similar edges and cambered airfoil placed in a 
flow at an angle of attack a#O or at zero angle of attack. 

Now let us take a wing with subsonic leading edges. For the similar point 
N the following relation can be written as (see Fig. 8.6.2): 

It can be seen that we get one equation with two unknown functions Q3 and 
Q2. By analogy with Q2 the function Q3 represents the intensity of sources on 
the area Ss in the region between the left leading edge and the Mach line 
drawn from the apex of the wing. So if the wing has a subsonic leading edge 
it is not possible, by the method of sources, to work out the flow-interaction 
of a thin wing with symmetrical profile at any angle of attack or of a wing with 
a subsonic edge and cambered profile at zero angle of attack or a#O. 

7. Method of Dipoles 

The application of the method of sources to the study of the supersonic 
flow-interaction, as shown above, is limited to wings with completely or 
partially supersonic leading edges. In other cases connected with the study of 
the supersonic aerodynamic characteristics of wings with subsonic leading 
edges at a given angle of attack (or for similar wings with cambered airfoil 
at a=O) it is necessary to use the method of dipoles. 

Let us study a dipole in a supersonic flow. To do this we determine the 
velocity potential of the flow formed due to an elementary source and an 
elementary sink of the same strength Q having the coordinates x = r, z = C, y = E 

and x=c,  z=(, y=  - E  respectively. The selected source is located above the 
plane y=O at a small distance E from it and the sink is situated under this 



plane at the small distance - E. Writing (8.2.11) in terms of finite differences, 
the potential due to the source and sink pair can be expressed in the form 

+ 1 

d ( x  - t)2 - at2 [(y + + (Z - C)2] 

Introducing the notation p = d ( x  - t)2 - a'2 [y2 + (z- 021  and neglecting the 
quantity E~ in square brackets, we get 

Using series expansion of the square root and omitting the quantities of 
second and higher orders of smallness in these expansions, we have 

Ay, = 
at2 QysAa - - at2 Q y ~ d a  

np3 n {(x - 5)2 - at2 [y2 + (z- 5)2]}3/2 ' 

After finding the limit of Ay, as E+O and assuming the constant value of 
M =  Q - E  known as the momentum (or strength) of a dipole we get the expres- 
sion for a differential of the potential function of a dipole 

Myda 
dy,di~= n {(x - 5 ) ~  - a.2 + (z - 021}3/2 ' 

This expression can be written in the form 

Integration of this over the region a, in which the effect of the dipole is felt, 
gives the expression for a potential function 

where n is included in the function of distribution of dipoles. 
It can be shown that the function (8.7.1) satisfies equation (8.1.7). To do 

this let us differentiate (8.1.7) with respect to y: 

This equation can be rewritten in the form 
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Let us now examine expression (8.7.1) for the potential of a dipole. If the 
quantity - 112 a is included in the expression for this potential then by (8.2.12) 
the double integral can be considered as a potential of sources whose distri- 
bution over an area a is given by some function M. Consequently 

From the comparison of (8.7.2) and (8.7.3) it can be seen that the function 
pdip actually satisfies equation (8.1.7) for the velocity potential. 

Knowing the form of a wing surface, velocity of an undisturbed flow and 
angle of attack it is possible to find the distribution of dipoles M and hence 
the potential pdip of dipoles. The derivative of the function qdi ,  with respect to 
x gives an additional axial component of the disturbed velocity u= apap/ax. 
Then the coefficient of pressure j= -2u/V, on the lifting surface and the 
lift force created by it can be culculated. 

8. Flow-interaction of Delta Wing with Subsonic Leading Edge 

A wing in the form of a flat plate having a triangular plan and subsonic 
leading edges is supposed to fall within the Mach cone (Fig. 8.8.1). The me- 
thod of distributed dipoles and the corresponding relation (8.7.1) for a velocity 
potential of dipoles can be used to find the lift force of this kind of wing. 

Fig. 8.8.1. Plane delta wing with subsonic edges. 

In Section 3 it was shown that the additional velocity u induced by the 
sources distributed over an inclined triangular surface with subsonic edges 
depends only on the function a=zaf/x [see, for example, formula (8.3.2011. 
This means that the velocity will be constant along the ray emerging from the 
point of discontinuity of a leading edge at an angle y = tan-' (zlx). This ray 
can be treated as the generator of a cone whose apex coincides with the point 
of discontinuity of a leading edge. 



A flow having the property of maintaining constant the velocity and hence 
the other parameters along the generators of this conical surface is called a 
conical flow. For this kind of flow in the plane y=O it can be said that 
additional velocity is the function of ratio zlx, i.e. u=f (zlx). From this it 
follows that the potential due to sources for a conical flow also depends on 
this ratio. 

Considering the flow about a triangular surface created by the dipoles as 
a conical flow, the potential at a point P lying in the plane y=O (see Fig. 
8.8.1) can be expressed in the form 

where FdiP (zlx) is a function depending only on the angle of conical surface 
y = tan-' (zlx). The potential of a conical flow at a point with the coordinates 
x, y, z can be written in a more general form: 

According to equation (8.8.1) the relation characterizing distribution of 
dipoles in the plane y = 0 (on the surface of a wing) is such that 

M (59 C) = 5m (A), (8.8.3) 

where h= [It; m (h) is some function of the argument h. 
Let us transform equation (8.7.1). The elementary area occupied by a 

dipole can be expressed in the form do = d{dC=tdhd< because d l=  rdh. 
Therefore 

hg=cot K 

qdip = I rn (h) dh - 
r ( x - s ) ~ - ~  1yL+(z 

IrA'-cot K 0 

Fig. 8.8.2. Region of effect of dipoles on flow-interaction 
of wing with subsonic leading edges: 

I-region of effect of dipoles; 2-delta wing; 3-parabolic curve. 



where < I  represents the coordinate of a dipole which may have an effect on 
the flow at a point P (x ,  y,  z ) .  This dipole is situated on the curve bounding 
the region of influence of dipoles (Fig. 8.8.2) and is obtained as a result of the 
intersection of the plane y=O and the Mach cone drawn along the flow from 
a point P. This curve represents the parabola AlBl satisfying the equation 

( ~ - < 1 ) ~ - a ' ~  [ y 2 + ( z - ~ ~ ) 2 ] = 0  (8.8.5) 

in terms of the coordinates < I ,  CI. 
The expression under the square root sign (8.7.1) can be written in the 

following way: 

( X  - <)2 - af2  [ y2  + ( Z  - h{)2] = a t 2  + b< + c ,  (8.8.6) 

where 

The integral in (8.8.4) will then be 

Noting that a= 1 -a f2 ,  h2 >O, we find the integral on the right side of (8.8.8): 
E l  -. 

1 
dg - -1n[2Ja (a t~+b<~+e)+2ag+b]  . (8.8.9) .I J d t ' + b < + c - J F  

0 I:' 
According to (8.8.5) the quantity a<: + bgl + c = 0 .  Hence 

Solving expression (8.8.5) written in the form 

a 5 f + b t l  +c=O, 

we get 
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Then 

In (2a5, + b) =lndb2- 4ac. (8.8.13) 

The difference between the logarithmic terms in (8.8.10), taking (8.8.13) into 
account, will be 

1 b-2 4 2  
=- ln 

b 
- = -cot h-1 - . (8.8.14) 

2 b+2  d a c  2 .I& 

Thus 

5 1 

t2d5 = 3b ---- 4; - 3b2-4ac - b 
cot h-1 -- - (8.8.15) I 4 at2+b<+c 4a2 8a2 42 2 d a c  

0 

The derivative of (8.8.15) with respect to y will be: 

b 
+cot h-I ,) . 

2 d a c  

Introducing the notation 

v = b / 2 d Z  (8.8.16) 

and keeping in view that @lay= -2yar2 [see formula (8.8.7)], we can write 

Inserting this expression in (8.8.4): 

?dip = '7 Nm (h) dh. 
-Cot K 

To determine the form of function m(h) for the distribution of dipoles 
we use the condition of smooth flow over a wing, which states that 



The partial derivative (apdip/ay),=o is determined by (8.8.18) in the 
form 

( a p ~ i P / a ~ ) ~ = o  = '1 ( a N / a ~ ) ~  -0 m (h) dh. 
-cot K 

Inserting this expression in (8.8.19), we get 

Differentiation of (8.8.17) with respect to y gives 

Let us calculate the partial derivative of (8.8.20) with respect to (zlx) tak- 
ing into account (8.8.21): 

2 
O =  ' O I K  a d ~ ( 1  -v2)2 l y z 0  m (h) dh. (8.8.22) 

-cot rc 

From (8.8.16) it follows that the derivative 

From (8.8.7) and (8.8.16) we arrive at the relation 
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Using (8.8.23) and (8.8.24) in equation (8.8.22) we have 

cot K 

m (h) dh  

h - -  

It will be shown that this equation has the same form as the equation obtain- 
ed by using the method of dipoles in solving the problem of the flat plate 
of infinite length oriented perpendicularly to the direction of an incompressi- 
ble undisturbed flow. The velocity potential for the flat plate, representing 
part of a wing at a section AB of coordinates Z A =  -c, Z B = C  in an incom- 
pressible flow of velocity v=V,a in a direction perpendicular to the wing 
(Fig. 8.8.3), can be determined with the help of equation (2.9.16), which can 
be rewritten in the system of coordinates shown in Fig. 8.8.3 in the form 

This expression determines the potential at a point P (y, z )  due to a plane 
point dipole of unit strength (M= 1). If the strength of the dipole differs from 
unity and the distribution of dipoles along the span of the flat plate is given 
by the function M ( y )  the velocity potential induced by dipoles on the section 
of the wing d y  will be 

Fig. 8.8.3. Incompressible two-dimensional flow past flat plate 
AB from delta wing in cross flow of velocity V-a. 

The velocity potential at a point P induced by the effect of dipoles distri- 
buted along the span of a flat plate at the section from ZA = - c to z~ = c can 
be written in the form 

The vertical component of velocity v=aqdip/ay on the surface of a wing 
( y  = 0) will be 
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apdip a - M (d ydv2 ]  = j M- . (8.8.29) 
vY=O= ( )y=o =[5 J ( z -  )1)2 +Y y=o (2-712 

-C -C 

Z 

Since the component vy=o remains constant along the span we have 

Differentiation of this results in 

Comparing equations (8.8.25) and (8.8.30), we find that they are of the 
same type. Therefore the possible function of distribution of dipoles m (h) in 
a supersonic linearized flow can be chosen so that it has the same external 
form as the corresponding function M (7)  in an incompressible flow. 

To determine the form of a function M ( 7 )  we can use the solution of the 
problem of determination of potential function for a flat plate in an incom- 
pressible fluid flow in a perpendicular direction (see Chapter 6 Section 2).  By 
this method the velocity potential over the plate is obtained from formula . 
(6.2.7). Hence the difference of potentials over the two sides of the plate will be 
Ap = 2 V  daz-z2. Now we recall that an incompressible fluid flow about a 
flat plate is taken as the resultant of superposition of the flow due to dipoles 
over the undisturbed flow [see formula (6.3.6)]. Consequently the distribution 
of dipoles for the flat plate in an irrotational incompressible fluid flow is 
equivalent to the difference of potentials Ap obtained above. Keeping in view 
that the function m (h) for distribution of dipoles in a compressible flow has 
the same form as that for an incompressible flow, the expression for this 
function can be assumed to have the form 

where H2=cot2 K; L is some coefficient of proportionality. Equation (8.8.20) 
can be used to determine the coefficient L. Inserting (8.8.21) and (8.8.31), 
we get 

According to (8.8.7) and (8.8.16) the quantity 
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Taking into account (8.8.7), the quantity 

To simplify the calculation of coefficient L from (8.8.32) the integration 
may be carried out along the axial coordinate on the wing. Keeping in mind 
that z = 0, y = 0, for the axial line we have 

- 1 
+cot h-1 __) dh. 

dl - a'2 h2 

Integration of this leads to 

aVm=nL dl - (1-af2cot2~c)s in2qdq.  i" (8.8.36) 
0 

The integral 

'j' d l - ( I - a f 2 c o t 2 ~ )  s i n 2 v d P = ~ ( k )  (8.8.37) 
0 

represents the complete elliptic integral of the second kind with the 
parameter 

The values of the integral (8.8.37) are obtained from the tables for different 
values of the parameter k. 

The distribution of dipoles can be represented by function (8.8.3) provid- 
ed we replace m (h) by (8.8.31) and use the value of L obtained from (8.8.36). 
As a result we get 

Let us find the component of an induced velocity due to the dipoles over 
the wing surface y=O. From (8.7.3) it follows that 



i.e, the potential due to dipoles over the wing is determined by the value of 
the vertical component of velocity induced by the sources. Comparing (8.2.12) 
and (8.7.1), it can be shown that M (5, c) may be considered as a function 
like the function Q (5, c) determining the distribution of sources over a wing 
surface of given form at a given angle of attack. If the quantity n is then 
included in M (5, c) in (8.7.1) the following equation can be written accord- 
ing to (8.2.7), (8.8.39) and (8.8.40): 

where h = or h = z/x. 
The component of induced velocity due to the dipoles will be 

- - aV, cot2 K 
E (k) dcot2 K - h2 

The corresponding value of pressure coefficient, taking into account the 
possible signs before the square root term, will be 

where the plus sign refers to the pressure on the lower side and the minus sign 
to that on the upper side of the wing. The pressure field happens to be conical 
about the leading edge of a wing, i.e. the coefficient of pressure j =cons- 
tant for all the values of z/x =constant. 

The lift force acting on a delta wing consists of the pressure force on the 
lower surface and the suction force arising from suction on the upper surface. 
The elementary value of a lift force acting on the area dS=O.Sxdz (see 
Fig. 8.8.1) will be 

The total lift is obtained by integrating this over the whole wing surface 
Sw = x2 cot lc: 

The coefficient of lift will be 

2 Y  2a cot lc 
cY = I p 1 dh = ------ dh ' r K  dcot2r-h2 ' p, VL S ,  =4rK cot lc 

- 

-Cot K 
fi (4 

-cot K 
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Integration of this gives 

cy = 2an cot rc/E (k). (8.8.44) 

For a conical flow the center of pressure of each of the triangular elements 
starting from the leading edge is situated at a distance of two-thirds of the 
depth from the leading edge. Therefore the center of pressure of the whole 
wing will be located on the root chord at a point lying at a distance two- 
thirds of a chord from the leading edge. 

Let us find the position of the center of pressure of a semi-wing. For this 
we calculate the coefficient of lift of the section 

br 

XA 

where xA=br-b; b is the local chord (see Fig. 8.8.1). Using the value of - 
p from (8.8.43) and integrating, we get 

where tan v =z/b, (see Fig. 8.8.1). The quantity bci is called the spanwise 
wing loading. 

The load at the root section (bci), is determined from the condition at 
XA =O, z=0. It is then given by 

(bci), = 4abr cot rc/E (k). (8.8.46) 

The distribution of spanwise wing loading, as seen from (8.8.45), happens to 
be elliptic. 

The position of the center of pressure of the semi-wing (coordinate z,.,, 
see Fig. 8.8.1) is determined from the equation of moment of forces about 
the x axis: 

whence 

4 
r,, = - 1 c; br dr. 

br 1 cy 
0 

Substituting the value of c; in this expression, taking the value of cy from 
(8.8.44) and integrating, the following value of the coordinate of the center 
of pressure can be obtained: 



For a delta wing of low-aspect ratio (K+Z/~)  the quantity a' cot K <  1 and 
the value of the elliptical integral may be taken as E (k) = 1. Hence for this 
wing 

cy = 2an cot K. (8.8.48) 

Expressing cot u in terms of the aspect ratio of the wing 1,=4 cot K, we get 

If the angle of sweep IC is chosen so that ~ = n / 2 -  p, consequently the 
Mach line coincides with the leading edge, 

cot rc=tan p, and a' cot  cot p, cot ~ = 1 .  

In this case the elliptic integral E (k) =n/2. Therefore for a delta wing with 
a subsonic leading edge 

c, = 4a cot K. (8.8.49) 

Since 

cot ~ = t a n p , = l / d ~ k -  1, 

we have 

cY=4 a /dMk - 1. (8.8.50) 

This value of lift coefficient coincides with that of a thin profile with sharp 
edge in a linearized supersonic flow. 

It will be shown that the coefficient of lift of a delta wing with a supersonic 
leading edge can be described by the same expression (8.8.50). According to 
(8.3.40) the pressure coefficient over a wing in the region between the Mach 
cones will be 

and on the section between the leading edge and the Mach cone [see formula 
(8'3.2711: 

- - 
p = -1- 2 a/ar61 - n2, (8.8.52) 

where n = tan u/al, a = z tan K/X = h tan I<. 

Let us determine the coefficient of pressure difference: 
- -  - 

A p =PI -pu. 

According to (8.8.51) and (8.8.52) we get the value of this coefficient for 
the section between the Mach lines 

and on the section between the leading edge and the Mach line it will be 
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The spanwise distribution of lift will be 

be; = 1 A; dr. 
XA 

Inserting the value of A? from (8.8.51') and integrating, we get the 
following relation for the section between the Mach lines: 

1 
- - (1 + o') sin-' 

7-t n(1-t-a? o'+n2 I ' 
where 

0'=z tan IC/br, O<of< n. 

Substituting the value of A? from (8.8.52') and integrating, we get the 
relation for the section between the Mach lines and the leading edge 

where n < o f <  1. 
The distribution of spanwise wing loading does not remain elliptical in 

this case as in the case of the wing with a subsonic leading edge. It varies 
linearly over the section between the Mach lines and the leading edge and it 
has a curvilinear variation over the region between the Mach lines (Fig. 
8.8.4). The distribution of pressure in conical form is shown in the same 
figure. As long as the pressure field remains conical the center of pressure 
lies at a distance of two-thirds of the root chord from the leading edge. 

Fig. 8.8.4. Distribution of coefficient of pressure difference 
and load along span of wing with supersonic leading edge. 
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The coefficient of lift of the wing will be 

This integration leads to the expression cY=4a/a1, which coincides with 
(8.8.50). 

9. Wing with Six Corners having Subsonic Leading 
Edges and Supersonic Trailing Edges 

Let us find the aerodynamic characteristics in the more general case of a 
flow-interaction at a small angle of attack with a wing in the form of a flat 
plate with six corners in plan with subsonic leading edges and supersonic 
trailing edges (Fig. 8.9.1). This form of trailing edge eliminates the vortex 
sheet effect behind a wing during flow-interaction. 

The results of the solution of the problem of the flow-interaction of a 
delta wing with subsonic leading edges can be used to determine the velocity 

Fig. 8.9.1. Wing with six corners having subsonic leading edges and 
supersonic trailing edges. 
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potential. Let us consider a point A with coordinates x, z situated in the 
region I which is'bounded by the leading edges and the Mach lines drawn 
from the points G and D. The velocity potential at this point can be expres- 
sed, by analogy with (8.6. l), by the following formula: 

where o is the region of integration on the wing surface; the quantities Ap2 
and Ap3, representing additional potentials, are determined by expressions 
similar to the second and third terms on the right side of (8.6.3) for the 
regions of integration ol and cr2 (shaded regions in Fig. 8.9.1). 

Keeping in mind that Q1 =2AVco=2aV,, equation (8.9.1) can be rewritten 
in the following way: 

0 

where 

which is obtained from (8.9.1). 
Let us introduce a characteristic system of coordinates for further trans- 

formations. In this system the axes r and s coincide with the directions of the 
Mach lines drawn from the leading edge of the wing (see Fig. 8.9.1): 

r = (M,/2ar) (x - a' z), s = (M,/2a1) (x + a' z). (8.9.4) 

The characteristic coordinates of a point A (xA, zA) will be: 

Let us apply these characteristic coordinates r and s to equation (8.9.2). 
From (8.9.4) we have: 

Hence 

~ - < = x A - x = ( u ' / M ~ )  [(~A+sA)-(~+s)]; 
a' (Z - !:) =a1 (ZA - Z) = - (a'/Mw) [(rA - sA) - (r - s)] . 1 (8.9.5) 

Using these expressions in (8.9.2) and remembering that the elementary area 
in terms of the coordinates r and s will be dcr = dr . ds sin ( 2 , ~ ~ )  (see Fig. 8.9.1) 
and the limits of integration will be SB and SA, r~ and r ~ ,  we get the equation 
for a potential function: 
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The coordinates of sB and rc can be expressed in terms of the coordinates 
of points rA and sA respectively. Since the equations of leading edges in the 
coordinates z and x will be z= +x tan IC then, according to (8.9.411), these 
equations in the coordinates r  and s  are transformed into the form: 

r  = sm (for right side leading edge) 
Z= + X Cot K); 

r=s/m (for left side leading edge 
Z= -X cot K), 1 

where m = (n - l)/(n + I), n =tan ~c/a'. Therefore the coordinates rc and s~  can 
be expressed in the following way: 

~ C = S C ~ = S A ~  and S B = ~ B  m=rAm.  (8.9.8) 

Replacing rc and sB in (8.9.6) by sA m and rA m respectively and carrying out 
integration, we get 

Substitution of the values of rA and SA from (8.9.4') and the quantity 

gives 

where h = Z A / X A  or h = c/c. 
Comparing equation (8.9.11) with the exact relation (8.8.41) for the 

potential function at a given point it will be seen that for equality of results 
the quantity D in (8.9.11) should be equal to 

Then at point A lying on a wing in region I the velocity potential will be 

Accordingly the equation that should be used to determine the potential 
function on the wing will have the general forin: 
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Let us usdequation (8.9.14) to determine the potential function at point 
A situated in region I1 which is bounded by the Mach lines from the points 
D and G, the side edges and part of the trailing edge. Equation (8.9.14) may be 
written in the following way: 

By analogy with (8.9.8) 

Point K is situated on the side edge satisfying the equation z=E/2. In 
terms of coordinates r and s the equation of the side edge, in accordance 
with (8.9.4"), will be 

Then the coordinate for point K will be 

YK= SK - (Mm 112) = SA - (Mm 112). (8.9.18) 

Considering also that SBI = r ~  m, after integration of (8.9.15) we obtain 

u v m n l [  ( M1)]sA-rAm).  (8.9.19) 
' I J = ~  M, E (k) rA- SA-- 

Replacement of rA, s~ and m by the corresponding values from (8.9.4') and 
(8.9.10) gives 

The velocity potential at a point A lying in region I11 will be 

Points K' and G' are situated on the side edges and satisfy the equations 
z= + E/2 (the plus sign for the right edge and the minus sign for the left 
edge). In terms of the coordinates r and s the equations of these edges, 
according to (8.9.4), will be 

r - s = - M, 112 (for right edge); 
(8.9.22) . 

r - s = M, 112 (for left edge). 
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Therefore we can write for points K' and G': 

r ~ '  = S K I  - ( M p r  112) = SA - (Mm 112); J (8.9.23) 
SG' = r ~ '  - ( M ,  112) = r~ - ( M ,  112). 

Integration of (8.9.21)' taking into account the limits shown in (8.9.23)' 
gives 

, a V w ( n + l )  
' I I I =  nM,E ( k )  d ( r A - s A + 5 1 ) ( s A - r A  2 +- 2 . M" ' )  (8.9.24) 

Using the values of sA and rA from (8.9.4') we have 

a V , ( n + l )  - 
pilr= 2nE (k) d l 2 - 4 2 ; .  

Calculating the partial derivative with respect to XA, we get the components 
of perturbation velocity u= ap; /axA (n=I,  11, ZII). Then the coefficients of 
pressure in the respective regions on the lower and upper sides of the wing 
will be: 

- _ 2 8 ~ ; ~ -  + A . I (8.9.26) PIT= + - .  --&-- 
V ,  axA nE (k )  2a' ( X A  + z A  tan rc) ' I 

I 

AP/K Here the plus sign on the right side of 
the equality corresponds to the lower side 

12 of a wing and the minus sign to the upper 
side. 

.lo The variation in the coefficient AF/a = 
(5, - p , ) / a  near the side edge as a function 

8 of the distance from the leading edge (as 

6 
a percentage of the chord) calculated with 
the above formulas for a wing with five 

4 corners at M,= 1.12 is shown in Fig. 
8.9.2. The discontinuity in pressure due 

2 to the action of the corner point of a wing 

0- 
is observed on the surface of a Mach cone 
at the tip. The pressure remains constant 

Zo 4o 6 o j i = ( ~ ~ b ) ~ o Y .  at the section between the side edge and 

Fig. 8.9.2. Distribution of coefficient the Mach cone at the tip. 
dp/a=(&-&/a near side edge of The coefficients of lift and moment are 
five-cornered wing (section AA).  determined from the known pressure 
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distribution: 

- 
where S,  and br are the plan area and the root chord of the wing; p, and j, 
are the coefficients of pressure on lower and upper sides determined by for- 
mula (8.9.26). From these formulas it can be seen that the pressure coeffi- 
cients jl and j, will be different in sign but the same in absolute value. 

Introducing the notation = = j ,  we get 

This integration should be carried out over the complete wing plan area. 

10. Wing with Six Corners having Supersonic 
Leading and Trailing Edges 

The flow-interaction of a six-cornered wing with supersonic leading and 
trailing edges (Fig. 8.10.1, a) can be studied with the help of equation (8.3.1) 
and the velocity potential due to sources and sinks can be obtained. This 
equation in new coordinates r and s [see (8.9.4)] is transformed into the 
form 

drds 
v l =  s I I J ( r A - r )  ( s A - 8 )  

where rA, SA are coordinates of the point A in question lying on the surface of 
a six-cornered wing. 

The coordinate lines r and s are directed along the Mach lines. These 
Mach lines, like the lines of weak disturbances emerging from points G and 
D and from points G' and D' lying at the intersection of coordinate lines r and 
s (Mach lines) with the side edges, divide the wing surface into eight regions. 
The velocity potential in each of these regions is calculated with the help of 
equation (8.10.1). 

The potential function at point A with coordinates XA, ZA situated in 
region I (see Fig. 8.10.1, a) will be 
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From (8.9.8) it follows that the coordinate of a point C lying on the lead- 
ing edge will be 

where m = (n - I)/(n -I- I), n = tan ~cla'. The variable coordinate rg' of point B' 
situated on this edge will be 

The derivative of a line integration in (8.10.2), taking into account the 
values of the limits in (8.10.3) and (8.10.4), will be 

m r ~  - s ds. 
m ($A - S) 

v A m  

In a given case n = tan ~ / a '  < 1. Taking this, we can write: 

where G= (1 -n) / ( l  +n) .  Let us carry out the integration 

+ (sA - mr,) tan-' - Js~~.:. 
After substituting the values of the limits it results in 

Substituting here the values of SA and r~ from (8.9.4'), we get 

- aV,  (XA + Z A  tan K )  
p i=  a r J I - n 2  (8.10.5) 

Calculating the derivative ap; /axA and determining the pressure coeffi: 
cient j,= - 2  ( a ~ I / a ~ A ) V ,  on the lower and upper sides of a wing, we find 

$ = lf: 2 a / ( a ' . \ l l ) .  (8.10.6). 
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This expression coincides with formula (8.3.27) obtained for a wing with 
symmetrical airfoil'at zero angle of attack. 

Let us consider region 11. At a point A lying in this region (Fig. 8.10.1, b) the 
velocity potential is established by the sources distributed over an area OLAK 
bounded by the cone of disturbances with its apex at point A and the leading 
edges. The area OLAK can be divided into two regions OLAK" and O K K  
and the velocity potential at point A can be taken as the sum of the potentials 
due to sources distributed over these regions. Accordingly expression (8.10.1) 
can be written in the following form: 

, -aV, drds 
" I = = [  11 'd(rA-r) (~A-s) 

OLAK" 
+ d(rA-r)(sA-s) 

O F ' K  
"" I 

The values of the limits of integration (see Fig. 8.10.1) are determined 
from expression (8.9.8). 

For points L', K and K f  situated on the left and right edges respectively 
we have 

Let us carry out the line integration in (8.10.7): 

where 

Taking these values into account, we get 



Taking into account the value of r~ from (8.10.8) and integrating, we get 

- (r ,  - sA m )  tan-' d2.j. 
Using the values of 1=9 and sA from (8.9.4') we get: 

J XA-a' Z A  - (x, - a' 2,) tan-' - I (8.10.1 1') 
m (x ,  + a' 2,) ' 

Then the coefficient of pressure will be 

where the plus sign refers to the lower side of the wing and the minus sign to 
the upper. 

Using the formula 

x-Y tan-' x-  tan-' y =  tan-' --- 
l + x y Y  

we have 
- 

- n2-+ 
P I I "  k a'n 41 -n2 (5- tan-' dm), (8.10.12') 

where 

n.= tan rcla', a = Z A  tan IC/XA.  

Keeping in mind that 

equation (8.10.12') will be 



This formula coincides with expression (8.3.40) for a delta wing with 
symmetrical airfoil and supersonic leading edges at zero angle of attack. 

Let us consider an arbitrary point A situated in region III (Fig. 8.10.1, c). 
In determining the veIocity potential in this region it is necessary to consider 
the sources over the surface of the wing (over the region SI = AD1 D2A1 and 
S2= AID2 D) as well as those beyond the surface (region S 3  = A'DD"). 

Using (8.2.12) the expression for rp;,, at a point A (x, 0, z)  can be written 
in the following form: 

The strength of the sources over regions S1-t S2 of the wing is known and 
is equal to Q = 2v = 2aVm. Therefore 

(8.10.13') 

where Q (5, () is the function determining the distribution of sources in the 
region S3 beyond the wing. If this function is known the integration can be 
carried out. To determine it we can use the boundary condition (8.1.20), 
indicating the potential function on the plane xOz in the region between the 
side edge and the Mach line from a point D equal to zero. For a point A' in 
this region the condition of the zero value of a potential function, by analogy 
with (8.6.2), can be written in the following way: 

From comparison of this equation with (8.10.13') it follows that it is sufficient 
to carry out integration over region S1 in the basic formula (8.10.13) for 
calculation of the velocity potential at the point A (x, 0, z), i.e. 

The resultant interaction at point A in the region of sources III lying over 
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the region S2 of the wing surface and over the region S3 beyond the wing is 
equal to zero by this formula [9]. 

Using expression (8.10.14), transformed into the form of (8.10.1) in terms f 
of the coordinates r, s, we get 

I 

'A' SD3 

where the coordinate of the point D3 oh the right-side edge 

as indicated by (8.9.8). 
The lower limit of the integral r,, can be found from the equation of the 

side edge z= 112. This equation, in terms of the coordinate r and s, has the 
form of (8.9.17). Hence the coordinate 

Taking (8.10.16) into account, the integral 

rlnt 

where m=(n- l ) / (n+ 1); z = ( 1  -n)/(n+ 1 ) .  Therefore, 

'A' 

Let us integrate this expression: 

+ (rA - s ~ m )  tan- Jry~:;: ] 
Using the value of rA1 from (8.10.17) we get 
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Noting expressions (8.9.4') for r~ and s~ and the values of m =(n - l)/(n + 1) - 
= - rn, the velocity potential 

+ 2 (XA-ZA tan IC) tan-' a ' n + l - ~  , (8.10.18) 
a' 2 ( x A + ~ '  z~) - I (n+  1) a' 1 

Determination of the derivative ap;,/ax, gives the coefficient of 
pressure 

The velocity potential at a point A in region IV (Fig. 8.10.1, d) is determin- 
ed from the effect of the sources distributed over the area AJOTR. Let us 
divide this plane into two parts S1 = OTRQ and Sz = OQAJ and determine 
the potential at a given point as the sum of the two potentials induced by the 
sources over the regions SI and Sz. Application of formula (8.10.1) gives 

0 

, -aV, drds -aV, 
~ I V =  - 

dr 

nMm 
S1+Sz rR  

SA ' A  SA 
ds 

(8.10.20) 

ST' 0 SJ' 

The limits srl and S J ,  of integration are determined with the help of (8.9.8). 
As the points T' and J' are on the right side edge and left side edge respec- 
tively we have 

ST, =rT,/m =r/m, s ~ .  = r~lm = rm. (8.10.21) 

Then the integrals will be reduced to the following values: 
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According to this the potential will be 

where rx is determined by formula (8.9.23) in the form 

Let us carry out the integration: 

- (rA-sAm) tan-' 
2 

- - - 2aV, - 'rA SA  G - ( ~  -Sam) tan-' 

- 
After substituting the values of sA and r~ from (8.9.4') and taking m = -m 
= (n - l ) / (n  + I), we get 

- 2aVoo (n + 1 )  ( X A  - a ' z ~ )  - kA -zA tan x) [-tan-I J( I  - '"=afn 4 1  -n2 n)  ( X A  + ~ ' z A )  

+ tan- 1 
a' (n+ 1) (1-2zA) 1 +. . . 

J 2  (xA +af Q) -a' I (n + +T '(1-''A) ~2 ( x r + a f z ~ )  
. . .+ 

-a' I (n + I ) ]  (n + 1 )  a' -I- ( X A  + Z A  tan I C )  tan-' J (1 -n) ( X A - ~ ' z A )  
(n + 1) ( X A  + ~ ' z A )  
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Then the coefficient of pressure will be 

- 
p*v= +- . -- a' (n + 1) (I- 2zA) 

Vw ax, a'n 41 -n2 ~ ( x A + ~ ' z A ) - a l I ( n + l )  

Using the formula tan-' x- tan-' y = tan-' [(x- y)/(l +xy)] for the last two 
terms in the above expression we get the relation 

Let us now consider region V. The velocity potential at point A situated 
in this region (see Fig. 8.10.1, d) will be 

According to this formula the velocity at point A will be induced by the 
sources distributed over the wing area ANPU. The inner integral in (8.10.24) 
with the lower limit of SAT* = rm will be 

'U 

Keeping in mind that 

ru =SA - (Mw 1/21, 

the above expression, after integration, results in 

Going back to the usual coordinates x and y and taking into account the 
values of m = (n - l)/(n + I), i = -my we have 



356 AERODYNAMICS 

- M ,  ( X A  + ZA tan K) 
a' (n - 1) tan-' J X A  +a' 'A-' ' A  1 (8.10.25') 

at (n- 1)  +T 
Differentiating with respect to X A  and using the definition of pressure 

coefficient, we get 

- - 2  a t-4a / a f ( z A - i )  (n-1)  
pv= +- . - tan-' 

V ,  axA na'dl -n2 I 
X A + U ' Z A + - ( ~ - ~ ) U '  2 

The velocity potential in region VI  can be determined in the following 
way (Fig. 8.10.1, e): 

drds - -aVw dr -- - 
p i ~ = s  J J  4 (rA-r ) ( sA-S)  Z M ,  4~ 

Sl + s2 'B ; 

According to (8.9.4) and (8.9.7) the limits of the integrals in expression 
(8.10.27) will be 

Integration of (8.10.27) will then give the relation for pvr in terms of the 
variables r ~ ,  s ~ .  Knowing their relation with XA and ZA, this velocity potential 
can be obtained as a function of these coordinates. Calculation of the deriva- 
tive and its substitution in the formula $;,= T 2 (ap;I/i jxA)/V, 

*& was printed as p in  Russian text. This has been corrected here-Translator. 
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give the followirlg expression for the coefficient of pressure in the region we 
are considering: 

- 
Pvr = 

540 [tan-l / " (n-l) ('A-;) 
n a' d r  

Similarly, for point A situated in region VU (Fig. 8.10.1, f) we have 

-aV- f F drds 

' A  S A 
ds 

' J '  S V 

where 

The pressure coefficient corresponds to the potential (8.10.30) calculated 
according to the limits of integration in (8.10.31): 
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Pinally, let us consider region VIII (Fig. 8.10.1, g). For the points in this 
region the range of integration intersects with the regions 81 and 9 2  simul- 
taneously: In these regions there appear disturbances arising due to flow- I 
interaction of both side edges DE and GH. To find the velocity potential at a 
given point A in region VIII it is sufficient to extend the integration in the for- 
mula (8.10.1) to the region S= S1+ S2, shown shaded in Fig. 8.10.1, g. Here, 
the integral calculated over the region S 2  in formula (8.10.1) should be taken 
with the opposite sign, i s .  with the plus sign. Then 

- aV- drds 
rho= 11 drds 

d ( rA  - r)  (sA - s) (8.10.33) 
S1 sz 

Here 

' A  " A  
drds dr . . (8.10.34) 

S1 " H I  SF 1 

I I drds = J J  + J J 
drds 

d ( r ~  - r)  (SA - s) "JrA - r)  (sA - S )  "JrA - r )  (sA - s) 
82 "1 02 

' F ;  ; 
drds dr ds + 

JJd(rA-r )  (sA-sj= J d= J 4 7 s  
0 3  0 SL I 

The limits of the above integrals have the following values: 

M, 1 rFl = rHl = sA - T ,  sLl = mr; 

under the condition that 

The integrals in (8.10.34) and (8.10.35) are calculated taking into account the 
above values of the limits of integration and then the velocity potential 
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(8.10.33) can be found. The coefficient of pressure corresponding to this 
potential will be: 

- - 
PVIII  = a ' n d ~  T K  -n2 [tall-l J* I-n J ( x A  

- alzA) + (112) a' (n - 1) 
a' (112 + ZA) (n + 1) 

(1/2-z~) (n + . (8.10.37) 
X A + ~ ~ Z A + ( ~ / ~ )  a' (n- 1) I 

A typical distribution of the quantity A&Z = G-gu)/a, near the side edge, 
as a function of the distance from the leading edge (as a percentage of the 
chord) calculated from the formulas for a six-cornered wing (see Section 9) with 
straight trailing edge (i.e. for a wing with a five-cornered plan) at M,= 1.61 is 
shown in Fig. 8.10.2. The coefficient A& is constant in the region between 
the leading edge and the Mach cones starting from the apex and the wing 
tips over the section bounded by the side 
edge, the trailing edge and the Mach wave 
reflected from the side edge. We find a 
discontinuity in the curve characterizing 4 

the variation in the coefficient of pres- 
sure ratio on the Mach lines. This results 
from the discontinuity in the contour of 
the edge of the wing. 

2 

The coefficients of lift and moment 
can be found from the distribution of \ 

pressure obtained together with formulas u I 

(8.9.29), (8.9.30). 20 40 60 80 100, % 
x = ( x / b )  100 

Effect of vortex sheet behind wing: If Fig. Distribution of 
the wing has a subsonic trailing edge the daa=(h-p,),a near side edge of 
vortex sheet behind it will have an effect Gvscornered wing (section AA). 
on the flow-interaction of the part of the 
wing surface lying within the limits of the Mach lines emerging from points 
E and H (Fig. 8.10.3). 

Let us take a point M (x, 0 ,  z) on this part of the wing surface and study 
the solution of the problem of determining a potential function therein in a 
general form. Using the relation (8.2.16) this function can be represented in 
the following way: 



where, according to Fig. 8.10.3, 

Si = SABCEP, S 2  = SLCT, S 3  = SPEJ. 
The strength of the sources Ql is determined by (8.2.17) and is equal to 

Ql =2aV,. The function Q2, determining the strength of the sources over 
region PEJ, should be determined taking into account the effect of the vortex 
sheet. Let us derive the integral equation for determination of this function. 
To do this we take a point N (x, 0, z) and express the velocity potential at this 
point, by analogy with (8.10.38), in the following way: 

Ix  
Fig. 8.10.3. Six-cornered wing with subsonic trailing edge. 

Differentiate this expression with respect to XN, i.e. in a direction parallel to 
the direction of an undisturbed flow. The velocity potential p' beyond the 
wing in plane xOz, according to the boundary condition (8.1.19), remains 
constant along the given direction. Hence the quantity (8.10.39), if differen- 
tiated with respect to XN, becomes zero: 

Determining function Q2 from this equation and using (8.10.39), it is possible 
to find the potential function for the points in the section of the wing surface 
situated in the zone of influence of a vortex sheet IVS. A detailed study of this 
problem has been made by Prof. E.A. Krasilshikova in the work [9]. 

11. Drag of Wings with Subsonic Leading Edges 

Let us consider the calculation of the drag of swept wings with subsonic 
leading edges in a supersonic flow at a given angle of attack. As we said 



above, a disturbed flow about such wings is subsonic by nature in the direc- 
tion of the normal to the leading edge. This flow-interaction is accompanied 
by a gas flow from the region of higher pressure to the region of low pressure 
(from the lower side of a wing to the upper side or vice versa) and this results 
in a corresponding force-interaction on the wing. The results of analysis of 
the disturbed flow of an incompressible fluid around an airfoil in the form 
of aflat plate placed in a flow at some angle of attack (see Chapter 6 Section 3) 
can be used to determine this force-interaction. 

11.1 Suction force 
The coefficient of drag of a thin wing with subsonic leading edges in a 

supersonic flow is determined by the formula 

in which c , ~  is the coefficient of suction force of a wing, which depends on 
the angle of the leading sweep x and the Mach number M,; and 

CXT= T/qmsw, (8.1 1.2) 

where T is the suction force of the finite swept wing in question; qm= p,V2/2 
is the velocity head; S,  is the wing plan area: 

S,,, = (112) hl= (1 /4)12 tan K. 

The relations obtained in Chapter 7 Section 6 for a wing of finite aspect 
ratio can be used to determine force T. This follows from the fact that the 
suction force, according to (7.6.12) and (7.6.13), is determined by the variation 
in the axial component of velocity in the neighborhood of the leading edge of a 
given airfoil (wing section) and the local angle of sweep but does not depend 
on the condition of this velocity away from the leading edge. 

Using (7.6.12) we can write 

T= 2np, 41 +- tan2 rc-  ML c2 dz, i' (8.11.3) 
0 

where coefficient c is determined from (7.6.13). 
Let us find, as an example, the drag of a delta wing. To do this we use 

expression (8.8.42) for a perturbation velocity. Assuming the value of cot x = 
Z/XL.E in this expression, we can write 

where XL.E is the distance from the leading edge; z, x are coordinates of a point 
on the wing (Fig. 8.1 1.1). Inserting the value of u2 in (7.6.13) and recalling 
that lim x/x~.= = I, we get 

W L .  E 



Substituting this expression in (7.6.12) and integrating, we have 

112 
n p, cot K aV, 

T= 
2 [-] E (k) 2dl+tan2.-ML J z d z  o 

- np, cot. [a]'; 
- 2 E (k) 41 +tan2 IC-ML. 

The coefficient of suction force, according to (8.1 1.2), will then be 
, 

Taking expression (8.8.44) for a c, into consideration, we get 

For a supersonic leading edge 
(M, cos K > 1) and also in a case where 
the leading edge is sonic (tan K = cot pm 
= dMTO3- 1) the coefficient of a suc- 
tion force is equal to zero. But in the case 
of a subsonic edge (M, cos K <  1) the 
quantity c ~ T # O :  its actual value, shown 
by experiment, is less than the calcu- 
lated one. This is quite significant at 
high angles of attack or large sweep, at 

Fig. 8.11.1. Suction force of delta wing which local separation takes place 
with subsonic leading edges. around the leading edge and no further 

growth of suction is observed. 

11.2 Induced drag 
Let us consider the total drag of a wing. According to (8.11 .I), (8.1.4') 

and (8.8.44) this can be represented in the following form: 

E ( 4  c2 
Cx = aCy - Cx, = --- ~ y 2  - 2 

2n cot K 4n 6 1  +tan2 K-MZ, 

- c; ~ E ( ~ ) - J ~ - c o ~ ~ ~ ( M ~ - I )  . 
4n cot rc --1 J 



Keeping in mind that the aspect ratio of the wing 

we have 

Let us consider the case of a sonic velocity of flow-interaction. If 
M,+ 1, E (k)+ 1 and hence the drag coefficient is 

It follows from this expression that the drag of the wing decreases with an 
increase in A, while maintaining the condition of subsonic flow-interaction of 
the leading edge. In the limit where ,I,+ca the drag tends to zero. This brings 
us to the well-known Euler-d'Alembert paradox to the effect that there is no 
drag for an infinite-aspect ratio wing in an ideal gas flow. From this it follows 
that the appearance of drag depends on the wing having a finite span. 

Expression (8.11.7) coincides with formula (6.4.19) for the coefficient of 
induced vortex drag of a finite-span wing (see Chapter 6 Section 4). So the 
physical nature of the drag force appearing during the flow-interaction of a 
delta wing with subsonic leading edges is based on the induced effects of 
vortices felt behind this wing. Accordingly the quantity determined by (8.1 1.6) 
is known as the coefficient of induced drag. -- 

If the leading edge is sonic (tan K = ~ M L -  I)  the second term in the square 
brackets of (8.11.6) is equal to unity and E (k) = E (0) =n/2. Hence the coeffi- 
cient of induced drag will be 

For a very narrow wing (rc-+n/2) we may assume cot 1cw0 and E (k)w 
E (1) = 1. In this case expression (8.1 1.6) coincides with (8.1 1.7). 

12. Aerodynamic Characteristics of a Wing of Rectangular Plan 

The supersonic flow-interaction of a thin wing of finite aspect ratio and 
rectangular plan at a small angle of attack is characterized by the effect of a 
leading supersonic edge and side subsonic edge on the disturbed flow about 
the surface. Here the simultaneous effects of the leading edge and one of the 
side edges operate within the limit of the Mach cones with their apexes at the 
corners 0 and 0' of the wing (Fig 8.12.1, a) if the generators of these cones 
intersect each other beyond the wing. If the intersection of these generators 
takes place on the wing surface (Fig. 8.12.1, b) there then arises zone III where 
both side edges influence the disturbed flow simultaneously. This is apart 
from regions 11 and IT where the effect of one side edge is experienced. 



The disturbed flow on the wing in region I, situated between the leading ' 
edge and the Mach cones, is set up solely by the leading edge. Here the pres- ' 
sure coefficient is determined by the formula for a flat plate f 

The method of sources can be used to analyze the disturbed flow in region 
II (see Fig. 8.12.1, a). The velocity at a point A lying in this region is induced 
by the sources distributed over wing section ACOE. Meantime the resultant 
influence of sources BCO and OBD at point A is equal to zero and hence it is 
necessary to carry out integration in (8.10.1) over the region ABDE. Accord- 
ingly the velocity potential at point A will be 

.+ 

, -aV, drds - aV, ds dr 
V I I  = - -- - 

nM, fl d(rA-r)(sA-8)- nM, I d G I  d G '  
(8.12.2) 

- -  ,-- , . 
ABDE .B ;F 

Fig. 8.12.1. Rectangular wing in linearized supersonic flow. 

Point F lies on the leading edge, satisfying the equation x = 0. Therefore 
according to (8.9.4") we have for this edge 

Hence the equation of the leading edge in terms of the coordinates r, swill 
be 

Therefore the coordinate of point F is 

Point B lies on the side edge and satisfies the equation z=O. Therefore 
according to (8.9.4"), for this edge 

Hence the equation of side edge in terms of the coordinates r, s will be 



The coordinate of point B will be 

Carrying out integration in (8.12.2), taking into account the values of the 
limits r p  = - s and SB = r ~ ,  we get 

Inserting the values of rA and sA from (8.9.4') in this equation, we have 

Let us find the pressure coefficient by applying the formula > = - (2/V,) 
a %,I ax,: 

On the boundary of two regions I and ZZ separated by the Mach line the 
coefficient of pressure determined by formula (8.12.8) must be equal to the 
value of (8.12.1). In practice, since the equation of this boundary 

ZA = X A  tan p, = x~la ' ,  

we have from (8.12.8) 

It follows from (8.12.8) that at the wing tips the pressure along the line 
z/x=const remains unchanged. These lines can be taken as the generators 
of the conical surfaces and hence the flow on this region of the wing is treated 
as a conical flow. 

Let us calculate the aerodynamic coefficients of the wing. The lift force, 
acting on an element dS of the end section of the wing, is equal to 

d Y= (51 -a (P, VL/2) dS. (8.12.9) 

It can be seen from Fig. 8.12.1, a that 

where y is the angle considered from the side edge. 



Inserting the values of pl and -$ from (8.12.8) and the quantity dS from : 
(8.12.10) in (8.12.9) and replacing zA/xA by tan y ,  we will have 

4ab2 P, v: tan-* d Y = .  - J a' tan y dy .-. 
nu' 2 1 -a' tan y cos2 y 

Dividing this expression by the product of the wing area SIz= b2/2a' enclosed 
in the Mach cone and the velocity head q,=p,VL/2 and carrying out the 
integration, we get the coefficient of lift of the wing tips: 

&W 

n Y c = - = 8 U I  tan-' J a ' t a n y  . - ,  dy 
SII  qW n 1 -a' tan y cos2 y 

Integrating by parts, we get 

c;=2a/a'=la/dM&- 1 .  (8.12.1 1 )  

Let us find the lift coefficient cYzr of the end-sections of the wing with res- 
pect to the total wing area Sw= lb: 

SII+ SII' b2 ,, 1 -c  -=c - Cyrz=Cy  - - 
SW J J  Iba' y k a "  

where I ,  = l/b. 
The coefficient of lift of section I of the wing taken with respect to the area 

SI  of this section will be 

c; = 4a/a1 = 4a ldM;  - 1.  (8.12.12) 

Then the coefficient of lift of this section with respect to the total wing surface 
area is 

The resultant coefficient of lift will then be given by 

4a 
cy = cyzz + cy1 = 

1 

d M m  ( ' - 2 I , ,  J M m ) '  
(8.12.14) 

The coefficient of wave drag 

The coefficient of moment about the z axis can be calculated from the 
available data on the distribution of pressure and the lift coefficients of various 
sections of the wing: 

mz = Mz/qm S,, b. (8.12.16) 



Moment M, due to the pressure forces distributed over the wing surface 
can be found as the sum of moments of the lift forces about the z axis that are 
acting on the different sections of the wing (Fig. 8.12.2). Since the point of 
exertion of lift force on the triangular sections of the wing coincides with the 
center of gravity of the area of the section, the value of M, will be (sign of the 
moment is taken as positive for rotation of the wing from the x axis to the y 
axis): . 

b b 26 Mz= 3-2Y$" +-- Yi2'+-j- 2Yrr, 
2 

(8.12.17) 

where Yjl), yj2) and Y,, are values of lift forces calculated for the areas of 
sections CDB (HFE), E X B  and ADB (GHE) respectively. According to 
(8.12.11) and (8.12.12): 

Inserting (8.12.17) and (8.12.18) in (8.12.16) and keeping in mind the value of 
5'11/5', = 1 /(2 h,a'), we get 

The coefficient of the center of pressure 

If the number M, of the 
flow over the wing shown in Fig. 
8.12.1,a is reduced then at some 
value of this Mach number the tip 
Mach cones intersect on the wing. 
There then arises region III (see 
Fig. 8.12.1, b) in which the lead- 
ing supersonic edge and both the 
side subsonic edges have an effect 
on the disturbed flow. The nature 
of the flow in regions I and II (IT) 
will be the same as in the corres- 
ponding regions I and II (TI') of the 
wing whose scheme is shown in Fig. 8.12.2. Determination of aerodynamic 
Fig. 8.12.1, a. moment of rectangular wing. 



Let us consider the flow at a point A in region 111 (see Fig. 8.12.1, b). The ; 
region of effect of the sources on this flow coincides with the section of wing 
ABDD'B'. This section can be represented as the sum of areas HBDD' and j 
AHD'B'. Then the velocity potential at point A, according to (8.10.1), will be 

' 

- aV, drds 

HBDD' AHD'B' 

The limits of integration can be determined directly from Fig. 8.12.1, b and 
the above potential can be written as: 

The first two integrals are calculated in the same way as (8.12.7); the remain- 
ing two integrals are determined independent of each other because the region 
of integration represents a parallelogram (see Fig. 8.12.1, b). Taking this into 
account, we get 

+ J2rA (SA - r ~ )  - (sA + rA) tan- 1 SA-SH i drA+SH 

It can be seen from Fig. 8.12.1, b that the coordinate sH= sDt and accord- 
ing to (8.12.4) the value of sDf = - rD'. Therefore sH = - rD1 = - rB'. 

Point B' lies on the right side edge, satisfying the equation z=l .  From 
(8.9.4") it is possible to find the equation of this edge in terms of the coordi- 
nates r, s: 

r-s= -M,I. (8.12.22) 

Then for point B' 

r ~ '  =SB' - Mml= sA - MwI. (8.12.23) 

Accordingly the coordinate 

sH= -rBf= -sA+M m .  I (8.12.24) 

Substituting the coordinate rA and sA from (8.9.4') and rBf and SH from 
(8.12.23) and (8.12.24) in (8.12.21), we get 



A WING IN A SUPERSONIC FLOW 369 

Applying the formula > = T (2/V,) ap'II,/ax~, we find the coefficient of 
pressure in the form 

Let us express the second term in the square brackets in the form 

tan-' ( x A + ~ ' z A ) - a ' l  =-- n 
2 tan-' 

Then 

- + 4 a  
PIII  = + tan- J a' ZA 4a J ( 1  -ZA)  a' 2a  - + - tan-' 

7ta. X A  -a' ZA - za' F y  . ( X A + Q '  ZA)-a' 1 a 

The first and second terms in this expression represent the coefficients of 
pressure >II  and for the end sections of the wing respectively. The third 
term indicates the pressure coefficient FI in region I where the effect of the 
side edges is not feIt. So the pressure coefficient in region III can be expressed 
in the form - - - 

P I I I  = P I I  +PII'  -6. (8.12.28) 

Expression (8.12.28) can be obtained from the following physical con- 
siderations: The coefficient of pressure at point A in region III changes under 
the influence of the left side edge with respect to coefficients & by the quan- 
tity d s l = p l - k I .  Similarly, under the influence of the right side edge it 
changes by the quantity dFII'=&-&~'. As a consequence of the simultane- 
ous effects of both side edges the coefficient of pressure at a given point changes 
by the quantity d ? I I r  = d j I I  + A&I'. Substituting - the values of d p f I  and A&' 
obtained and using the relation A&II=PI-PIII ,  we arrive at relation 
(8.12.28). 

The coefficients of lift and moment are worked out from the known dis- 
tribution of pressure with the help of formulas (8.9.29) and (8.9.30). The 
coefficient of drag of the wing in question is then worked out from the 
expression cn= ac,.. 

13. Method of Reversal 

Let us consider one of the methods of aerodynamic investigation-the 



method of reversal of flows. This method establishes the relations between 
the aerodynamic characteristics of two thin wings of the same pian placed in I 

% 
opposite postures. c 

It is assumed that one of these wings is placed in a flow to the right at an , 

angle of attack at and the other in a flow in the opposite direction at an angle 
a2 (Fig. 8.13.1). According to the theory of linearized flow-interaction the 
pressure difference at any point on the surface isp-p,= -p,V,u and the 
resultant pressure between the lower and upper surfaces is 

Fig. 8.13.1. System to define method of reversal: 

1-normal flow; 2-reverse flow; 3-mixed flow. 

The elementary value of the drag force due to pressure will be 

According to this -expression the total drag force for wing 1 placed in a flow 
to the right will be 

and for wing 2 placed in a flow to the left it will be 

The values of the pressure difference Apl, Ap2 and the local angles of attack 
a, ,  a2 are measured at one and the same point. 

We will not consider suction force, which may arise at the subsonic lead- 
ing edge but does not alter the results of the above calculations. As the flows 
around these wings are small-perturbation flows the superposition of one 
upon the other yields some new flow with parameters satisfying the linearized 
equation for velocity potential. Let us carry out superposition of the flows in 
such a way that the undisturbed flows cancel each other. Then the new wing 
3 (see Fig. 8.13.1) will coincide with the picture of wings I and 2 with super- 
posed flows but the camber of the surface will be different. 
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This camber is determined by local angle of attack a3 which is equal to the 
sum of the angles of attack: 

a3 = v3/Vw=(v~/Voo) +(vz/VW) =a1 f az. (8.13.4) 

According to (8.13.4) the vertical components at the corresponding points of 
the surface are added. The horizontal components of velocity will be cancelled 
out by superposition so that for wing 3 we get 

Then the differential pressure between the lower and upper sides of this wing 
will be 

Ap3 = pwVmA~3 = pwVw ( A u ~  - Auz) 

or according to (8.13.1) 

Ap3 = API - Apz. (8.13.5) 

The drag force of wing 3 will be 

The existence of a drag force for the wing in question is related to the 
appearance of a perturbation flow behind it representing an infinitely long 
vortex sheet moving away from the trailing edge. From the physical consi- 
derations it must be clear that there is a close relation between the disturbed 
condition of flow behind the wing and the drag force. Specifically force XI 
and the disturbed flow condition behind wing 1 and force XZ and the disturbed 
flow condition behind wing 2 stand in a direct relation. 

If we take wing 3 the flow past it obtained as a result of superposition of 
the flows past wings I and 2 will have the property that ahead of it the distur- 
bances will be the same as for wing 2 and behind it the same as for wing I. 
In other words the drag force of wing 3 is equal to the difference between 
the drag forces of wings I and 2, i.e. 

Equating the right sides of (8.13.6) and (8.13.7), we get 

This relation represents the basic equation of the method of reversal of flows. 
Coming to the coefficients of pressure in (8.13.8), we can write this relation 

in the form 



where the coefficients of pressure differential are 
- -  - 

Api = P I I - ~ I U ;  

Using the right of arbitrary choice of angles of attack we take the values 
a1 and a2 as constant for all points of the surface of the wings and assume 
that they are identical, i.e. we will consider that a1 =a2=a. Then from (8.13.8') 
we find that 

So the method of reyersal of flows says that the lift force of a flat plate in 
a flow to the right (YI) and the reverse flow (Yz) will be identical during flow- 
interaction if the angles of attack and the velocities of undisturbed flow are 
the same. 

Experiments show that the basic relation (8.13.8) of the method of reversal 
can be used for study of the aerodynamic characteristics not only of isolated 
wings but also of flight vehicles which in themselves represent "thin" combi- 
nations of wing with other structural elements like fuselage (body of revolu- 
tion), tail and control surfaces (see Chapter 11). 



CONE IN A SUPERSONIC FLOW 

1, System of Equations of Axisymmetrical 
Flow-Interaction of Sharp-Nosed Cone 

The problem of the flow-interaction of a sharp-nosed cone is very 
important for aerodynamics. The solution is of great practical value in that 
it helps in working out the aerodynamic characteristics of flight vehicles and 
their elements of conical shape. Besides this it can be used for study of a 
supersonic flow past sharp-nosed rotating bodies. For example, it gives the 
initial point on a curve for distribution of the parameters of the flow-inter- 
action of a sharp-nosed curvilinear body. In addition, the results of the 
symmetrical flow-interaction of cones are applied in the approximate 
calculation of the distribution of flow parameters over the peripheral surface 
of rotating bodies (method of "local cones"). The same results are used for 
comparison in the investigation of the aerodynamic properties of blunt-nosed 
cones. 

Along with the exact solutions a series of approximate solutions 
facilitating a simplified analysis of the flow-interaction of a cone is worked 
out in theoretical aerodynamics. Some of these solutions deal with slender 
cones interacting with a linearized flow or with a flow at a very large Mach 
number M. The exact solution may, in general, be applicable to cones of 
arbitrary thickness and the flows interacting with them may have any velocity. 
The basic condition to be satisfied is connected with observing the conital 
flow past the body in the flow. This kind of flow has parameters that remain 
constant along the lines emerging from the apex of the body in an inviscid 
flow. However, the results so obtained are also applied in studying viscous 
flow-interactions. "Inviscid" parameters like pressure, velocity, density are 
regarded as the parameters at the external limit of the boundary layer formed 
over the cone and hence they are the factors that determine frictional stress 
and heat flows from the gas to the wall. 

Let us take a cone with semi-angle BK at its apex in an axisymmetrical 
supersonic flow. The main problem is to work out the gas flow between this 
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cone and the shock appearing in front of it, which also takes the form of a 
conical surface. Here it is necessary to determine the angle of inclination Oc 6 
of the linear generator of a conical shock (Fig. 9.1.1). For this purpose 1 
we examine the system of equations in the spherical coordinates 13 and r 1 
applicable to the case of flow-interaction where the gas behind a shock 
undergoes physico-chemical changes under the effect of high temperatures. 
We will assume here that thermodynamic equilibrium is established in the 
disturbed region of flow. 

Fig. 9.1.1. Velocity components on conical surface: 
I-compression shock; 2--cone in flow: 3-conical surface. 

The solution to be obtained for a cone must correspond to the axisyrn- 
metrical conical field of a disturbed flow in which the gas parameters are 
constant along the lines emerging from the nose that constitute the generators 
of the interspace conical surfaces including the conical surfaces with angles 
8=8, and 8 = / 3 ~ .  

On the basis of this property of the solution sought, any partial 
derivative of the gas parameters with respect to the spherical coordinate r 
(see Fig. 9.1 .l) is equal to zero. Then the equation of continuity (2.4.37), in 
which the partial derivatives with respect to the spherical coordinate rand 
also those with respect to y (two-dimensional flow) should be equal to zero, 
will have the form 

dp dVo 2pV,+Vo -+p-+pVe cot 8=0. 
dO dB 
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The equations of axisymmetrical motion about a cone obtained from the 
system (3.1.45), with viscous terms and partial derivatives with respect to t 
and r assumed to be zero, are written: 

dV,/d@ = Ve; (9.1.2) 

According to the number of parameters to be obtained it is necessary to add 
the following equation to these equations: 

which is obtained from the equation of state (1.4.8) for a gas at an arbitrary 
point in the flow and from the equation of state pc= pcTcR~/(pav), related to 
the conditions immediately behind the shock wave (index "c"). The energy 
equation (3.4.14) and the general relations of the type (4.2.8) through (4.2.1 1) 
for the calculation of enthalpy, entropy, average molecular weight and sound 
velocity 

i + (V2/2) = ic + (Vz/2); (9.1.5) 

must be included in the system in question. In this form the system can be 
used to study the flow-interaction of a cone in a dissociating gas. The system 
is simplified in the absence of dissociation. If it is assumed that the specific 
heats and average molecular weight of a gas in a disturbed region between the 
shock and the surface of the cone remain the same as those in an undisturbed 
part of the flow, the sound velocity and enthalpy will then depend only on 
temperature. Then instead of equations (9.1.6) through (9.1.9) we will have to 
use the relations (4.3.1) through (4.3.4). These can be represented in the 
following form: 

Equations (9.1 .l) through (9.1.3) remain unchanged. 



2. Plow-Interaction of Cone at constant Specific Heats 

The results obtained for the flow-interaction of a cone at constant heat 
coefficients have great practical value. They can be used for an approximate 
evaluation of some flow parameters (for example, pressure) when the flow- 
interaction is accompanied by a considerable amount of heat productive of 
physico-chemical changes and consequent changes in specific heats. 

Equations (9.1 .I) through (9.1.3) and (9.1.10) through (9.1.13) can be used 
for the solution of this problem. Equation (9.1.3) will come in handy if some 
changes are made in it. For this purpose we use the expression of the speed 
of sound a2=dp/dp, written in the form 

Substitution of the value of dp/dB from (9.2.1) in equation (9.1.3) leads to 

Inserting here the value of the derivative dp/d6 obtained from the equation 
(9.1.1) and rearranging terms, we get 

The square of sound velocity in this equation, according to (3.6.21), is 
equal to 

Examining the system of equations (9.1.2), (9.2.2), (9.2.3), we find that the 
problem of the flow-interaction of a cone is reduced to the kinematic problem 
connected with determination of the velocity field in a disturbed flow around 
a cone, i.e. with the determination of functions V,(B) and Ve(0) as the 
components of velocity or function V(B) = 2/ V: + v; for the total velocity. 
From the calculated total velocity it is possible to determine pressure, density, 
temperature, enthalpy and entropy of the gas with the help of (9.1.4), (9.1.5), 
(9.1.10), (9.1.1 1). The relations (3.6.26), (3.6.31), (3.6.33) can be used to find 
pressure, density and temperature respectively in place of the above formulas. 

The boundary conditions on the basis of which we integrate differential 
equations (9.1.2.) and (9.2.2) are determined from the conditions of gas flow 

' past a cone and from the conditions characterizing the gas parameters 
immediately behind the shock. 

The boundary condition of the flow-interaction of a cone emerges from 
the fact that the normal component of velocity over its surface is equal to 
zero, i.e. . - -  
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We have two conditions for shock. The first is obtained from the equality 
of tangential components ahead of and behind the shock, i.e. Vcroa=Vcr 
(Fig. 9.2.1). Accordingly 

Vcr = Vm cos Bc. (9.2.5) 

Using this expression it is possible to get the second condition. For this 
purpose we write the expression for the horizontal component of velocity Uc 
of a gas at the shock (see Fig. 9.2.1): 

Uc = Vcr cos 0, - V,, sin 6,. 

Multiplying both parts of this expression by VCr and recalling (9.2.5), we get 

UcVW = vcr(Vcr - V,, tan Oc), (9.2.6) 

where Vcr and Vco are the tangential and normal components of velocity at 
the shock respectively. 

Fig. 9.2.1. System of velocity triangles in front of and immediately 
behind compression shock for cone in supersonic flow. 

Now we use equation (4.4.4) for a shock polar and write it in the form , 

where Wc is the vertical component of velocity on the shock. 
Taking into account (4.4.3), this can also be written as 

Recalling that tan2 8,=c0s-~ 0, - 1 and that the quantity V,Uc is determined 
from (9.2.6), we find 

1 2 - --- = --- . v2 
C O S ~  ec k+ 1 Vzr -I- V,, Vo tan 0 
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'Keeping in mind (9.2.5), we finally get the boundary condition at the 
shock: 

Integration of the system of equations (9.1.2), (9.2.2) and (9.2.3) can be 
carried out by a numerical method. Here the angle of shock Oc and velocity 
of undisturbed flow V, are taken as known. The velocity field is determined 
in the course of solution of these tquations and the corresponding cone angle 
/IK and velocity V,= VK are found. 

Let us see how a problem is solved. The radial component of velocity can 
be determined from (9.2.5) using given values of 8, and V,: 

Vcroo = Vcr = Voo cos Oc. (9.2.8) 

The velocity is identical for the conditions ahead of the shock and 
immediately behind it. It is denoted by Vrl= V, cos O,, where O1=Oc. The 
normal component of velocity Vce =Vel behind the shock is obtained from 
(9.2.7) on the basis of this value of Vc,= Vrl: 

Let us take an intermediate conical surface, near the shock, with 
inclination of the generator 8, -A&, where A01 is a small rise in angle 8 (Fig. 
9.2.2). 

Fig. 9.2.2. Scheme for analysis of flow-interaction of cone. 

The radial component of velocity Vr2 past this surface can be calculated 
from equation (9.1.2), written in terms of finite differences: 

Vr-Vr1 =VelAO. (9.2.10) 

Assuming here that V, = Vr2 and de = A81 = 81 - 82 , we get 

Vr2=VrlfVe1 AO1. (9.2.10') 
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The normal component VOZ can be obtained from equation (9.2.2) written 
in terms of finite differences: 

Assuming Ve = Ve2 and dB= A01, we find 

where the derivative (dVeld9)l is calculated from equation (9.2.2) using the 
parameters on the shock: 

=[ -Vel cot O , +  V,, (;;;. Vd - 2)] ( 1 - ?)-', (9.2.12) 

where, according to (9.2.3), 

Assuming the values obtained for Vr2, Ve;? and also a;, which is deter- 
mined by (9.2.3) in the form 

as the initial data, it is possible to find Vr3, Ve3, a3 on the next intermediate 
surface with an angle of inclination of generator 

For an arbitrary conical surface with an angle of inclination of generator 

the velocity components are calculated from the formulas: 

where the derivative (dVe/dB)ll,-l is obtained from (9.2.2) using the para- 
meters Vetn-17 Vr,-f, nn,_l and B1n-1=B1,z-2-dBtn-2. The calculations are 
complete when, for some value of angle of intermediate cone (see Fig. 9.2.2), 

i=n-1 
8 n = f l n - 1 -  ASl-1 ~ 0 1 -  C d0i) (9.2.17) 

1 



the normal component of velocity Ven does not become zero, i.e. 

Here the derivative (dVe/dB)n-l is found from (9.2.2) using the values of 
Ven-l, V,,-I, an-I on the neighboring. intermediate conical surface with an 
angle of inclination of generator 

i=n-2 

1 

In calculating it is not usually possible to select such a small angle 
dBn-1 as a first approximation that the equality Ven=O is satisfied. Usually 
for the selected value of there exists a calculated value of Yen which 
changes its sign to the opposite of that of Ven on the surrounding surface with 
an angle of inclination of generator This indicates that the value 
Ven=O corresponds to an increase in angle less than the one selected. 
To determine this increase in angle it is necessary to carry out the operation 
of interpolation using the equality 

The calclllation of velocity and angle on the cone are based on this value of 
dB,-1: 

VrK=VK=Vrn-l fVen-l ' den-1 (9.2.20) 

and 

Similar calculations can be carried out in reverse order, imposing 
conditions on the cone. In this case we have to know the angle PK and 
the velocity VK on the cone. Numerical integration is supposed to be complete 
when the boundary conditions (9.2.5) and (9.2.7) are satisfied. On the basis 
of the gas parameters in the perturbed region the angle of inclination 
of shock ahead of the given cone and the velocity (Mach number) of 
undisturbed flow are found. 

Each operation of the numerical integration for given values of Bc, V, (or 
PK, VK) provides a possibility of determining the velocity field, i.e. of finding 
the nature of function V= V(0) , where V= 1/V,2+ V:, and of establishing the 
relation between the given angle of cone PK and the velocity on it VK, 
or between the angle of shock 6, and the velocity V, from the other point of 
view. 

Repeating the calculations for different given angles Oc and a h e d  value 
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of velocity V,, it is possible to find relations of the type p~=fi~(Oc) ,  
VK= VK (/IK) or VK= VK (&). The results so obtained can be represented 
graphically in a hodograph plane W, U in the form of a so-called "apple- 
shaped" curve (Fig. 9.2.3, a). This curve is the geometrical location of the ends 
of velocity vectors 7~ for a perturbation flow right on the cone in a flow. 

Fig. 9.2.3. 66Apple-shaped" curve (I) and shock polar (2). 

Point A situated on the "apple-shaped" curve and lying at the end 
of a velocity vector, corresponds to the cone with a given semi-angle fig. The 
point B located on the shock polar coincides with the end of velocity E, on 
the corresponding shock with angle of inclination 0,. 

The curve AB happens to be the hodograph of velocity, i.e. it is the 
geometrical location of the ends of velocity vectors in the region of disturbed 
flow between the cone and the shock. A hodograph should be developed in 
the following way: The velocity components for the intermediate conical 
surface can be determined from Fig. 9.1.1 with the help of a velocity 
triangle behind the shock: 

V,=V cos (8-8); J (9.2.22) 
Ye=-V sin (6-8). 



In the process of numerical integration using values of V ,  and Ve obtained 
for given angles the ratio 

Vr/Ve = -cot (8 - E) ,  (9.2.23) 

is determined, from which the angle of inclination E to the cone axis of 
a velocity vector can be worked out. The polar coordinates V and c 
determine the positions of points on the hodograph of velocity (see point Cin 
Fig. 9.2.3, a). 

The graphic method of solving the problem of supersonic flow over 
a circular cone is developed by Prof. A. Bussman. 

The physical picture of a supersonic flow of gas over a cone can be 
clearly presented with the help of the apple-type curve and the family 
of hodographs of velocity. A phased isentropic compression of gas takes 
place in the region between the shock and the cone along the stream line. In 
Fig. 9.2.3, a the interchange from point B on a shock polar along the 
hodograph of velocity to point A on the apple-type curve corresponds to this. 
As can be seen from Fig. 9.2.2, the stream line gradually bends and 
approaches the cone surface following the direction of the generator 
of a cone. 

Let us draw an arc of radius a* with point 0 as the center (see Fig. 
9.2.3, b). If the hodograph of velocity AB for a given angle of a cone lies 
on the right side of the arc the isentropic compression behind the shock wave 
takes place at supersonic speeds. For the angle of cone &2 > the part of 
the hodograph GK can be on the left side of the arc and the part KD 
on the right side. The disturbed flow will be a mixed one. The flow will be 
supersonic in the region around the shock and subsonic near the surface of 
the cone. For a still higher angle of cone BK3 > BK2 the hodograph of velocity 
EF lies to the left of the arc a* and hence the disturbed flow will be 
completely subsonic. 

Analysis of the apple-type curve shows that for each angle of cone 
/ 3 ~  theoretically there exist two solutions (see points of intersection A  and A' 
of apple-type curve A 0  in Fig. 9.2.3, a). One solution gives a low velocity 
and a high angle of shock inclination and the other a high velocity and a low 
angle of shock inclination. As shown by experimental research, the second 
solution, representing steady flow behind the shock, corresponds to reality. 

It can be shown that the ray from the origin of coordinates passing 
through point TA is tangential to the apple-type curve. This point TA 
theoretically corresponds to the unique solution and determines the critical 
angle of cone f i ~ . c r .  If the actual angle of the cone is more than the critical 
onerit is not possible to investigate the flow-interaction of the cone formally 
with the help of this curve. Under real conditions this flow-interaction 
is characterized by the fact that the shock becomes detached from the sharp 
nose and gets bent. This kind of flow over a cone is called supercritical. 



It can easily be seen that the critical angle happens to be the function only of 
undisturbed velocity (corresponding to Mach number M,= V,/a, or the 
relative velocity I, = V,/a*). 

When the cone angle is near the critical angle (PK < jkc r )  the nature of the 
flow, as shown by experiment, diverges from the theoretical one. According 
to the apple-type curve the attached straight shock and conical field of 
velocity (pure subsonic or mixed) corresponds to the so-called transcritical 
regime of flow-interaction (points E, G in Fig. 9.2.3, b). 

However, observation of flows over cones 
with cylindrical tail sections in wind tunnels 
shows that in reality the shock remains 
straight near the nose and gets bent only 
at some distance from it. For the same cone 
the point where the shock begins to bend 
moves nearer the nose with a reduction in 
Mach number M,. This bending of the 
shock indicates that the flow does not remain 
conical. This is well seen in Fig. 9.2.5, a, 
where the flow pattern for a conical body Fig. 9.2.4. Cone in supersonic 

flow. 
with angle P ~ = 2 5 '  at Moo= 1.4 is shown. 

The bending of a "sonic" line indicates divergence from a conical flow. It 
may be noted that near a sharp nose this line, though it does not fully coin- 
cide with the theoretical line obtained from the hodograph of velocity, 
remains straight, which indicates that the conical nature of the flow is main- 
tained. At some distance from the nose the "sonic" line gets bent, indicating 
that the conical velocity distri'oution is disturbed. 

With a reduction in Mach number M, to 1.27 the subsonic region incre- 
ases and the "sonic" line, as seen from Fig. 9.2.5, b, moving away from the 
apex of the cone, approaches the shock, which is already somewhat bent near 
the nose. A conical flow is no longer possible all over the space between the 
shock and the body. With further reduction in M, we.get the conditions for 
complete detachment of the bent shock from the nose of the cone. 

Experimental data show that the shock moves away from the apex at 
angles PK somewhat greater than those determined by accurate theoretical 
flow-interaction calculations for a cone. For example, for Mach number 
M, = 2.45 it is found by experiment that detachment of shock takes place at 
angle &=46", whereas the calculated value of this angle in theory is 45" 46'. 

Experimental research shows that a conical flow corresponding to 
constant velocity past the cone is observed until the velocity over its surface 
reaches the speed of sound. The corresponding angle of cone PL can be 
determined by the point A" of the intersection of the arc of radius a* and the 
apple-type curve (see Fig. 9.2.3, b). So in practical cases it is possible to use 
the apple-type curve for calculation of the flow-interaction of a complete 
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conical surface for angle 8, < 8;. As far as the apex of the conical surface is 
concerned the velocity past it ob- 
tained by conical theory (with the 
help of the apple-type curve), tal- 
lies well with the experimental 
data for all values of angles /?KG 

PK.cr, i.e. for those conditions 
of flow-interaction under which 
the shock remains attached. 

The apple-type curve gives the 
relation for velocity VK past a 
cone and angle of inclination of 
shock 0, as a function of cone 
angle Pg at a given velocity of 
undisturbed flow V, (at given 
Mach numbers M, or A,). To get 
the appropriate relation at other 

Fig. 9.2.5. Position of compression shock and values of velocity V ,  (M, or 
"sonic" line near cone attached to cylinder: 

it is necessary to carry out the 
a-at M,= 1.4, 6-at M,= 1.27; I-linear 
shock (theory); 2--curved shock (experiment); numerical calculation of the flow- 

3-'csonic" line (experiment); 4-'ssonic- line interaction of the cone and con- 
(theory). struct the corresponding apple- 

type curve for the new conditions. 
The family of such curves represents the relation of velocity on a cone and 
the angle of inclination of shock as functions of cone angle PK and velocity 
V ,  (M, or A,). Fig. 9.2.6 shows a family of apple-type curves drawn for 
different values of the relative velocity I,=V,/ah. The corresponding 
shock polars are shown in the same figure to facilitate comparison of the 
flow-interaction of a wedge with bodies of similar semi-angle PK, e.g. a cone. 

It can be seen from Fig. 9.2.6 that the velocity past a cone is higher than 
that past a wedge (07~ > oxw).  For a wedge the flow turns through an angle 
Pc=Pw at  an oblique shock. At the same time the flow is turning by an angle 
less than the cone angle, P, < PK. Consequently the angle of inclination of the 
main shock wave ahead of the wedge Oc.w is more than the angle O,.K ahead 
of the cone. Further , 5 ' ~ . ~ ~  >Pw.cr. 

The same result can be obtained directly from Fig. 9.2.3, a. Let us join 
points Aw and B with a point 0 2  and draw perpendiculars from this point to 
the straight lines so obtained. Then the angles between the perpendiculars 
and horizontal axis U determine the inclination of the generators of shocks 
ahead of wedge B,., and ahead of cone t?, .~.  It can be directly seen from the 
figure that > O,.K. 

The important factor of calculation of the flow-interaction of a cone 
happens to be the determination of pressure, density and temperature from 



Pig. 9.2.6. Family of apple-type curves and shock polars: 

1 -compression shock; 2-family of apple-type curves; 3-family of shock polars. 

the values of VK and 0, obtained. Keeping in view the isentropic character of 
the gas flow behind the shock, the corresponding relations (3.6.26) through 
(3.6.33) can be used. Assuming that the temperature TO in formula (3.6.33) 
does not change behind the shock and is determined by (3.6.35), we get the 
following formula for temperature on a cone: 

where FK = VK/ Vmax. 
The stagnation pressure in formula (3.6.26) should be calculated taking 

into account the loss across the shock. Denoting this pressure by pb and 
introducing the parameter ~ = p b / ~ ,  calculated on the basis of stagnation 
pressure po before the shock from formula (3.6.29), we get the pressure over 
a cone as 

The parameter vo =p;/po depends on Mach number M, and angle of in- 
clination of shock & ahead of the cone and is determined with the help of 
(4.3.21) and (4.3.22) in the following form: 



The density ratio is obtained from the equation of state 

PK/P~=(PK/PCO) (T,/TK). (9.2.27) 

The pressure coefficient on a cone will be 
- 
PK = (PK-PCO)/~OO=~ (PK -poo)lk ML PCO. (9.2.28) 

The drag force based on the action of pressure (wave drag) is determined - - 
with the help of the relation (1.3.2). Taking p =p,, cfx=O, S= S,,, = nR$, 

A 
dS=2nRdl, cos (Fnx)  = sin PK (all notations are given in Fig. 9.1. I), we 
have 

Recalling that dl sin PK = dR, we get the following expression for drag coeffi- 
cient: 

where R = R/RK. 
As the pressure coefficient jK on a cone in a supersonic flow is a con- 

stant quantity we get the following relation for the wave drag coefficient of a 
cone: 

- 
CxW=P K. (9.2.30) 

So the coefficient of wave drag during a supersonic axisymmetrical 
flow-interaction is equal to the pressure coefficient on its surface. 

3. Effect of Balanced Dissociation and Ionization 
of Gas on Flow-Interaction of Cone 

A system of differential equations (9.1.2), (9.2.2), equation of state (9.1.4), 
energy equation (9.1.5) and the general relations (9.1.6) through (9.1.9) 
determining enthalpy, entropy, average molecular weight and the speed in a 



lissociating and ionizing gas is used for the solution of the problem of the 
Row-interaction of a cone taking into account the effect of balanced 
dissociation and ionization. Here we use the general method of numerical 
integration of differential equations, as in the case of a gas flow with constant 
specific heats. 

The first step in the calculation is the determination of the gas parameters 
behind the oblique shock for a given angle Bc. The radial component of 
velocity VCr is determined by (9.2.8). The normal component of velocity Vce 
is determined from the theory of shocks, taking into account the effect of 
dissociation and ionization (see Chapter 4 Section 2). As a first approxima- 
tion let us take the value from (4.2.12): 

is equal to unity, i.e. we assume the condition of complete stagnation behind 
the shock so that V,O wO. The pressure corresponding to this condition can 
be found from formula (4.2.15). Assuming AT,t = 1 and recalling that 
Mnl = M m  sin O,, we get 

Enthalpy is calculated from the expression (4.2.16) in which it is assumed 
that ATn = 1 and Vnl = Vm sin 8,: 

iL1) = im + 7: sin 02, 
2 

It is possible to find density pkl) from the values of p:') and i:') using 
the curves of thermodynamic functions of air [7, 171 and then, as a second 
approximation, the variation in relative velocity can be determined from 
(4.2.21) 

AF:;) = 1 - (pm/pL1)). (9.3.4) 

From this rise in velocity the improved value of pressure will be 

pL2)=pm ( 1  +k,  M: sin2 8, dFA2)) (9.3.5) 

and that of enthalpy 

Density pi2) can be obtained from the graphs of thermodynamic func- 
tions and the value of AT,, is corrected: 

4j7A3) = 1 - (pmIpL2)). (9.3.7) 

If the value of dFL3) differs by a fairly small quantity from 47;') the 



aporoximation procedure can be considered to be complete and the normal, 
component of velocity behind the shock is determined : 

vc, = v,, = v,, (1 - dFi3))= V, sin 8, (1 - dFi3)). (9.3.8) , 

The tables given in the work [18] can also be used for these calculations. 
The temperature TL1) and average molecular weight of air (,uav)L1) can be 
determined from these tables for given values of pi1) and id1) (enthalpy is 
here denoted by h, m2/sec2). Next, the corresponding value of density can be 
calculated from formula (4.2.17): 

where (pav),=29 gm/gm.mol may be taken for undissociated air. 
Then pL2), iA2) can be calculated from formulas (9.3.4) through (9.3.6), 

TL2), (,uav)L2) can be found from the tables and using the expression (9.3.9) 
the quantity 

can be determined. 
The quantity AFA3) is found from this value of pL2) and formula (9.3.7). 

Then Vc, = V,, is obtained from the expression (9.3.8). 
The values of Vr2 and V82 on a neighboring conical surface can be 

calculated by (9.2.10') and (9.2.1 1') respectively for a given step of integration 
dB,. Here the derivative (dv~/dB)~ in formula (9.2.11') is determined by 
(9.2.12), in which the speed of sound a1 can be found from the tables or the 
graphs of thermodynamic functions for known values of pi2) and id2) (or 
from p:2) and TL2)). 

Enthalpy on the selected conical surface is determined by equation (9.1.5): 

For further calculations it is necessary to use the value of entropy of gas, 
assuming that the disturbed flow behind the shock is isentropic all over 
the region and hence that entropy will be everywhere the same as that in the 
flow immediately behind the shock. This entropy S=Sc=const is determined 
from the tables-of thermodynamic functions-for the values of pL2), ii2) (or 
p p ) ,  TL2)). 

The speed of sound az can be found from the tables or graphs for given 
values of enthalpy i2 and entropy S. The corresponding velocity components 

2 
V,, and V,, on a conical surface with angle B=8,-ZABi can be calculated 

i s 1  
by formulas (9.2.10') and (9.2.11'). Similar calculations can be carried out for 
the surrounding conical surface, etc. The calculations are complete when the 



velocity component V,, on one of these surfaces is equal to zero. The 
corresponding angle (9.2.21) will be the angle of cone under flow-interaction 
and the corresponding velocity will be the velocity VK (9.2.20) over this cone. 
The corresponding enthalpy will be 

iK = ic + ( V: - Vg)/2, 

where 
V,"=V,:+V;; ic=iL2). 

The temperature TK, pressure p~ and density p~ on the cone can be 
determined from the tables, graphs or corresponding formulas for enthalpy 
iK and entropy S=S,. 

A11 the flow parameters over a cone in a flow of given Mach number M, 
depend not only on temperature T, as characterized in the case of variable 
specific heats but also on pressure p, of the undisturbed flow which governs 
the degree of dissociation and ionization. For given values of parameters PK, 
M, and T, the flight altitude H may be selected in place of p, as an example 
of a function determining variation of gas parameters over a conical surface. 
For given values of T, and M, the flow parameters over a cone are functions 
of angle pg and flight altitude. 

Some results of calculations of these parameters are shown in Figs. 9.3.1 
through 9.3.3. The nature of the variation in pressure p ~ ,  temperature TK and 
density p~ over a cone in the presence of dissociation and ionization is 
the same as that immediately behind the shock. Here the pressure, as behind 
the shock, varies only slightly during dissociation and ionization. Its value 

Fig. 9.3.1. Pressure on cone with adjustment for dissociation 
of gas Tm = 220°K, MOO= 23.5). 



Fig. 9.3.2. Temperature on cone with adjustment for dissociation 
of gas (T,=220QK; Mw = 10). 

Fig. 9.3.3. Density of air on cone in dissociating flow 
(Tm = 220°K, Mm= 10). 



basically depends on the condition of undisturbed flow, whereby the 
maximum change in pressure on a cone cannot exceed some limited value of 
this pressure (p2-PI), which is obtained from (4.2.14) under the condition of 
Vn2=0, V,I = VI = V, (normal shock) and is equal to pz-pl =p,Vk. The 
temperature and density vary considerably at the same time and this 
variation is higher with thicker cones. 

If the cone angles are not high these parameters on the cone are affected 
only very slightly by physico-chemical transformations even at quite high 
velocities of oncoming flow. For example, calculations show that at M,=24 
density hardly changes with altitude up to angle PK= 15'. At Mw= 10 (see 
Fig. 9.3.3) it does not change up to angle PK=35". Thus the interval of angles 
/ 3 ~  that corresponds to a comparatively low temperature and a negligibly low 
degree of dissociation increases with reduction in speed. A similar phenome- 
non is observed with reduction in flight altitude. 

An increase in the thickness of the eC, degree 
cone brings about more intensive heat- 46 - , 
ing and as a consequence results in ._ k = 1.4 

dissociation and ionization which may '-&-- -- 
45 considerably affect the flow parameters. 

The effect of change of shock inclination 
8, in front of a cone of angle / 3 ~  =40° is 44 
shown in Fig. 9.3.4. The angle 8, dimi- 
nishes in comparison with that observed 
at constant specilic heats (k= 1.4). This 43 

results in a decrease in the strength of 
the shock and increase in velocity behind 42 - 
it, which means the velocity over the 5 10 15 20 M, 

cone increases. Fig. 9.3.4. Variation of angle inclination 

~h~ rise in flow velocity and reduc- of shock ahead of cone placed in super- 

tion in sonic velocity lead to an increase sonic flow (solid line-real gas; broken 
line-perfect gas). 

in Mach number MK over a conical 
surface placed in a dissociating gas flow. Gas parameters on a cone in a flow 
(conditions of flow-interactions: PIC= 45", V, = 6200 m/sec, T, = 5800"K, 
p,=0.0602 kg/cm2) calculated with and without allowance for dissociation 
are compared in Table 9.3.1. 

4. Blunt Cone 

4.1 Form of blmt noses 
The nose section of many flight vehicles has a blunt form. These blunt 

forms are, first of all, used for very high speeds. Here the main requirement 
of the nose section is its capacity to withstand the high temperatures of the 
gas flow over it. However, flight vehicles (or their individual components) 
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operating at low velocities often have a blunt form which may be required by 
peculiarities of construction, the type of apparatus, etc. Almost always 
we have to deal with blunt bodies because it is practically impossible to find 
absolutely sharp nose sections. 

This section deals with the conical bodies with different blunt nose 
profiles that are in most common use. A conical body with a blunt nose 
of spherical form is shown in Fig. 9.4.1. The equation of the linear part of 
the generator of this kind of body, tangential to its spherical part, will be 

TABLE 9.3.1 
........................................ 
Conditions of VK, a ~ ,  TK, MK= i ~ ,  PK, kg.sec2 
calculations mlsec mlsec "K VK/ag m ~ / s e c V g / c m 2  '"' m' 

With disso- 3980 2058 
ciation 7211 1.934 32.2 x lo6 0.545 1.533 x SO0 

Without 
dissociation 

~-TT=(x-xT) tan /3~, (9.4.1) 

where rT, XT are the coordinates of a point at the junction of the spherical 
part and the generator of the cone, which can be determined through 
the radius of sphere RT and cone angle PK in the form: 

The equation of the generator 
r of a spherical nose in the system 

of coordinates with its origin at 
the apex will have the nondimen- 
sional form: 

0 - 
r2= 1 - (2- 112, (9.4.3) 

where Y ' ~ / R ~ ,  X=X/RT. The 
angle of inclination /3 of the tan- 
gent to the axis at a point on-this 
part will be given by 

tan P=dr/dx=(l -;)IF (9.4.4) 
Fig. 9.4.1. Cone with blunt tangential 

spherical nose. The nose section of a cone 
can be made in such a way that 

the generator will not be tangential to the spherical surface but will intersect 
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it (Fig. 9.4.2). The radius of this surface drawn for the point with coordinates 
rT, XT will be R&> RT, where RT is the radius of a tangential nose related to 
the coordinates r~ and XT by the relations (9.4.2). 

A cone with a blunt nose 
in the form of a plane surface 
(plane section) which can be 
taken as a sphere of infinite 
radius is shown in Fig. 9.4.2. 
The spherical nose and the 6 

flat nose can be regarded as 
particular cases of elliptical 
surface. A cone with a blunt 
nose in the form of such a 
surface is shown in Fig. 
9.4.3. 

The major and minor axes Fig. 9.4.2. Cone with blunt intersecting 
2a and 2b of an elliptical nose spherical nose: 
are its geometrical character- I-intersecting spherical nose; 2-tangential 
istics where their orientation spherical nose; 3-plane section blunt nose. 
may be different. A particular 
case when the major axis is perpendicular to the axis of the cone is shown in 
Fig. 9.4.3. If the two axes are equal an elliptical nose becomes a spherical 
one. When one of the axes, coinciding with axis of the cone, is equal to zero 
the elliptical surface becomes plane. An elliptical nose, like a spherical one, 
can be tangential or intersect the generator. Besides those considered here, 
conical bodies with other forms of surface can be used for the nose section. 
We will not go into the details of these types. 

The spherical tangential nose 
and plane section happen to be 
the most characteristic forms of 

'0 blunt noses. These may be consi- 

"1 
dered as the limiting cases expres- 
sing other possible forms in their 
own way. Both of these charac- 
teristic forms are relevant to the 
process of aerodynamic research 
on blunt bodies with some inter- 
mediate form of nose because 
they allow us to work out the 

Fig. 9.4.3. Cone with elliptical blunt nose. limiting of the various 
aerodynamic parameters associated with them. 

The aerodynamic characteristics of blunt bodies largely depend on the 
degree of bluntness for a given type of nose. The degree of bluntness 
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is the ratio of the radius of the base of nose YT to the radius of the maximum 
cross section of body r,. Moreover the value of the geometrical parameter 
of the blunt nose itself is very important. For a spherical nose this parameter 
is the ratio RT/RTC, where RT and RTC are the radii of tangential and 
intersecting spheres respectively (see Fig. 9.4.2). This parameter varies from 
unity (for a spherical tangential nose) to zero (for a plane section). For an 
elliptical nose the ratio of semi-axes b=b/a, which varies in the interval 
0 g g  .s 1 for a conical blunt body, may be taken as such a parameter. 

For a given form of spherical or elliptical nose the ratio 2 = A/r=, where A 
is the height of the nose (see Figs. 9.4.2 and 9.4.3), may be chosen as a 
nondimensional geometrical parameter. If the nose has an elliptical form with 
the major axis oriented along the normal to the cone axis the value of 
parameter 2 will vary in the interval 0 g A-G d. Quantity J= d=0 corresponds 
to a plane section and the quantity 2=d= (1 -sin ~ K ) / c o ~  @K corresponds to 
a tangential spherical nose. 

4.2 Special features of supersonic flow 
- An important aerodynamic property of blunt bodies from the practical 

point of view is that they heat up less and suffer less damage moving tbrough 
the atmosphere at very high speeds by comparison with sharp-nosed bodies. 

Let us find out which gas dynamic phenomena are responsible for this 
property of blunt bodies. A system of flow about a blunt conical body 
is shown in Fig. 9.4.4. The detached shock of varying intensity at different 
points of the surface is formed in front of the body. At a distance from 
the nose the shock wave changes to the usual wave of disturbances of 
infinitely small strength and an angle of inclination O,=pw=sin-1 (l/M,). 
The maximum strength will be at the apex of the wave (point B in Fig. 9.4.4), 
where Oc = n/2. As the angle Oc hardly differs from n/2 in the neighborhood of 
the nose the corresponding section of wave will be quite strong, almost with 
the strength of a normal shock. 

The transition of gas particles through such a strong shock will be 
accompanied by a considerable loss of total head and rise in entropy. 
As a result the surface of the body is covered by a layer of some thickness in 
which the gas has high entropy. This high entropy layer is bounded partly by 
the shock wave and the surface created by rotation of the "sonic" stream line, 
i.e. the stream line passing through the "sonic" point on the wave (point S 
having coordinates TST in Fig. 9.4.4). 

Due to differing degrees of stagnation at different points on the shock wave 
the flow in the high entropy layer will be characterized by some velocity 
gradient along normal n as shown in Fig. 9.4.4 and hence by a variable value 
of local Mach number M across thickness A. If the boundary layer is 
appreciably thinner than the high entropy layer the velocity gradient in it, by 
comparison with that in the high entropy layer, can be neglected. This 
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simplifies the analysis. It is assumed that the velocity at different points of the 
section in the high entropy layer is equal. It can be taken as approximately 
equal to the mean velocity between the values on the "sonic" and "zero" 
stream lines passing through the apex of the wave. This velocity is obviously 
less than the velocity past a sharp cone. The flow region in the neighborhood 
of the surface of the cone, occupied by the high entropy layer and characteriz- 
ed by low velocities (and hence by a low Mach number and a low Reynolds 
number), seems to be the deciding factor in the formulation of processes in a 
boundary layer. 

Fig. 9.4.4. Blunt cone in supersonic flow: 

l-cbsonic" points; 2-shock wave; 3-6csonic" stream 
line; 4-high entropy layer. 

The main peculiarity of the flow-interaction is that the flow regime in the 
boundary layer changes under the effect of the blunt nose. Due to a 
reduction in the local Reynolds numbers calculated on the basis of velocity 
in the high entropy layer the laminar boundary layer changes to a turbulent 
layer somewhat downstream and so the extent of the laminar boundary layer 
increases. This helps to reduce friction and heat flows to the wall. 

Reduction in heat flows based on the enhanced entropy of gas during 
transition through a shock is known as entropy effect. Here it should 
be borne in mind that entropy effect not only leads to a reduction in velocity 
at the external surface of the boundary layer but also to a reduction in 
the density of the gas, i.e. to a reduction in the Reynolds number. At the same 
time a rise in entropy also results in an increase (compared to a sharp-nosed 
body) in the temperature at the external limit of the boundary layer. 
This brings about the anti-effect of the high entropy layer whereby there 



is some rise in the heat flow from the boundary layer to the wall. However, 
the resultant entropy effect for an appropriate choice of wall and form of nose 
leads to a reduction in heat flows, as is shown by calculations and experimen- 
tal research. 

The wave drag of a blunt body as a rule increases in comparison to that of 
a sharp-nosed body. However, drag decreases for thin conical bodies 
with a low degree of bluntness. This is explained by the fact that although 
pressure rises near the nose it decreases over a considerable part of the 
surface of the body in comparison with a sharp cone. This phenomenon of 
reduction in pressure behind the nose is illustrated in Fig. 9.4.5, showing 
empirical results obtained in aerodynamic wind tunnel tests of thin cones with 
a blunt nose in the form of a plane section in a supersonic flow of M,=6.85. 
The minimum pressure i's achieved at a distance of about 10 times the 

diameter of the nose section. At 

P double this distance from the nose 
pressure builds up to its value for 
a sharp cone. If such a cone is of 
small length and hence has a small 
surface having low pressure the 
reduction in drag for this section 
will not be enough to compensate 

1 ! lxIDr 

for its increase due to the drag in- 
crease of the plane section nose. For 
a long enough cone the reduction in 

0.0, 
I 10 100 drag of the peripheral section can be 

Fig. 9.4.5. Pressure coefficient on surface quite and can in a 
of cone with plane section blunt nose at  ductio ion in the total drag of a blunt- 

Moo=6.85: nosed conical surface compared to 
--by experiment; - - - - calculated by that of a sharp-nosed conical surface. 

conical theory for sharp-nosed body. The main point of using a blunt 
nose is not the reduction in drag, 

which for a low degree of bluntness seems to be comparatively small, but the 
appreciable reduction in heat transfer to the wall. This advantage, as shown 
by experiment, arises mainly in the regime of hypersonic velocities. 

Other cases of the use of blunt surfaces can be found that are connected 
with the necessity not so much of reduction in heat transfer as of increase in 
drag. Space craft have just this form of surface because it is important 
to have high c, providing most intensive braking in the atmosphere. 

The great practical relevance of aerodynamic research on blunt bodies is 
clear from the above discussion. 

4.3 Flow-interaction of cone with spherical blunt nose 
Study of the aerodynamics of a whole blunt body is related to the 
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investigation of the flow-interaction of the front part in the form of a blunt 
nose of some shbe. The results of these investigations happen to be the basis 
of calculations of flow parameters over the remaining part of the body. 
On the other hand these results have their own value as they facilitate 
determination of the aerodynamic characteristics of a blunt nose. The 
resultant aerodynamic characteristics of the body can be determined by 
adding the components for the nose and the remaining part. 

We must note here that whereas the flow-interaction of a peripheral 
part of the body depends on its bluntness the flow condition about the nose is 
determined only by its form or, correctly speaking, by the form of the 
nose section up to the "sonic" point on its surface. It is obvious that if 
this ccsonic" point lies on the peripheral surface (downstream behind the line 
joining nose and body) the disturbances appearing in the region of peripheral 
surface of the body propagate upstream toward the nose and its flow- 
interaction should not be examined without consideration of the flow 
over this region. 

Let us take the problem of the flow-interaction of the spherical nose of a 
blunt conical surface. Let us consider this problem as independent, i.e. 
assume that the peripheral surface of the body has no effect on the flow past 
the nose. We will study an inviscid flow keeping in mind that the solution 
sought, irrespective of this limitation, has a great practical significance: it 
gives the basic conditions of flow outside the boundary layer, the friction and 
heat transfer governing the processes occurring in the boundary layer itself. 

First we will study the flow around the point of complete stagnation which 
is one of the most characteristic points on a spherical surface. Study of this 
flow is interesting mainly because it is connected with such practical problems 
as the determination of heat flows, which may reach the highest values. In 
addition the solution of the problem of flow near the point of complete 
stagnation helps us to determine the distance from the shock wave to the 
nose and the distribution of gas dynamic parameters in this small region. 
Here the solution may be obtained, in general, taking into account the 
physico-chemical transformations of the gas. 

The equation of motion can be used to solve the problem thus formulated. 
This equation, according to (3.1.21) for an "inviscid" (V =0) and ccweightless" 
gas (W= O), has the following vector form: 

dv/dt = - (l/p) grad p. 

Let us write equation (9.4.5) in the system of curvilinear orthogonal 
coordinates. The origin of coordinates of this system coincides with point of 
complete stagnation 0 on a spherical surface. The x coordinate will be taken 
along the surface and y coordinate along the normal to it (Fig. 9.4.6). Keep- 
ing in mind (3.1.22) and taking a steady flow (aV/at=o), equation (9.4.5) may 
be given by 



grad (V2/2)+rot F x  F= -(l/p)gradp. (9.4.6) 

Taking the components of vectors along coordinate lines ql and 92 of the \ 
curvilinear system [see (2.4.1 I)] we get equations of motion: $ 

[grad (V2/21l1 +(rot V x V), = - (l/p) (grad PI,; 1 1 
(9.4.7) 

i 

[grad (V2/2)I2 + (rot F x F),= - (llp) (grad p),. 

Fig. 9.4.6. Blunt spherical nose in a supersonic flow. 

Quantities [grad (V2/2)]1 and [grad (V2/2)]2 can be determined with the help 
of relation (3.1.24). Replacing p by V2/2, we have 

where ql, 92 and q3 are determined by the values of (2.4.40). 
Since the case of an axisymmetrical flow is being considered we can 

write 

a( v2/2)/aq3 = a(v2/2)lay = 0. 

Keeping in view the value of (2.4.42) for Lame's parameters hl and h2, equa- 
tion (9.4.8) can be written in the form: 

( grad$)l il +( grad $)2 i2=(1+&)-' 
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From which 

Let us consider the vector product 

rot v x v=[(rot il +(rot v)), i2+(rot F), i,] x (Vlil + V2i2+ V,i,). 

From this the components: 
(rot x Fl1 = (rot V3 - (rot V)3 V2; 
(rot y x Tl2 = - (rot P), V3 + (rot 7)3V1. 

Since an axisymmetrical flow is being investigated it is necessary to take 
F, = 0 in these expressions. The component of vector (rot p),, by (3.1.28), 
will be 

or, taking into account (2.4.40) and (2.4.42), it will be given by 

a I+- 
(rot ".= ( 1  +; )-' {"- ax  [( aY a) ] (9.4.10) 

Therefore 

(rot V x V), = -(rot V), V2 
7 

1 
I 
I 

= vy [EL ax .[(I+&) a~ vzl}; I 

(rot V x Vl2 = (rot F), Vl 

From (3.1.24) it follows that 

1 aP (grad p)t = - . - 1 ap 
hl aqla 

(gradp)2= - .- 
h2 aq2 



or, recalling (2.4.40) and (2.4.42), 

ap (gradp)l= (1 +& )-I g, (grad p)z=-. a~ (9.4.12) 

Inserting (9.4.9), (9.4.1 I), (9.4.12) in (9.4.7), we get 

After simplifying these relations we get the following equations of motion: 

It is necessary to combine the equation of continuity with the equations of 
motion. For a steady flow (ap/at=O), according to (2.4.46), this is written 
in the form 

If the region in the neighborhood of the critical point is considered and 
the oncoming flow has very high supersonic speed the basic equations (9.4.13) 
through (9.4.15) can be simplified. Actually the flow behind the shock wave 
under these conditions is incompressible by nature because the Mach number 
Mz hardly differs from the value [(k- 1)/2k]'I2 corresponding to the case of 
a limiting flow (as M,+ m, k=const) behind a normal shock. Consequently 
density in the region in question can be assumed constant and equal to p,~,  
the density behind the shock wave at the point of complete stagnation. Thus 
the variable density p in the equations of motion and continuity can be 
replaced by a constant quantity pco. 

As very high speeds are being considered the shock wave in this case will 
move nearer to the surface of the body. Here the region of disturbed flow is 
assumed to be a thin layer of some thickness s which is very small compared 
to the radius of curvature RT of the surface. 

In this way, if s/RT- 1 is assumed it is obvious that ~ / R T  < 1 as 0 < y < s. 
Hence the quantity ~ / R T  in comparison of unity can be neglected in equations 
of motion (9.4.13), (9.4.14) and equation of continuity (9.4.15). Taking into 
account the above simplifications and noting that the quantity r in (9.4.15) 



can be assumed t s  be equal to r E x  under the conditions near the points of 
stagnation, equations (9.4.13) through (9.4.15) will be written in the form: 

In eqaations (9.4.16) and (9.4.17) nondimensional density 

is introduced. 
Let us show equations (9.4.16) and (9.4.17) can be further simplified. For 

this purpose we consider the order of magnitude of the terms appearing in 
these equations. Physically the order of value of Vy will be V,- V,o, where 
Vco is the velocity behind the straight part of a shock wave. The order of 
magnitude of the coordinate x and y in the immediate vicinity of the stag- 
nation point is determined by the quantities x ~ s o ,  y N S O  (so is the distance 
from the straight part of a shock wave to the surface of the nose). 

From equation (9.4.18) it follows that the order of magnitude 

so Vco 
so vIw J SO dx, 

0 

whence V x  - VCo. So the order of magnitude of the velocity component V,  
will be the same as Vy. It can easily be seen that the order of magnitude of 
the third terms on the left side of the equation will be V:o/ RT and that of the 
remaining terms V&/s0. Since s0(<RT the third terms are of lower order and 
can be neglected. 

In this way equation (9.4.16) and (9.4.17) may be replaced by 

The solution of the system of equations (9.4.16'), (9.4.17'), (9.4.18) must 
satisfy the boundary conditions at any point of the surface of the body at 
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y = 0 $he normal velocity component V,=O and then at the point of complete ; 
stagnation, i.e. at y= x = 0, the corresponding velocity components V, = V, = 0. 
The boundary conditions immediately behind the shock should also be satis- 
fied by the solution. These conditions, for the velocity components at a point 
A situated at a distance S from the surface of the nose, will have the form 
(see Fig. 9.4.6): 

Vx = Vc COS (p - PC); (9.4.19) 

V, = - V, sin (p - PC), (9.4.20) 

where j? is the angle of inclination of a tangent surface at a point B on the 
same normal on which point A is situated. 

The total velocity V, immediately behind the shock is determined with the - 
help of formula (4.3.18). Taking V2= V,, V1=VW and p~/p~wp,/p,o=p in 
this formula, we have 

Vc/Vm = (cos2 0, + j? sin2 9c)112. (9.4.21) 

The solution of the problem of flow-interaction in the neighborhood of 
complete stagnation may lead to the solution of the velocity field. Thus the 
problem being considered will be a purely kinematic problem. To solve it we 
have to exclude density and pressure from the equations of motion. For this 
purpose we differentiate (9.4.16') and (9.4.17') with respect to y and x: 

Next we introduce the function determining double the value of the vor- 
tex component [component of rotation of velocity (rot V),=2coz; see (2.2.311: 

Using the function (9.4.24) and equation of continuity (9.4.18), equations 
(9.4.22) and (9.4.23) can be transformed. Since the right sides of these equa- 
tions are identical we get 



a2vx a2vv a v ~ a v ~ ~ ~ + a v , + ~ ~  
a a d  ( a x a y  ax2 

a2vx (9.4.25) 

From (9.4.24) it follows that 

a2Vx a2Vv aszz a2Vx a2vy aa. ---=- ---=- 
ax aY ax2 ax ' ay2 a~ ax  a~ 

Now equation of continuity (9.4.18) gives 

avx avv--3. -+-- 
ax  a~ X 

Therefore equation (9.4.25), in which (aVx/ay)-(aVy/ax)=IRZ, can be written 
in the form 

Thus the problem lies in finding the solutions of equations (9.4.18) and 
(9.4.25') satisfying the above boundary conditions. 

We will find the solution for V ,  in the neighborhood of a point of com- 
plete stagnation with coordinates x=O, y=O in series form: 

V,=ao ( y )  +a1 ( y )  x + a ~  (y )  x2 +a3 (y)x3 + . . ., (9.4.26) 

in which x is a small parameter and the coefficients a, are some functions of 
coordinate y. 

The structure of the series (9.4.26) can be somewhat simplified. In fact 
the function V ,  ( x )  will be odd due to symmetry of flow, i.e. the values of 
velocity components will be equal in magnitude but opposite in sign for the 
corresponding values of x which are equal in magnitude but opposite in sign. 
Therefore only the terms with odd powers of x in the series expansion 
(9.4.26) are maintained, i.e. 

VX=al ( y )  x+a3 ( y )  x3+ .  . . . (9.4.27) 

Taking into account that a region in the immediate vicinity of the complete 
stagnation point is being examined, the terms containing the third or higher 
power of x can be neglected. In this way, we arrive at the expression 

Vx=al(y)x. (9.4.28) 

Let us introduce the function 
v 



so that 

dF/dy = F'(y) =al(y) and F(0) = 0. 

Then 

Vx = xF'(.v). 

Substituting the expression for V, from (9.4.31) in the equation of continuity 
(9.4.18), we get: 

From this we find the expression for the other velocity component: 

where f (x) is some arbitrary function of x. From the condition of smooth 
flow over a body Vy (x, 0) = 0 and hence, 

f (x) = - 2F(O). 

But according to (9.4.30) function F(0) = 0, so f (x) = 0 and 

Vy = - 2F(y). (9.4.32) 

To determine the nature of function F(y) we insert (9.4.31) and (9.4.32) 
in (9.4.25'): 

[xF"(y)/x] V, = VXF1 (y) - 2F(y)Y1 (y). 

According to (9.4.32) the function F(y)gO, so 

F1I1 (y) = 0. (9.4.33) 

The general solution of this equation is 

F(y) = - V,/2 = co + cty + c2y2. (9.4.34) 

As Vy = 0 at y = 0 the constant co = 0. The other two coefficients can be deter- 
mined if the conditions on the shock wave near the critical point as x+O are 
applied. In particular, it follows from the condition (9.4.21) that the velocity 
immediately behind the "straight" part of the shock wave (0, = 4 2 )  at a point 
C (see Fig. 9.4.6) will be equal to 

- 
Vy= vc= -pv,. 

Since the coordinate of this point y=so we get 

v, = vc = - 2(c,so + c24). 

Therefore the first condition for determination of the coefficients cl and c2 
will be 
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To find the second equation we differentiate (9.4.34) with respect to y: 

F'(y) = c1+ 2 ~ 2 ~ .  

According to this result and equation (9.4.31) the velocity component will be 

Vx = X ( C I +  2 ~ 2 ~ ) .  (9.4.36) 

Let us take point A on the shock wave at a distance y -. s from the surface 
of the nose section. Equating the velocity V x  obtained from (9.4.36) 

and its value from (9.4.19) on the shock wave 

VXA= vc cos (b -PC) ,  

we get 

X(CI+ 2 ~ 2 ~ )  = v c  cos (/? - PC). 

Taking the limit as x-0 and assuming s= so, Vc=>. V,, we get the relation 
corresponding to the point C on the straight part of the shock wave: 

The limit on the left side can be calculated in the following way: It can be 
seen from Fig. 9.4.6 that the angle ( B  - PC) at a point A on the shock wave is 

Consequently cos (P - PC) = sin (q + PC). Around the point of complete 
stagnation the angles p and p, are small and it may be assumed that 
cos (p -pc)qzJ+Pc .  
Accordingly 

It is obvious that !z (PIX) = l/Rr and the second limit can be represented as 

where 



Quantity Rco is the radius of curvature of the shock wave at its apex (if Rc is ; 
the variable value of the radius of curvature of the shock wave, Rco =lim R,). , 

x+O ( 

The angle a, as can be seen from Fig. 9.4.6, is connected with the angle of 
inclination of shock wave by the formula 

o= (7~12) - Oc. (9.4.39) 

To determine (Pc/o)x=o we use formula (4.2.19), which can be rewritten with 
the help of (4i2.21) and (9.4.39) as 

poo/pc = [tan (6, - Pc)]/tan Bc = tan w/tan ( o  + PC). 

For small values of o and PC 
pmlpc = o/(o  + PC). 

Hence 

In this way 

lim 
x+o X 

Inserting this expression in (9.4.37), we have: 

At high speed we can assume that Rco/RT w 1, SO 

+ 2 ~ 2 ~ 0  = Voo/RCo. 

Along with c,, c2 a third unknown has appeared, the distance so from 
the shock wave to the nose, in equations (9.4.35) and (9.4.40). Therefore we 
must add one more independent equation to the system of (9.4.35) and 
(9.4.40). This additional equation arises from the expression for vortex 
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The relation (9.4:41) can be used to determine the vortex on the surface of the 
nose as well as immediately behind the shock wave in the flow region around 
the point of complete stagnation. The vortex in the flow behind the shock 
wave can also be found from the expression (9.4.6) which, according to the 
relation i+ (V2/2) = const, is transformed into: 

rot FxT=grad i-(lJp) gradp. (9.4.42) 

Now we use the known thermodynamic relation for entropy 

TdS = di - (dpJp). (9.4.43) 

The vector relation can be written from this equation: 

T grad S= grad i- (l/p) grad p. (9.4.44) 

From this equation (9.4.42) can be given in the form 

rot F x F = T  grad S. (9.4.45) 

This equation can be reduced to the conditions on the shock wave. Let us 
take an arbitrary point A on it (see Fig. 9.4.6). Taking the projections of vec- 
tors appearing in (9.4.5) along tangent z, we get the relation 

(rot V x = T,(dS2/dz), (9.4.46) 

where T2 is the temperature at a point A immediately behind the shock. The 
component (rot V x V ) ,  of the vector product is determined in the following 
way: The vector rot i7 at a point A with mode r(2, is oriented along the 
normal to a vertical plane of symmetry (Fig. 9.4.7, a). Quantity j7 represents 
the velocity vector behind shock wave T= Fc lying in this plane of symmetry. 
Due to the orthogonality of vectors rot V and V their vector product in abso- 
lute value will be 

[rot T x 31 = \rot VllV I sin n/2= Q,Vc. 

The vector equal to the vector product rot j7 x j7, perpendicular to the plane 
of vectors rot V and V ,  is obviously situated in the plane of symmetry like 
vector 3=Vc (see Fig. 9.4.7, a). As can be seen from Fig. 9.4.7 the com- 
ponent of vector product rot 3 x V along the tangent is equal to 

(rot V x  3)7=521Vc sin (8,-PC). (9.4.47) 

Equation (9.4.43) can be used to determine the right side of (9.4.46) by apply- 
ing it to the same point immediately behind the shock wave: 



Fig. 9.4.7. Determination of vortex strength on shock wave. 

We take the equations of enthalpy iz and pressure pz in the form of (4.2.6) 
and (4.2.4) respectively. Since high-speed flows are being considered at which 
il g i2 andpl < p ~  these equations can be written as: 

i2 = ~ ( 2 ~ 1 2 )  - (v$/2); (9.4.48) 

or, taking into account (4.2.3), as 

i2 = [V;-(l- 7 ) ] / 2 ;  

- 
where it is assumed that V,,, = V,,, p = pllpz = p,lp. 
Differentiating, we get 

Substituting these expressions in (9.4.43'), we get 

T2dS2 = ( 1  - 2)' V,,dv,, . (9.4.50) 

From Fig. 9.4.7, b it follows that the increment in the normal component of 
velocity dV,,= vil)do. Here, since velocity v $ I )  at a point A(') lying at a 
small distance from a given point A differs from velocity V ,  at a point A by 
infinitesimally small quantity, the differential 

where Rc=dz/dw is the radius of curvature of the wave at a point A (see 
Fig. 9.4.7, b). 

According to (9.4.51) equation (9.4.50) will be rewritten as 

T2dS, = ( 1  - F)2 V,, VT (dr/Rc). (9.4.52) 



Inserting (9.4.47). and (9.4.52) in (9.4.46), we find 
- 

Q, Vc sin (8, - PC) = ( 1  - ~ ) ~ v n o o v ~  
Rc 

Use of formula (9.4.21) for V c  and the expressions 

v,, = V ,  sin 8,  ; 
v7 = V ,  COS ec, I 

which are obtained from the velocity triangle in Fig. 9.4.7, b gives the 
expression for the vortex 

V,(1- p)2 sin 8,  cos 8,  a,= -2 
( p  sin2 0 ,  + cos2 19,) ' 1 2 ~ ,  ' 

Replacing Oc by 4 2  - w  here, we get 

V,(1- F)2 cos w sin w 
Qz= -z 

( p  cos2 w + sin2 W)'/~R, '  

In the neighborhood of the point of complete stagnation where w are 
small and Rc+Rco the above expression reduces to 

Equating the right side of (9.4.41) and (9.4.54") and taking into account that 
w / x =  1/RCo, we find the coefficient 

Substituting this value of cz in equation (9.4.35), (9.4.40) and solving them 
simultaneously, we get the relation for the second coefficient cl: 

cl= ( 5 V,lR&2/2j - F2 . (9.4.56) 

Velocity on the surface of the nose is determined from (9.4.36) under the 
condition that y = 0: - 

Vx = xcl = 5 ( X  v , / R ~ ~ )  42; - p2. (9.4.57) 

From the properties of odd function V,  it follows that at x>O or x<O we 
must get V x  >O or V,< 0 respectively. This means that in formula (9.4.57) and 
hence in equation (9.4.56) for cl we must take the plus sign. 

Shift and form of main shock wave: Along with the coefficient cl the solu- 
tion of the system of equations (9.4.39,  (9.4.40) gives the relation for shift so 
of a shock wave from the nose of a body: 



Using the respective values of c2 and cl from (9.4.55) and (9.4.56) with the ; 
plus sign here we have: 

The radius of curvature RCo of the wave about the axis of the body makes its 
appearance in this formula. This radius is supposed to be a function of the 
radius of spherical part RT for given conditions of undistributed flow. If the 
wave is assumed to be concentric with the sphere, RCO=RT+S~. Introducing 
new notations: 

KO = RCOIRT, & = S O / R ~ O ,  
we can write 

- 
Rco = l / ( l  - Fo). (9.4.59) 

In reality the spherical nose and shock wave are not found to be concentric. 
The corresponding deviation from the relation (9.4.59) will increase with a 
rise in Mach number M,. To calculate the deviation from the concentric of 
the shock wave with a spherical nose we use the relation obtained from experi- 
mental data: 

- 
Rco = R c o / R ~  = 1 / ( 1  - s " ~ ) ~ . ~  a 

(9.4.60) 

Accordingly the shift in terms of the radius of the spherical nose will be 

where & is taken in accordance with (9.4.58) in the form 
- 

Quantity & calculated by formulas (9.4.61), (9.4.62) is shown as a func- 
tion of p=p,/pc in Fig. 9.4.8, a. In the range up to p< 0.4 the curve 
shown in Fig. 9.4.8, a characterizing variation of shift for a shock wave. 
about a spherical nose can be extrapolated by the simple relation [52] 

- 
,yo = 0.52[;;1(1- >)]OaS6. (9.4.63) 

In the relations obtained above the nondimensional density p=p,/pc hap- 
pens to be the similarity parameter for the relative shift ~ , = s O / R T .  I t  is 
determined from the conditions of equilibrium of dissociation immediately 
behind the straight part of a shock wave. 

The results of calculation for the relative shift of a shock wave obtained 
in the work [52] are of special interest. These results are reproduced in graphic 
form in Fig. 9.4.8, b. They indicate the variation in the $ = s o / R ~  as a func- 



tion of M, for asphere in flows of air, oxygen and nitrogen. It can be seen 
that for the values of Mach number M,=9 to 13, when the variation of 
specific heat of air is mainly based on dissociation of oxygen, the curve - 
so (M,) for air occupies a place nearer to the corresponding curve for oxygen. 
With an increase in M, the dissociation of nitrogen plays an ever higher role. 
The curve characterizing the variation of relative shift of a shock wave for 
air comes closer to the corresponding curve for nitrogen because this compo- 
nent happens to account for a large proportion of air. 

Fig. 9.4.8. Relative shift of shock wave in front of spherical 
nose in supersonic flow: 

a-for air (with parameter F); b-for oxygen, nitrogen and air 
(with parameter Mm; pm=O.Ol atm; T,=290°K). 

The nature of the effect of dissociation and ionization on the shift of a 
shock wave is quite clear in the example of pure gases such as oxygen and 
nitrogen. At M,= 18 oxygen is already considerably dissociated, density 
reaches maximum value as indicated by calculations and the distance (see 
Fig. 9.4.8, b) will be minimum. With an increase in M, oxygen becomes 
completely dissociated, compression is reduced and accordingly the value of 
the shift of shock wave increases. With a further increase in M, the prelimi- 
nary, ionization of gas begins, its specific heat increases and consequently the 
compression of gas increases, which leads to a reduction of so. The change 
in the specific heat of nitrogen appears at considerably higher Mach numbers 
M, than for oxygen. Besides, the processes of dissociation and ionization in 
nitrogen do not take place one after another as in the case of oxygen but 
occur practically simultaneousIy. Therefore the non-monotonous nature of 
the variation of quantity & for nitrogen is less clearly expressed than for 
oxygen. 

The character of the curve 6 for air, which is a volumetric mixture (about 
26% oxygen and 74% nitrogen), will naturally be more monotonous than for 
pure oxygen, as can be seen from Fig. 9.4.8, b. 

The form of the generator of the main shock wave can be determined by 
calculation based on the solution of the system of corresponding gas dynamic 
equations for a supersonic flow over blunt bodies. It can also be determined 



by ,experiment. The interesting results of determination of the flow para- 
meters in this problem and, in particular, the form of the shock wave are 
given in the work [52]. 

As indicated by calculations and experimental research for a supersonic 
flow over a cone with a spherical nose the generator of a shock wave can be 
represented with fair accuracy in the form of a hyperbola: 

which is shown in Fig. 9.4.9. The quantities a and b in equation (9.4.64) 
represent semiaxes of the hyperbola 
which may be determined in the 
following way: We know from ana- 

r lytical geometry that the radius of 
curvature at any point on the curve 
given by equation r=r (x) will be 

R = - (1 + r'2)3/2/r", (9.4.65) 
0 where r' =dr/dx, r" = d2r/dx2. 

According to (9.4.64) 

x + a  b2. y ' = . -  
r a2 '  

r a2 

or 
Fig. 9.4.9. Shock wave in front of cone with 

blunt spherical nose in supersonic flow. 

Inserting the values of these derivatives in (9.4.65), we get 

Assuming r=O, we find the radius of curvature Rco about the axis of the 
cone 

Rco = b2/a. (9.4.67) 

According to this equation (9.4.66) can be rewritten in the form 

The shock wave traveling away from the body downstream must change to a 



weak wave of disturbance whose angle of inclination with undisturbed velo- 
city vector is determined by 

0,= pFr, = sin-'(1/~,) = tan- ' ( l /d~" ,  - 1). 

From the equation of hyperbola (9.4.64) it follows that the tangent of the 
angle of inclination for the generator of a shock wave at any arbitrary point 
will be 

Taking the limit as r+ a, we get 

tan O,=tan ,u,=b/a= l/dM;- 1 . (9.4.68) 
r+m 

Let us solve equations (9.4.67) and (9.4.68) simultaneously to find a and b: 

Now we can calculate the coordinates of the shock wave from (9.4.66'). 
Initial gradient and distribution of velocity: According to (9.4.57) the 

velocity gradient at the point of complete stagnation (initial gradient) will be 

Experimental verification indicated that if we assume 

in formula (9.4.70), i.e. if it is based on the expression corresponding to the 
assumption of lowest shift of the concentric form of shock wave near the 
spherical surface of the nose, as follows from (9.4.60), then the results 
obtained for the initial velocity gradient will be applicable for very high as 
well as low supersonic speeds. The calculated relation will have the form 

~ u a n t i t ~ s o  can be expressed through the relative shift so with the help of the 
expression 

from which we find 
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In this formula the relative shift so can be determined from (9.4.63). The 
relation (9.4.72) is valid under the condition of application of expression 
(9.4.73) for the values p< 0.4. 

The distribution of velocity on the spherical surface of a nose in the 
vicinity of the point of complete stagnation can be expressed, in accordance 

with (9.4.70), through an initial gradient of velocity 

v, = Ix. (9.4.74) 

Here x determines the length of the arc of a circle which can be calculated 
from the known central angle y as x=yRT.  
Taking this, 

vX=X R T ~ .  (9.4.74') 
Experimental research showed that the relation (9.4.74'), corresponding, 

strictly speaking, to the conditions of flow-interaction of the small section of 
a sphere near the point of complete stagnation at a very high speed of undis- 
turbed flow, can be applied for calculation of the velocity on a fairly large 
section of a curvilinear surface and also at comparatively low values of M,. 
Experiments in wind tunnels at Mach numbers M, from 1.2 to 4.9 confirmed 
the linear relation (9.4.74') of velocity with angle y  = 0 to p  = 50" and helped 
to establish that there is scope for small deviation from this relation in the 
range of 50" < y < 90". 

In practical calculation it is possible to use formula (9.4.74') with reaso- 
nably good accuracy for all values of y from 0 to 90". 

Application of Newton's me- 
thod for calculation of flow-inter- 
action of a blunt conical body: This 
method is based on Newton's 
corpuscular theory (known as the 
theory of Newtonian stagnation) 
according to which gas particles 
undergo disturbances only during 
bombardment against a solid wall 
and thereby completely lose the 
component of momentum normal 
to the wall. If V ,  is a normal com- 

Rg. 9.4.10. Determination of pressure by ponent of velocity of undisturbed 
Newton's method for supersonic flow past flow, dS is an elementary area of 

blunt-nosed body. surface in flow (Fig. 9.4.10), the 
loss of momentum in unit time for the point in question will be: 



The value of an impulse force due to pressure difference (p -p,) dS during 
the same time, by the theorem of impulse of force, is determined by the loss 
of momentum. Hence at a given point the pressure difference will be 

Form Fig. 9.4.10 it can be seen that V,,, = V, cos p , so 

-pw =pwv2, cos2 (0. 

Dividing the left and right sides of this equation by velocity head p,~2,/2, 
we get the formula for coefficient of pressure 

which is known as Newton's formula. This formula corresponds to the model 
of flow interaction discussed above, i.e. to the model of Newton's in which 
the system of elastic reflection of gas particles during interaction with a 
surface is represented. This model has a defect: it does not give the correct 
answer, in principle, to the question of the way the gas particles behave 
after impact. In reality their velocity after impact will not be equal to the 
component of undisturbed flow velocity tangent to the surface. The velocities 
of these particles after local bombardment are not determined at all by this 
model. So in practice Newton's model is not considered as the process of 
flow-interaction of a body. 

Euler's model is free from this defect. It deals with the study of a fluid 
flow about a surface, i.e. with the determination of velocity and other para- 
meters at every point and, as a result, with the calculation of fluid and body 
interaction (see Chapter 2 Section 1). 

However, in view of the simplicity and convenience of calculation using 
Newton's theory some attempts have been made to improve it to achieve 
better results for the calculation of aerodynamic parameters. Let us study 
one such modification. As can be seen from formula (9.4.75) the coefficient 
of pressurejo=2 at the point of complete stagnation for which the central 
angle p = 0. So equation (9.4.75) can be written in the form: 

- - 
p = Po c0s2 V). (9.4.75') 

Experimental research shows that if the value o f 6  in (9.4.75') is taken either 
from experiment or from accurate theoretical calculations instead of io=2, 
whichis not found in real Bows, formula (9.4.75') gives results very close to the 
actual ones over a considerable part of the spherical surface. Unlike (9.4.75), 
formula (9.4.75') is known as the modified or improved formula of Newton. 

According to this formula the pressure difference will be 



41 6 AERODYNAMICS 

whence the ratio of pressure p at a given point to pressure pb at the point 
of complete stagnation 

In the neighborhood of the point of complete stagnation the flow may be 
treated as incompressible within a certain approximation. To calculate it we 
can apply Bernoulli's equation 

(V,2/2) + ( P / P ) = P ~ / P ,  (9.4.77) 

where p is the density, which is assumed to be constant in the neighborhood 
of the point of complete stagnation, and is equal to density at this point. 
After substitution of (9.4.77) in (9.4.76) under the condition that p =pi, we get 

Let us calculate the derivative of V ,  with respect to x: 

Taking the limit with p+O, x+O and recalling that (cos p),,o= 1, (sin yl),,o - 
= p = x/RT, ( V r / ~ ) ~ + ~ = ( d V x / d ~ ) ~ ~  = A, (dp/dx),+o = 1 /R,fi we find the relation 
for initial velocity gradient: 

In accordance with this relation, to determine the initial velocity gradient it is 
necessary to know pressure pi and density p0 at the point of complete 
stagnation. 

According to the linear law expressed by the relation (9.4.74') the velocity 
distribution can be represented by the relation 

v, = p 41 2( pb -P,)]/P;. (9.4.78') 

Along with this formula for calculation of velocity it is possible to use 
the relation obtained from equation (3.6.26) for pressure in an isentropic 
flow. We take pressure po in this equation equal to pressure pb at the point 
of complete stagnation, velocity V equal to velocity V ,  at an arbitrary point 
on the surface and finally quantity k equal to the adiabatic index kcalculated 
for the point of complete stagnation with the effect of temperature Ti 
and pressure pb at this point. Solving this equation for velocity V,, we get 

vx = v,,, [l - ( p / p ' o ) @ - l ) f i ] 1 / 2  . 



We get the expression for maximum velocity from (3.6.22): 

where flow parameters with index "m" correspond to an undisturbed flow up 
to a shock wave. Dividing both parts of the equality by V$ and keeping in 
mind that M&= ~ z / a L ,  we get 

According to this relation the expression for calculating velocity will 
have the form: 

where the ratio p/pb is determined by Newton's formula (9.4.76). 
The calculations of velocity and other gas parameters can be further 

simplified with the help of the tables of gas dynamic functions (see Chapter 3 
Section 6). Knowing the law of variation of function n (~)=p/pb (9.4.76), it is 
possible to determine the values of gas dynamic functions R = V,/a*, e = p/p0 
and T=T/T; from the tables [53] for the corresponding value of k. Assuming 
the critical speed of sound a* and the flow parameters pb, Ti for the 
stagnation point here we find the following quantities for a given point 
on a blunt nose surface: 

The gas parameters on the peripheral conical surface connected with 
the spherical nose can be taken within a certain approximation as those on the 
connecting line, i.e. at the end of the nose. In particular, the velocity on the 
cone can be found by formula (9.4.78'), assuming a, = 742 - DK: 

v,= VK = ( ~ 1 2  - p,)d[2(pb -~,)l/pb. (9.4.80) 

The second relation for velocity on the cone is obtained from the 
expression (9.4.79) if we consider, according to (9.4.76)' 

in this expression, where cone angle f i ~  = a12 - p ~  [ a , ~  is the central angle for 
a semisphere (see Fig. 9.4. lo)]. 

The velocity obtained in this way is supposed to be constant over the 
whole surface of the cone. Experiments show that the real velocity differs 
somewhat from this velocity and the velocity distribution has the specific 
character shown in Fig. 9.4.11. It increases with an increase in distance 



from the point of complete stagnation and reaches maximum value at 3 
some distance from the junction of the nose and the cone. It then decreases 
downstream, reaching approximately the value corresponding to the velocity ' 

on a sharp cone in distant peripheral regions. 

Fig. 9.4.11. Velocity distribution on blunt cone in supersonic flow: 

I-empirical curve; 2-velocity past sharp-nosed cone (theory). 

The drag due to pressure (wave drag) of a blunt cone can be obtained 
from the pressure distribution by calculating this drag as the sum of the drags 
of a spherical nose section (index "sp") and the conical part of the surface 
(index "K"): 

x= xsp + XK. 

Assuming the coefficient of drag cfx equal to zero in (1.3.2) and taking 
the maximum area of cross section of the cone as the characteristic area 
S = SO = zri, we get 

whence the coefficient of wave drag 
* dS 

jj cos ( ~ ~ x )  - . (cxw)., = q,S, = s o  
ssp 

A 
It can be seen from Fig. 9.4.12 that cos (Fnx) =cos p and dS=2zrdl= 

2nrdrlcos p. But since r =  RT sin p and dr= RT cos p dp, we get 

dS=2nRg sin p dp. 

Taking into account the above expressions and formula (9.4.75' for p, 
the wave drag coefficient for the nose section will be 

xSp 2nRg sin p (cxw),, = - = Po cos2 p cos p 
qmSo nri 

0 



Fig. 9.4.12. Estimation of aerodynamic drag of blunt cone. 

If ro=rW is assumed in this formula we get the coefficient of wave drag of a 
blunt nose section calculated for the base area S=nr2,. Recalling that 
rsp = RT sin VK, we find 

(c, ,) ,~ = 5, [I - (sin2 V K ) / ~ ] .  (9.4.83) 

The drag of a conical part having a side surface area S,  will be 

A 
j cos ( Fnx) (dS/So). 

ss 

From Fig. 9.4.12 it can be seen that 
A 

cos (Ex) = cos [(n/2) - PK]  = sin PK; 
dS = 2nrdl= 2nrdrlsin PK.  

Next, taking into account that 
- - 
p = Po cos2 pK =Po cos2 [(n/2) - P K ]  = & sin2 P,; 

So=nr i ,  

the coefficient of wave drag of a conical part will be given by 



2nrdr 
nr; sin B, 

According to Fig. 9.4.12 the expression in brackets will be 
2 ro - r,2, = (rO - rsp) [2ro - (ro - r,,)] = x, sin PK (2ro - XK sin B,). 

Accordingly 

XK (cx,),=& sin3 PK 7 (2r0 - x, sin 8,). 
ro 

Adding (9.4.82) and (9.4.84), we get the resultant drag coefficient with respect 
to the characteristic area So = nr;: 

XK + - sin3 B,(2r0 - xK sin /3 
r; 

In a particular case (when RT=O) we get the drag coefficient of a sharp-nosed 
cone. The value of this coefficient is found from the condition that &=2, 
XK sin PK = ro: 

If XK=O the surface under flow-interaction becomes a spherical segment 
of height RT (1 -sin BK) (see Fig. 9.4.12). 

Taking XK=O in (9.4.85), we arrive at formula (9.4.83) for the coefficient 
of wave drag of this spherical surface. In this formula VK= (42) - PK. 

5. Special Cases of Flow-Interaction 

5.1 Unbalanced gas flows 
The flow-interaction of bodies placed in a balanced fluid flow of gas was 

studied in Sections 2-4. However, the most real case is characterized 
by an unbalanced flow-interaction. The solution of such problems is 
complicated because the equations of rate of chemical reactions (equations of 
relaxation) are added to the system of the usual equations of gas dynamics. 
The number and type of such equations depend on the nature of the chemical 

*In place of X K + X ~ ,  the Russian text gives only XK, which has been corrected 
here-Translator. 
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reactions occurring in the unbalanced gas flow, which are related to each 
other in a certain way. 

In the work [52] it is accepted, specifically, that the following six reactions 
of dissociation take place simultaneously in unbalanced dissociated air: 

O2+MZ 20+M, N2+ Mj, 2N-t-M, NO+M zN+O-/-M; 

N+O,Z NO+O, N,+O 2 NO+N, N,f 02z 2N0, 

where M is any one of the components of air. According to the types of 
these reactions the system of equations of relaxation can be written. 

Applying the method of integral relations, calculations of the flow- 
interactions of spherical noses of different radii in an unbalanced condition of 
air in a wide range of M, and p ,  were carried out. These calculations 
showed that the unbalanced condition of air has a very strong effect on the 
distributions of temperature and concentrations of gas components. It has 
little effect on the values of velocity. For the axisymmetrical case the 
disequilibrium temperature is higher than for a balanced condition of gas, 
due to a delay in the dissociation process. At the same time this temperature 
is lower, like the condition on the surface of the body. This is due to a delay 
in the process of recombination. With an increase in the radius of sphere RT 
under givea conditions of undisturbed flow the flow in a shock layer approa- 
ches the equilibrium gas condition. During this process some fall in 
temperature and rise in density will be observed. This provides the possibi- 
lity of high compression of gas in a shock layer and, as a result, reduces the 
shift of the shock wave away from the body. Similar correlation is also 
observed during increase in pressure p ,  in an undisturbed flow. 

Similarities of flow behind the shock wave are considered under the 
condition that complete equilibrium of flow, corresponding to simultaneous 
zero values of rates of reactions in question, is achieved at the point of 
complete stagnation. The beginning of the process of dissociation coincides 
with the shock wave front. The intensity of this dissociation is equal to zero 
immediately behind the wave front and the flow is supposed to be completely 
unbalanced. 

If it is assumed that the completely unbalanced gas condition is main- 
tained over the whole region between the shock wave and the surface in 
a flow (this kind of flow, characterized by the absence of chemical reactions, 
is known as "frozen7') it is obvious that the shift of a shock wave will be the 
highest in comparison with a partially unbalanced gas flow condition or 
balanced dissociating gas flow condition. This is explained by the fact that the 
temperature in the shock layer will be highest and the density will be lowest 
in the absence of chemical reactions (dissociation). A lower compression of 
gas and hence a thicker shock layer may result from this factor. 

In the above flow analysis it is assumed that the vibrational degrees of 
freedom are excited uniformly and do not affect the rate of chemical 
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reactions. However, as shown by theoretical and experimental research, the j 
times of vibrational and dissociational relaxations become commensurable 
with one another with a substantial increase in gas temperature. Therefore 
we must also bear in mind the vibrational relaxation when analyzing 
disequilibrium flows. The relaxational equations describing the simultaneous 
existence of vibrational and dissociational relaxations are used for this 
purpose. The effect of vibrational relaxation on the rate of dissociation and 
the effect of dissociational relaxation on change in vibrational energy are 
taken into account. The equations for a pure diatomic gas are applied in 
the work [52]. These were used in working out the flow-interaction of blunt 
bodies in the presence of vibrationd dissociational relaxation within a given 
accuracy. 

The results of calculations for oxygen indicate that the shock wave is 
situated somewhat farther from the body in comparison with the case of 
unbalanced dissociation and uniform vibrations. This is connected with the 
fact that the temperature of a gas will be still higher and density will be still 
lower during nonuniform vibrational excitation. Therefore the possibility of 
compression of the gas in a shock layer will be reduced and its thickness will 
be increased. Here it must be clear that the shock wave lies nearer to the 
body in the presence of vibrational-dissociational relaxation than in the case 
of a completely "frozen" flow. 

Fig. 9.5.1. Distribution of temperature during supersonic flow-interaction 
of sphere with flow oxygen (Mw= 10; pm=O.Ol atm; T==290°K). 

The distribution of temperature T (~1.~0) in the shock layer of an axisym- 
metrical flow over a sphere of radius RT= 1 cm is reproduced on Fig. 9.5.1. 
Here T= T/(,U~,,,V~,,/R~); s is the distance from the shock wave to the 
given point on the axis of symmetry of the flow. For a completely balanced 
flow (curve 1) and steady flow (curve 4, k= 1.4) the temperature practically 
does not change in the direction from the wave to the body. But the change is 
considerable for unbalanced gas flows. Here the highest change in tempera- 
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ture takes place near the body for a flow with unbalanced dissociation and 
balanced vibrations (curve 2). For a flow with unbalanced dissociation and 
vibrational relaxation (curve 3) there exist two regions of sudden fall of 
temperature: near the shock wave and near the surface. The first region is 
established by the vibrational relaxation and the second by the unbalanced 
dissociation. The curve 2* in Fig. 9.5.1 corresponds to the case of balanced 
vibrations and unbalanced dissociation for a sphere with an increased radius 
RT= 10 cm. 

As shown by calculations, the basic change in the temperature may take 
place near the shock wave for an increase in sphere radius RT, Mach number 
M, and pressure p,  in an undisturbed flow. On the other hand, for a 
reduction in these quantities the main variation in temperature may occur 
near the surface in a flow. 

Fig. 9.5.2. Relative shift of shock wave 
from sphere of radius RT=0.4 cm in flow 
of oxygen at pw =0.0263 atm, Tw=293"K: 

I-flow with total equilibrium; 2-unba- 
lanced dissociating flow with balanced 
excitation of vibrations; 3-unbalanced 
dissociation and unbalanced excitation of 
vibrations; 4--completely "frozen" flow 

(k=1.4). 

Fig. 9.5.3. Distribution of temperature 
on surface of sphere of radius RT=l 
cm in flow of oxygen at Mco=lO, p ,  

=0.01 atm, Tw=2900K: 

I-flow with total equilibrium; 2-unba- 
lanced dissociating flow with balanced 
vibrations; 3-unbalanced dissociation 
and unbalanced vibrational excitation; 
4-completely "frozen" flow (k= 1.4). 

The calculated values of relative shift of shock wave from the sphere are 
shown in Fig. 9.5.2 allowing for different relaxation processes. It should be 
noted that the highest shift of wave corresponds to the case of a completely 
"frozen" flow and the lowest shift to a completely "balanced" flow. At high 
enough Mach numbers M, the effect of vibrational relaxation on the shift of 
the shock wave is practically negligible. 

Figure 9.5.3 gives the picture of the effect of vibrational relaxation on the 



distribution of temperature over the surface of a sphere. As can be seen from 
the data presented, the reduction in temperature taking into account 
vibrational-dissociational relaxation can exceed its reduction by about 10% 
for a balanced flow and by about 5% for a flow with dissociational relaxa- 
tion. An intensive expansion of gas in a supersonic region, corresponding to 
a fall of temperature over the surface of the body, causes the distribution of 
temperature to approach the corresponding value for a "frozen" flow in the 
case of vibrational-dissociationa1 relaxation. This is not found in calculating 
unbalanced dissociation. 

5.2 Flows with radiation 
At very high speeds of flow-interaction (M,> 10) the gas behind the 

shock wave heats up to very high temperatures at which the processes of 
energy transfer in the form of radiation may have a considerable effect on its 
motion. Radiation is based on the atomic-molecular processes, as a result of 
which part of the internal energy of a substance changes into ray energy. 
This ray energy in its turn is absorbed by the other atoms and molecules, 
becoming the energy of a heat flow. This process of radiation and absorp- 
tion of energy calls for a change in the parameters of hypersonic flows. 

The corresponding system of equations in the case of an inviscid, 
nonconducting, thermodynamically balanced gas flow consists of the equa- 
tions of motion, continuity and state which maintain the same form as for 
flows without radiation. The equation of energy has an additional term 
taking into account the heat flow to gas due to radiation. It is equal to the 
difference between the radiated and absorbed quantity of heat. The equation 
of transfer of ray energy is the new equation. The system of equations and 
its solution in its application to the problem of the flow-interaction of blunt 
bodies axe shown in complete form in the work [52]. 

The results of this solution lead to the following conclusion: Radiation 
gives a considerable reduction in temperature and hence an increase in 
density in the shock layer and over the surface of a body in the flow. The 
change in temperature and density are particularly noticeable near the point 
of complete stagnation. Moving farther away from this point over the 
surface, there is a reduction in the effect of radiation distributions of 
temperature and density. 

The pressure in a shock layer and on the surface of a body practically 
does not change due to radiation. A noticeable variation in velocity is 
observed on the surface only around the point of complete stagnation, where 
its value decreases. The shift of shock wave is reduced as a result of the 
effect of radiation, which is clearly felt in the region around the point 
of complete stagnation. 



SHARP-NOSED BODY OF REVOLUTION I N  A SUPERSONIC FLOW 

1. Application of Method of Characteristics 

A flying machine (for example, a rocket or missiie) or some of its 
structural elements may have a sharp-nosed body of revolution. Let us 
study the supersonic flow-interaction of a sharp-nosed body of revolution 
placed in a gas flow at zero angle of attack. The form of bodies of revolution 
(Fig. 10.1.1) is given by the equation of generator r= f(x). Also the 
parameters of an undisturbed flow (Mach number M, , pressure p, , density 
p, and temperature T,) are known. If the thickness of the body of revolu- 
tion is such that it creates large disturbances in the flow the calculation of 
this flow-interaction may be done by the method of characteristics. 

Fig. 10.1.1. Scheme of calculation of supersonic flow-interaction of 
body of revolution by method of characteristics: 

I--generator of body of revolution; 2--characteristic of first family; 
3-characteristic of second family; 4-linear shock; 5--curved shock. 

This calculation usually starts with the determination of the conical flow 
past the nose which can be replaced by a cone in its close vicinity (its limit in 
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Fig. 10.1.1 is point K). As a result, on the generators OD, OA, etc. of the 
intermediate conical surfaces (including the generator of cone OK and shock 
OS) the velocities and the angles o, p and P can be found. Here the angles 
of inclination 0 of the generators of intermediate cones are chosen arbitra- 
rily in such a way that the interval A0 is quite small and provides the desired 
accuracy of the parameters sought. 

It is worthwhile performing calculations by graphic construction of a 
network of characteristics as shown in Fig. 10.1.1. First the element KD of 
the characteristic of the first family is constructed by drawing a straight line 
through point K at an angle / 1 ~ + / 3 ~  (where PK=Po) to the cone axis to 
point D where it intersects with the neighboring intermediate conical surface 
having angle OD. As a result the coordinates x ~ ,  rD of point D are determined 
graphically. 

Greater accuracy is achieved by analytical determination of these 
coordinates. For this purpose we write the equation for an element of 
characteristics of the first family 

YK - r~ = (XK - XD) tan (,UK + PK) (10.1.1) 

and the equation of the generator 
~ D = X D  tan 00. (10.1.2) 

Solution of these equations gives unknown XD and r ~ .  Similarly the 
coordinates of the remaining points of characteristic KS of the first family in 
the form of a discontinuous line are calculated. They happen to be the limit 
of the conical flow. Here the coordinates x,~, rs of point S lying at the 
intersection of the element of characteristics of the first family ES and the 
generator OS of a conical shock are found from the simultaneous solution of 
equations 

YE - YS = (XE - XS) tan ( p ~  + PE); (10.1.3) 
rs = xs tan 0s. (1 0.1.4) 

The coordinates of a point on the characteristic KS obtained by the above 
method correspond to the angles p and B, which are supposed to be constant 
along each of the elements of characteristics in question and are equal to the 
values of these angles at the beginning of the element. 

The calculation of coordinates from the average values of p and P 
between the end points of an element of characteristic may be carried out to 
achieve more accurate data. Then, specifically, we may write the following 
equations in place of equations (10.1.1) and (10.1.3): 

~K-~D=(xK-xD) tan [~ /~( /%K+~D+PK+BD)] ,  (10.1.1') 
r ~ - r s = ( x ~ - x s )  tan [1/2 @E+PS+PE+PS)]. (10.1.3') 

In these equations r ~ ,  XD and rs, xs are the modified coordinates of points D 
and S respectively. 



After determining the form of curve of characteristic KS, velocities, 
Mach number M and angles ,u and f i  at the points of this characteristic the 
further solution of the problem leads to the determination of the velocity 
field (Mach number M) in the region between this characteristic and the 
generator of the body under flow-interaction. For this purpose the corres- 
ponding correlations for the characteristics in a physical plane @lane of flow) 
and in a hodograph plane are used. 

In selecting the correlations for the characteristics in a hodograph plane 
it is necessary to take into account that the flow in the region bounded by a 
linear generator of shock OS, characteristic of second family SU (which is 
constructed step by step in the process of solving this problem) and the 
generator of body OU will be irrotational (isentropic). In the neighboring 
region surrounded by the same characteristic SU, segments of a curvilinear 
part of shock S H  and the generator of a body UR the flow will be rotational 
(unisen tropic). 

To find the velocity field in the isentropic region of flow we draw the 
elements of characteristics of the second family through each point of 
characteristic KS. One of them passing through point D intersects the wall 
at a point B where we wish to find the velocity. The coordinates of this 
point are determined from the simultaneous solution of the equation of the 
element of characteristics of the second family: 

r~ - r s  = (XD - XB) tan (PD - P D )  (10.1.5) 

and the equation of the generator of the body: 

rs  =f(xs) .  

Solving these equations (10.1.5) and (10.1.6), we find the coordinates of point 
B ( r ~ ;  XB). The angle BB of inclination of a tangent to the generator at point 
B coincides with the angle of inclination of the velocity vector at this 
point by virtue of unseparated flow-interaction and is determined from the. . 
equation 

(drldx)~ = tan BE = [ d f ( ~ ) i d x ] ~ = ~ ~ .  (10.1.7) 

Equation (5.4.9) can be used to find the velocity at point B. This equation, 
written in terms of finite differences at y-r,  E = 1 (axisymmetrical flow) has 
the form 

In this equation the increase ABD = - PD, i.e. it represents the difference 
between the angles of inclination of velocity vectors at points B and D. Here, 
according to (10.1.7), we have 



PB = tan-' [(drldx)~] - (10.1.7') 

Taking into account that AWD = WB -COD, we find from (10.1.8) the angle 

where 

m~ = sin PD sin ,UD/COS (/ID - PD) (10.1.10) 

in accordance with (5.4.5). 
The angle coo appearing in (10.1.9) is found from Table 5.3.1 from the 

value of Mach number MD at point D. After calculating WB from (10.1.9) 
the corresponding values of WB, Mach number ME and angle ,u~=sin-1 
(~/MB) at point B are determined with the help of the same Table 5.3.1. Then 
the pressure can be found on the basis of the values obtained for Mach 
numbers M. 

Let us first find the pressure plc at a point K corresponding to Mach 
number MK: 

where the stagnation pressure behind a conical shock 

is determined from the stagnation pressure po (3.6.29) ahead of the shock and 
the value of function v0, which is determined from (9.2.26) for a given angle 
of inclination of shock 8, and Mach number M,. The pressure at point B 
will be 

-k/(k-1) 
k-l ) =p;n(MB). P B = P ~ ( ~  +T M: (10.1.13) 

The functions ~ ( M K )  and ~ ( M B )  in (10.1.1 1) and (10.1.13) are deter- 
mined on the basis of the values of Mach numbers MK and MB respectively 
from the tables presented in the work [53]. 

The pressure coefficients are determined by the formulas: 

The velocity, temperature and density are determined respectively from 
the relations: 



where po and TO are found from the parameters of undisturbed flow by for- 
mulas (3.6.34), (3.6.35) respectively and the maximum velocity 

according to (3.6.22). 
After calculating the parameter at point B we draw the element of 

characteristics of the first family through this point to point of intersection 
C with the linear part of characteristics of the second family which emerges 
from point A (see Fig. 10.1.1). The coordinates of point C are determined 
from the solution of equations for the elements AC and BC of the charac- 
teristics. The equations of these elements of characteristics AC and BC have 
the form 

rA - ~c=(xA-XC) tan (PA -PA) (10.1.19) 

and 

respectively. Solving these equations simultaneously, we get the coordinates 
of point C (xc, rc). To find the angles pc and o c  at this point we must use 
equations for characteristics (5.4.8) and (5.4.9). Writing these equations in 
terms of finite differences and assuming E = 1, we get: 

where 

IB = sin PB sin PBICOS (PB S. PB); 
(10.1.23) 

r n ~  = sin PA sin ,UA/~OS (PA -PA); 

in accordance with (5.4.5) and (5.4.6). 
As against the four unkowns AUB, AWA, AQB and APA, in equations 

(10.1.2 l), (10.1.22) only two unknown quantities: ACOB and A ~ B  (or do4 and 
dBA) may be considered according to (5.4.20). 

Taking equation (5.4.20) into account, equation (10.1.22) will be reduced 
to the form: 



Solving this equation together with (10.1.21) for the variable ABB, we get , 

Then the increase in angle can be obtained from (10.1.21) for the value of 
A P B  obtained: 

The absolute values of angles at point C will be the following: 

PC = A / ~ B  + PB, COC= ACOB + COB. (10.1.26) 

For the value of o c  we find the Mach number Mc from Table 5.3.1 and 
hence the angle of disturbance pc=sin-I (l/Mc). If needed, the other para- 
meters, pressure, density, temperature and velocity, can be obtained from the 
value of Mach number Mc. 

The parameters so obtained represent a first approximation because the 
coefficients I and m along the elements of characteristics and the radial coordi- 
nates take constant values which are equal to their corresponding values at 
points A and B. These parameters can be improved if the quantities calculated 
as the average of values at points A and B obtained at point C as a first 
approximation replace IB, mA, rB, r~ in equations (10.1.21) and (10.1.22). For 
these average quantities we have the following relations: 

2; = sin B', sin ~ B / C O S  (& + p',), 

ma = sin sin ,u>/cos (pa -A), (10.1.23') 

r i  = (rB f rC)/2, r> = ( r ~  + rC)/2, (10.1.27) 

where 

Continuing this procedure, we can determine the parameters at all points 
of the second series, including point N lying at the intersection of elements 
PN of the characteristics of the first family and SN of the characteristics of 
the second family drawn from the end of the linear conical shock. 

Further calculation involves finding the parameters at the point of inter- 
section of the element of the characteristics of the first family drawn from 
point N and the extension of shock behind point S. In practice, the character- 
istic is not drawn through point N but through point F lying between the 
points N and S (see Fig. 10.1.1) so that a closer approximation is achieved. 
The coordinates xp, rp of point Fare selected in such a way that the element 
FH of the characteristic, adjacent to the shock, is small enough to be taken 
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in the form of a linear segment. The parameters at point F ( w, M, p, /3 ) are 
calculated from their known values at points Sand N by linear interpolation. 
For example, 

The equation of element F H  of the characteristics of the first family will be 

r~ - Y H =  (XF- XH) tan (BF + PF). (10.1.30) 

Solving this eq~ation together with the equation of the linear generator of 
the shock r ~ = x ~  tan OC, we determine the coordinates XH, rfI and get the 
position of point H on the shock as a first approximation. These coordinates 
must be modified because the real shock behind point S will be curved. In 
reality, the characteristics of the first family (ITS, FH, etc.) are expansion 
waves by nature. In encountering the shock these waves reduce its strength 
and hence its angle of inclination. As a result the shock is bent. 

The flow behind this shock will be rotational (nonisentropic). In deter- 
mining velocity at a point H i t  is necessary to use equation (5.4.41) of element 
F H  of the characteristics of the first family, which takes into account the 
variation in entropy behind a curved shock. Assuming y~ = rp, e = 1 (axisym- 
metrical flow) in this equation and solving it together with (5.4.38) to obtain 
APF, we get the relation (5.4.46) in wKch 8 = 1 and y ~ =  rF: 

where the derivative (dw/dB)s is found from (5.4.39) and the coefficients L, 
c~ are calculated from the corresponding formula (5.4.42). 

The quantity AS, determining the change in entropy during transition 
from point H to point F, appears in formula (10.1.31). For the first approxi- 
mation the calculations assume that point H lies on the extension of the 
linear generator of the shock. Therefore the change in entropy may be taken 
as zero, i.e. AS=O. However, this assumption lowers the accuracy of the 
calculations because point H, in practice, lies on the curved part of the shock 
(H'). Better results are obtained if it is assumed that entropy (or stagnation 
pressure) at point H i s  not equal to its value at point F. 

Calculation of stagnation pressurep;H at point H to a first approximation 
will be carried out in the following way: Suppose that the angle of inclination 
of flow BHf behind the shock at point H is equal to the angle of inclination 
of velocity vector PF at point F. On the basis of the value of angle pH' = PF 
it is possible to determine the corresponding angle of shock BcH. For this 
purpose we use formula (4.3.25), which may be written in the form 

tan edH M; sin2 ebH 
tan (eLH - &) = 1 - 6 + 6M; sin2 SkH ' 



For given values of Q;, M, and 6 = ( k -  l ) / ( k  + 1) this transcendental equa- 
tion is solved for B ~ H  by the method of successive iterations. Using formula 
(10.1.12) the stagnation pressure p b ~  at point H can be determined for a 
known value of 0 : ~ .  Assuming that the stagnation pressure p b ~  at point F 
is equal to the stagnation pressure pis at point S calculated for the angel of 
shock 13~s from formula (4.3.22), it is possible to get the relation 

Inserting this relation in (5.4.45), the entropy gradient AS/An appearing in 
formula (10.1.31) will be determined. After determining the quantity APF by 
this formula we find the increase in angle AOF with the help of (5.4.41) at 
Y F = Y F  and E = 1 :  

From APF and AOF we determine the following angles at a point H: 

PH=PH,=APF + P F ,  + m F .  (10.1.34) 

The values of MH, and pH, can be obtained from Table 5.3.1 for a given 
value of angle OW.  The angle of inclination of shock at point H can be 
modified by formula (10.1.32) for the value of pH, obtained and the coordi- 
nates X H . ,  rHt of the new point H' can be found as a second approximation. 
To do this we write an equation for a section of shock behind point S: 

r ,  - rw = (x ,  - x,) tan OCH, (10.1.35) 

and the equation of the element of the characteristics of the first family: 

rF - rHf = (x,- xHl) tan (Pk + pi) ,  (10.1.36) 

in which the angles P> and pk are selected as average values: 

Simultaneous solution of equations (10.1.35) and (10.1.36) gives the improved 
coordinates XH', r w  . If needed, the parameters at point H ' ( o ~ ~ ,  MH,, p ~ '  
and ) can be worked out as a third approximation. 

The data obtained for the parameters at points H' and N help us to cal- 
culate the parameters at a point J (see Fig. 10. l .  l ) .  This calculation is similar 
to the solution of the first problem (see Chapter 5 Section 4) connected with 
the determination of velocity at the point of intersection of the characteristics 
of different families emerging from two neighboring points. 

The coordinates X J ,  r~ of point J are determined as a result of solution of 
equations (5.4.10), (5.4.12) written for the elements NJ and H'J of the 
characteristics of the first and second families respectively: 
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r ~ -  rr = (XN- XJ) tan (PNS p ~ )  ; (10.1.37) 

rH, - rJ= (xHJ - x,) tan (/IHn - pH,). (10.1.38), 

The relations for characteristics in the hodograph plane of velocity allow- 
ing for variations in entropy should be used for the calculation of parameters 
at point J situated in the rotational part of the flow. These equations, written 
in terms of finite differences, have the form of (5.4.11) and (5.4.13). Equation 
(5.4.1 I), written for e= 1 and y = r  in terms of notations used for the element 
NJ of the characteristic of the first family, will have the following form: 

For element H'J of the characteristics of the second family we use equation 
(5.4.13): 

where 

Formulas (5.4.15) should be used to determine the coefficients IN, CN, mH~, 
tH' in which the parameters with indices ccB" and "A" are replaced by those 
with indices "N" and "H' " respectively. The entropy gradient AS/An is cab 
culated with the help of (5.4.16) or (5.4.18) in which the indices '$23" and "A" 
should be replaced by "N" and ccH"' respectively. Here the stagnation 
pressures at point H' and p~~ at point N are determined by formula 
(4.3.22) from the corresponding values of angles of shock and 8,s 
(ecw < ecs). 

The system of equations (10.1.39) and (10.1.40) comprises four unknown 
quantities: AWN, APN, AWHJ, A P H * .  The number of unknowns can be 
reduced to two if equation (5.4.20) is applied. Then, 

Carrying out the corresponding changes in (10.1.40), we get 

Solving this equation together with (10.1.39) to obtain APN, we get 
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Angular increment can be worked out from (10.1.39) for the value of 
A ~ N  obtained: 

The absolute values of angles at point J will then be calculated from 
AWN and A ~ N :  

WJ = AWN + ON; 
BJ = APN + BN. 

Mach number MJ and angle of disturbance ,UJ will be found from Table 
5.3.1 for the above value of w ~ .  The stagnation pressure p b ~  (entropy SJ) 
at point J can be found by interpolation for the values of pbHf and p b ~  at 
points H' and N respectively. 

The parameters calculated above can be improved if the quantities 
obtained for the average values of angles j? and ,u according to formula 
(5.4.25) are used in place of IN, m ~ .  , c ~ ,  t ~ .  in equations (10.1.39), (10.1.40). 

In this way the coordinates of points H' J, ..., L of the characteristics 
of the second family are determined step by step. Gas dynamic parameters 
at these points are worked out in the same way. Using the parameters 
obtained at point L the velocity and other parameters at a point R lying on 
the surface of the body in the flow-interaction can be deterinined. The 
coordinates of point R are worked out as a result of solution of the equation 
for element LR of the characteristics of the second family: 

r~ - r~ = (XL- XR) tan (DL- ,u~) (10.1.45) 

and the equation of the generator of the body, r ~ =  f (xR). ~ o ~ u t i d n  of these 
equations gives values of XR, r ~ .  

Point R is situated in a rotational part of the flow at the intersection of 
element LR of the characteristics of the second family and the generator of 
the body. Therefore equation (5.4.27) should be used to calculate velocity 
at this point. Assuming 8 = 1 and replacing y by r and index "D" by "L", 
we have 

where AWL = OJR - OIL; 
(10.1.47) 

A ~ L =  PR - pi. 
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The coefficients r n ~  and t~ are obtained from formulas (5.4.28) in which 
.he index "D" isXreplaced by "L". The entropy gradient AS/An is worked 
~ u t  by one of the formulas (5.4.29), replacing index "D" by "L" and "B" by 
;'R". Here stagnation pressure pba at point R is known and is the same as 
that at points K, B, ..., U, G, lying on one line of the body adjacent to its 
surface. The quantity p o ~  is calculated by formula (4.3.22) for a given value 
of the angle of inclination of shock eCs. Stagnation pressure $L at point L 
is determined by interpolation of the values of p b ~  and pbG = pox at points T 
and G respectively. 

The angle of inclination of the tangent to the generator of the body at 
point R is known from the equation of generator r=f (x) and is equal to 

= tan-' [(drldx)~]. Therefore the difference ABL = ,!IR - /IL will be known 
and the angular increment AWL can be directly calculated by equation 
(10.1.46). The angle mR= AWL + WL is worked out from this angular increment 
and Mach number MR is determined. Then pressure and other parameters at 
point R can be worked out taking into account the effect of a rotational flow. 

As shown by calculations and experimental research, the effect of rota- 
tional motion behind a curvilinear shock is observed only at high speeds. For 
example, for a parabolic nose section and the aspect ratio ;lo=xo/2ro (length 
of nose section xo is five times greater than the diameter of the largest cross 
section 2r0) at the value of parameter Kt =M,/Lo = 1 corresponding to Mach 
number M,= 5 wave drag increased by 5% due to rotational effect in com- 
parison to its value in a potential flow. At the same time, at K1=4 (M,=20) 
it increased by more than 25%. This effect of increase in drag can be explain- 
ed physically by the fact that more of the kinetic energy of the flow is spent 
in the formation of vortices. 

The pressure distribution found by the method of characteristics is 
shown in Fig. 10.1.2 for two bodies with parabolic nose sections whose 
generator satisfies the equation 

- 
;= 2 (2 -  x) (10.1.48) 

- 
with T= r/ro, X=X/X, (.yo - distance from nose to the location of the highest 
cross section of the body of revolution of radius ro). For a body of revolution 
having such a generator (Fig. 10.1.3) the tangent of the angle of inclination 
of a tangent line at an arbitrary point is 

and for a sharp-pointed nose for which ;=O it will be 

tan PO = 1 /;lo, (10.1.50) 

where lo =xo/(2ro) is the aspect ratio of the nose section. 
The pressure distribution for the value of parameter KI =Mm tan Po 



=M,/Ao=2 is shown in Fig. 10.1.2. Compared to a potential flow the in- 
crease in pressure is clearly seen in the rotational flow. This increase in pres-' 
sure should be considered in practical cases starting from values of Kl = 1.2 
to 1.5 and above. The effect of vortices can be neglected for lower values. 

The curve in Fig. 10.1.2 confirms the validity of the law of similarity for 
parameter KI at high speeds not only for cones but also for affinely similar 
bodies of revolution with curvilinear generator-like bodies of parabolic form 
(affine similarity is treated in detail in Section 3). This similarity is extended 
even over the cylindrical part of the bodies. It can be seen that the flow- 
interaction of two bodies differing in size can be characterized by one curve 
for function of pressure (p/p,)- 1 to the extent that the parameter K is one - 
and the same for the two cases. 

The law of similarity for parameter 
Kl has great practical significance. In 
practice it is possible to carry out 
experiments with one body instead of 
different models and obtain data about 
pressure distribution for a series of 
values of parameter KI. By the law of 
similarity these data can be extended 
to all the infinitely many affinely trans- 
formed bodies with concrete geometri- 
cal parameters. For example, if the 
results shown in Fig. 10.1.2 are ob- 
tained at =6 for a body with an 
aspect ratio of nose section 10 = 3 so 

-2 0 0.4 0.8 1.2 1.6 x l x ,  
that KI = 2 it is obvious that the curve 
obtained is also valid (see graph) for 

Fig. 10.1.2. Distribution of pressure over other bodies of aspect ratio ),o= 6 in a 
body of revolution with parabolic nose 

section: flow with M,= 12, i.e. provided we 
maintain the same value of KI =2. 

1-with adjustment for vortex motion 
behind shock; 2-for potential flow behind Using the law of similarity the results 

shock. obtained can also be applied, for 
example, for a body with A0 = 5 and 

M, = 10, etc. So in this case the applicability of the law of similarity is 
limited to one and the same value of the parameter K1=2. To expand these 
limitations experiments or calculations shoukl be carried out for different 
values of KI. 

One more important implication of the law of similarity should be borne 
in mind. If facilities are lacking for conducting experiments at high speeds the 
necessary results can be obtained at lower values of Mach numbers M,. For 
this purpose it is necessary to carry out experiments with the affinely similar 
model of lower aspect ratio maintaining the given value of parameter K1. In 
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iiscussing the effect of a rotational flow it was found that an increase in 
3ight velocity requires allowance for the effect of factors in the calculation of 
in inviscid flow-interaction that may be neglected at high speeds. 

Experiment and theory show 
that factors like the boundary 
layer and various effects observ- 
ed therein (dissociation, ioniza- 
tion, heat transfer between wall 
and gas) have a known effect O 
on the flow interaction at high 
Mach numbers M,. The vibra- 
tional excitation, dissociation 
and ionization of air, which may 
take place at very high speeds Fig. 10.1.3. Body of revolution with 
due to the considerable rise in parabolic generator. 
temperature in the inviscid flow 
region between the shock and the surface of the body, also have a certain 
effect on the flow-interaction. It may be noted that the effect of high tem- 
perature of the gas on the variation in pressure distribution is appreciably 
less than on the distribution of velocity, temperature and density. 

Calculation of the parameter of an inviscid flow-interaction, where the gas 
undergoes physico-chemical-changes due to the effect of high temperatures, 
can be performed by a range of methods including the method of character- 
istics. This method may be studied in the relevant literature [41,42,44]. 

Knowledge of the distribution of pressure coefficient j = (p -p,)/q, 
(h = k ~ :  poo/2) helps us to calculate the drag force and coefficient of wave 
drag for a body of revolution in a supersonic flow at zero angle of attack. 
To calculate the coefficient of wave drag we use formula (1.3.2) as we used 
the conclusion of formula (9.2.29). Here we take into account: 

So = nri; dS = 2nrdl; dl= dxlcos ,4; 
A 

cos (F,x) = sin p; sin p/cos B = dr/dx. 

As a result we get 

where XK is the length of the body of revolution; 



- 
?= ~1x0;  XK' xK/x0; 

- 
r = r/ro; tan B = drldx; 1, = x0/2r0. 

(see Fig. 10.1.3) 

2. Linearization of Equations of Flow-Interaction 
for Thin Bodies of Revolution 

Individual models of flying vehicles are made in the form of thin sharp- 
nosed bodies of rotation (some types of rockets, missiles, etc.) or have one of 
the structural elements of the fuselage in the form of such a body. That is 
why we investigate the aerodynamic characteristics of thin sharp-nosed 
bodies of revolution. 

Let us examine the problem of thin bodies at small angles of attack in a 
steady flow. The disturbed flow about such bodies differs negligibly from an 
undisturbed flow. This kind of flow, referred to as a linearized flow earlier, 
can be studied with the help of the corresponding linearized equations of 
aerodynamics. Let us consider these linearized equations, They are obtained 
from the general equations of motion (3.1.35), (3.1.35') in cylindrical coordi- 
nates, convenient for study of the flow-interaction of bodies of revolution 
having the following form for a steady inviscid flow (@/at = 0, v = 0): 

av, av, vy av, vr vy- 1 ap / vx-+vr -+-.-+-- --.- 
ax ar r a y  r P' a~ J 

and also the equation of continuity (2.4.3 1) in these coordinates. Differentiat- 
ing this question, we get 

As the partial derivative 

@=dp .ap=L.ap 
ax dp ax a2 ax' 

replacing aplax here by the expltession from (10.2.1), we have 
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Similarly, from the second and third equation of (10.2.1) we get: 

Inserting values of the partial derivatives from (10.2.3) through (10.2.5) 
in the continuity equation (10.2.2), we get: 

Keeping in view the relation (2.4.25') and recalling that 

we get an equation for potential function from (10.2.6) in the following 
form: . .  

Usually one equation (10.2.7) for velocity potential is obtained in place 
of the system of the equations of motion (10.2.1) and continuity (10.2.2). 
According to the property of a linearized perturbation flow 

where additional perturbation velocity components 

v; < V,' v; 4 V,' v; 4 v,. 
Therefore equation (7.1.2') for the speed of sound, in which it is assumed 
that u= v:, is valid. Using this relation in equation (10.2.7) along with the 
value of equation (10.2.8) and the quantities 

v; = v, + 2v, v;, v; = Vi2' 

G= V;z' p=qw+pl, 



we get 

, , -5 [at-(k- ~)v,v,+ v;]=o. 
r 

Considering that the second derivatives of p' are quantities of the first order of 
smallness, terms incorporating the product of these derivatives and perturba- 
tion components of velocity V;, Vi or V; in equation (10.2.9) can be neglected. 
Then we find the linear differential equation for the additional values of 
potential function 9' 

Dividing all the terms of this equation by -aL, we get: 

Equation (10.2.10') is used for study of a flow near thin bodies of revolu- 
tion at small angle of attack, i.e, a nonaxisymmetrical small-perturbation 
flow. For an axisymmetrical flow-interaction (angle of attack equal to zero) 
this equation is simplified because the velocity component v;=(l/r) 
(ap'/ay)=O and hence 

Equations (10.2.10') and (10.2.1 1) serve as the theoretical basis for the 
aerodynamics of steady linearized flows past thin bodies of revolution. The 
solutions of these equations determine the perturbation potential 9'. The 
solution of equation of potential p' will be carried out under the following 
boundary conditions: Potential p' should be equal to zero at the boundary 
(at infinity) of the disturbed region. In the present case the surface of the 
weak shock arising in front of the thin sharp-nosed body and in practice 
representing small disturbances (plane compression wave) or a Mach line 
with the angle of inclination of its generator to velocity vector v, equal to 
&=sin-1 (l/M,) happens to be just this boundary. This potential p' must 
satisfy the condition of unseparated flow (3.3.19) on the surface of a body in 
the flow. Here the function describing the surface of revolution in (3.3.19) 



can be expressed in the form F= f (x) - r. Then 

pr/* = drldx, 

where 

The components of undisturbed velocity in the cylindrical coordinates can 
be determined from the scheme in Fig. 10.2.1: 

vX, = aym/ax = pxo0 = V ,  cos a; 
(10.2.14) 

Vrm = apo0/ar = pr, = V ,  sin a cos y.  

Fig. 10.2.1. Velocity components of undisturbed flow in 
cylindrical coordinates. . 

The third component of velocity can be found from this scheme of flow: 

1 ah-7 qy,= -v, sin a sin y .  
"=; '-5- (10.2.15) 

According to relations (10.2.14) and (10.2.15) the velocity potential of the 
undisturbed flow will be 

pm = xV, cos a + rV, sin a cos y. (10.2.16) 

For a linearized flow we have cos aw 1 -a2/2 and sin asa.  Therefore 

a,, = xV, 1 1 -  (a2/2)] f rV, a cos y. (10.2.16') 

Consequently the resultant velocity potential will be 

a, = a,, + a,' (x, r, y)  = xV, [ 1  - (a2/2)] 
4- rV, a cos y 4- a,' (x, r, y). (10.2.17) 

Calculating the derivatives a,, and qx, inserting them in (10.2.12) and neglect- 



ing the quantity 0.5a2 in comparison to unity, we get 

(V, a cos y + ~:)I(v, + iX)  = drldx. (10.2.18) 

If the flow is axisymmetrical the condition of unseparated flow (10.2.18) will 
be simplified to: 

~;I(v, + Gx) = drldx. (10.2.19) 

The velocity potential of a linearized flow q for a body of revolution at a 
low angle of attack (Fig. 10.2.2) can be expressed as the sum of three compo- 
nents: potential due to undisturbed flow q,, additional potential due to 
axially disturbed (axisymmetrical) flow GI (x, r) and second additional poten- 
tial (x, r, y) arising out of cross flow: 

a )  Y =  'fJJ+ y;+ 9; b, %,+y,'(x,r) C) $ ( x , T , ~ )  
v, - 

X X - 
r --=+=G&-, + L- L + 

3 2  -L. 

V, -L 

'%=O t l l  
K v, 

Fig. 10.2.2. Thin body of revolution in linearized flow at small angle of attack: 

a-non-axisymmetrical flow-interaction; 6-axisymmetrical flow-interaction; 
c-additional cross flow past body. 

In the theory of linearized flows q; and q; are taken as functions which, 
appearing as the solutions of equations of motion, determine the flows in- 
dependent of each other. Therefore the boundary conditions can be separate- 
ly imposed on each such function. Specifically the solution for 9; obtained 
from equation (10.2.11) 

(where q;,, = a2q;/ax2, pi,, = a2q;/ar2, pi, = ap;/ar) should satisfy the condition 
(10.2.19) of axisymmetrical flow 

The boundary condition for function (0; satisfying the equation (10.2.10') 

(1 - MZ,) pixx + pirr + ( & Y Y / ~ ~ )  + (&,lr) = 0 (10.2.10") 

is obtained from the expression (10.2.18) which may be written in the form 
, dr 

avm cos Y + P I ~ + V ~ ~ = S  (V,+P;~+P~~) .  (10.2.21) 
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In these expressions pi,= ap;/ax, p& = api/ax, etc. 
Beeping equation (10.2.19') in view and omitting the term of lower order 

(dvldx) p& in (10.2.21), we get the boundary condition from (10.2.21): 

According to the condition (10.2.22) the additional potential due to cross 
flow should be such that the radial component of velocity of an undisturbed 
flow V,, =aV, cos y vanishes at the surface of the body. This component of 
velocity may as well be supersonic as subsonic. The assumption V,,< a, has 
no meaning because the additional cross flow in question represents part of 
the resultant flow and happens to be the mathematical consequence of the 
model of such a flow. 

After determining the resultant velocity potential (10.2.20), taking into 
account the boundary conditions, it is possible to calculate velocity and then 
pressure with the help of Bernoulli's equation: 

Using here the value of p=pm ( p / ~ , ) ~ / ~ ,  since the flow can be considered 
isentropic, we find 

Noting that kp,lp, = a$ and ML = VLla:, we get 

As the square of total velocity is 

pressure will be given by 

- ._ ; . -- 
Here the second term in  square brackets is less than unity and hence the com- 
plete expression can be &en in terms of the binomial series. Maintaining 
only the first two terms in the series expansion, taking into account the order 
of smallness of quantity vi2/2v; in comparison with the f3st term in 
the circular bracket, and assuming that cos aw 1, sin2 a=a2 at small angles of 
attack, we get - - 
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Then the coefficient of pressure will be 

According to the condition (10.2.12) in which y,zy, = Vw the component 
V: can be replaced by the quantity 

Vi = yi = Vw (drldx), (10.2.19") 

and VL and V; can be replaced by expressions in terms of additional 
potentials 

1 ,  1 ,  v;=,;, Vy=; vv+; ~ 2 y  9 

where the quantity 

yiw!r= - a V, sin y, 

according to (10.2.15). 
As a result we get 

This value of pressure coefficient can be represented as a sum of two compo- - - 
nents, i.e. p =pl +&. One of the components pl is determined by the condi- 
tions of an axisymmetrical flow: 

and the other component p2 is obtained from the cross flow condition depend- 
ing on the angle of attack: 

3. Axisymmetrical Flow-Interaction 

One problem of the linearized alrisymmetrical flow-interaction of a thin 
body of revolution will be solved if an additional velocity potential 4r, 
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satisfying the linearized equation (10.2.1 l), is worked out. Direct substitu- 
tion indicates that the expression 

where a' = d-, actually satisfies equation (10.2.11). The meaning of 
solution (10.3.1) can be established if the variable determined by the equality 
arr4-1=p is introduced. Then equation (10.2.1 1) leads to a form coincid- 
ing with the equation of velocity potential for an incompressible flow, 
namely 

PIxx + P;pp -t (V);pl~) = 0, (10.3.2) 

where indices "x" and "p" denote the corresponding partial derivatives of p,' 
with respect to x and p. 

Suppose a source of fluid with flow rate (strength) q lies at some point 
X = E  on the axis of a body. The velocity potential due to this source at a 
point with coordinates x, p situated on a spherical surface of radius 

will be determined by formula (2.9.14) in the form 

Now if it is assumed that a system of sources with variable strength 
q= -4nf (E) per unit length is situated along the axis of a body over the 
section E = O  to E =x-a'r the resultant potential due to the action of all 
sources at a point x, r here being considered will be expressed by the formula 

X-a'r 

(4, = 1 f(&) d&/d(x - +d. (10.3.3) 
0 

It may be shown by direct substitution that the integral (10.3.3) satisfies 
the differential equation (10.3.2). Consequently the solution (10.3.3) repre- 
sents the potential function of sources continuously distributed along the axis 
of the body. Comparing (10.3.3) and (10.3.1), we see that these expressions 
are identical under the condition = a ' r d x .  So with the help of similarity 
we find that the meaning of solution (10.3.1), as in the case of an incompres- 
sible fluid, is that the function 4 happens to be the potential of sources 
continuously distributed along the axis of the body. The solution (10.3.1) 
obtained reflects the method of sources according to which the body in the 
flow-interaction is replaced by a system of continuously distributed sources 
or sinks along its axis. 

The law of distribution of sources (sinks), i.e. the form of function f (~) ,  



must be such that one of the stream lines of the flow as a result of superposi- 
tion of the undisturbed flow over the flow due to these sources coincides with 
the generator of the body of revolution. In other words, the potential func- 
tion pi must satisfy the condition (10.2.19') of unseparated flow. 

The formal analogy between the incompressible (or compressible subsonic) 
flow and the compressible supersonic flow due to sources or sinks should be 
supplemented by the peculiarities of a supersonic flow. Whereas the source in a 
subsonic flow has its effect on all points in space situated both upstream and 
downstream disturbances due to sources in a supersonic flow propagate only 
within the Mach cones with apexes at the sources. If the system of sources 
continuously distributed along the axis of the body (Fig. 10.3.1) is consi- 
dered the velocity and pressure at any point A(x, r)  will be determined by the 
disturbances that emerge from the sources lying upstream starting from point 
E = x- a'r and ending at a point E = x = 0, coinciding with the apex of the 
body. At a point E = x = O  the strength of the source is zero because it is 
assumed that disturbances are absent at E & 0. From the above discussion the 
limits of the integral in formula (10.3.1) are determined. 

sin- 

Fig. 10.3.1. Distribution of sources along axis of body and their effect on flow- 
interaction at supersonic speeds: 

1-generator of body of revolution; 2--curve f(x) characterizing distribution 
of sources; 3-flow lines from sources; 4-cone of disturbances (Mach cone). 

' The form of a curve f ( ~ )  [or f(x)] representing the law of distribution of 
sources (sinks) for a thin body with an arbitrary generator is shown in Fig. 
10.3.1. This curve determines the continuous nature of 'small disturbances 
induced by sources (sinks) and corresponding to a linearized flow-interaction. 
In a case where large disturbances arise, for example during the flow-inter- 
action of a body with a blunt nose or sharp-nosed bodies with large incli- 
nation of generators to the undisturbed velocity vector, the linear theory is 
not- valid. 

To find the general relations for velocity and pressure we transform 
(10.3.1), introducing a new variable of integration: 
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z = cash-1 [(x - &)/(afr)]. (10.3.4) 

Taking into account that 

C O S ~  Z =  (X - &)/(afr), E =X -afr cosh z, 

d& = - a'r sinh z dz 

according to (10.3.4), the expression (10.3.1) can be transformed into the 
form 

c o ~ h - ~  (xla'r) 

pi= I f (x - a'r cosh z) dz. (10.3.5) 
0 

The upper limit of z=cosh-I (xla'r) and the lower limit 2 3 0  of the 
integral in formula (10.3.5) correspond to the lower limit E=O and upper limit 
s =x-arr of the integral in (10.3.1). 

Differentiating q; with respect to x, we find the additional axial compo- 
nent of velocity 

cosh-I (xla'r) a 
V i t = ~ ) l ~ = -  I / (x - alr cosh z) dz ax 

0 

cosh-l (xla'r) 

- - I f(x-a'r cosh z) dz+ f (x-a'r cosh z) I r=cosh:I ( x ~ d r )  
0 

a x - (cosh-I 2 ) 
ax .. a'r ' 

where f represents the total derivative of function f with respect to x-a'r 
cosh z. Since the strength of the source near the apex of the body f(&) 
= f (0) -0, we have 

cosh-1 (x/ccgr) 

Vil =.iX= f(x-afrcoshz)dz. (10.3.7) 
0 

As with (10.3.6), we find the radial component of velocity in the form 

cosh-1 (x/arr)  
I ,  

Vtl = qlr = -a' J f (x-arr cash z) cosh r dz. (10.3.8) 
0 

Let us change expression (10.3.8) in terms of the variable determined by 
the equation E =x- a'r cosh z according to (10.3.4). Since 



X - &  cosh z=- a'r ' 

the expression under the integration sign will be 

f ( x  - a'r cosh z )  cosh z dz = f ( E )  ( X - E )  d~ 
alrd(x - &)2- at2r2 

The lower limit z = 0 corresponds to the value of 1 = ( x  - e)/(alr), from which 
the new limit E=X-a'r;  and the limit E corresponds to the upper limit 
z=cosh-I (x/alr) obtained from the condition 

cosh [cosh-I (xla'r)] = ( x  - &)/(a1r), 

according to which e =O. Thus 

As a'r < ( X  - E )  the expression [ l -  ( ~ ' r ) ~ / ( x  - ~ ) ~ ] - - l / ~  can be expanded in the 
series: 

1 1 a'r 
vil =; 1 [I + ( y  - .  1.. 

X-a'r 

As r-+B the term in the square brackets tends to unity and the lower limit of 
integration tends to the value E = X .  According to this the limiting value for 
a radial component of velocity at r+O will be 

,-I 

whence 

But near the apex of the body f (0) = 0 and therefore 

Using the condition (10.2.19) for an unseparated flow interaction, in which 
the second terms of q;, in the numerator can be neglected for a thin body, 
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we get the relation for determination of the function f (x): 

f (x) = - r (dr/dx) V,. (10.3.1 1) 

This equation can be written in the form 

where S(x)=nr2 is the variable value of the area of the cross section of a 
thin body. 

The expression (10.3.12) for a function &) determining the law of distri- 
bution of sources along the axis in the limiting case at r+O can be used for 
calculation of the component of velocity (10.3.7) which is necessary in cal- 
culation of pressure by formula (10.2.27) on the surface of thin real bodies of 
revolution. For this purpose we replace x in (10.3.12) by E=X-a'r cosh z 
and substitute the derivative 

- df V ,  d2S (e)  
f (&) - - .  -- - - v m  - S" (x-a'r cosh z) (10.3.13) 

de 2n dc2 27~ 

in equation (1 0.3.7). 
As a result we have 

cosh-I (xla'r) 
- Vw 1 

S ~ X  - alr cosh z) dz. V;l=piX=- (10.3.14) 
2n 0 

So it is necessary to know the form of a body of revolution and the 
distribution of area along its axis, i.e. the form of function S(x), for the cal- 
culation of velocity by formula (10.3.14). 

Let us take, for example, a body of revolution with a parabolic generator 
(see Fig. 10.1.3), whose equation is given in the form of (10.1.48). According 
to this equation the area of cross section 

From this the second derivative with respect to x will be 

d2S (x) n ( 6x 3x2 ) =------- 2--f - . 
dx2 - A xo xi 

Replacing x by E = x - a'r cosh z, we get 

3 
S ' (x  - a'r cosh z) = - a'r cosh z) + -(x - a'r cosh z ) ~  . 

xo I 
(10.3.16') 

Substitution of this in (10.3.14) leads to 
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where T = xlxo and 
u = x/(a'r) . 

Let us introduce the notations 

il = I,; 

ii=uIo- I,; 

i: = u210 - 2241, + I,, 

where the quantities In are determined in the form of integrals 

In accordance with the notations (10.3.19) we have 

In the case of a more general form of function S" (x) in the form of series 

the expression, like (10.3,21), can be given in the following form: 

The coefficients an depend on the form of the generator of the body of re- 
volution and bn also depends on velocity v,. The values of function i," for 
n=O, 1, 2, given in the form (10.3.19), correspond to the given generator of 
the body as an equation of a parabola of second order. 

For a body of revolution with an equation of generator of higher order it 
is necessary to calculate the quantities i; for n = 3 ,4 ,  etc. In particular, if the 
equation of generator is such that the derivative S ' ( x )  in (10.3.22) is deter- 
mined by the equation 

3 

St l (x)  = 2 a,, xn , 
n=O 



then according to,(10.3.23) the component of velocity will be 
3 

where i; is calculated for values of n=O, 10, 2 by formulas (10.3.19) and for 
n = 3 from the expression 

The function i: calculated for the values of parameter u from 1 to 8.8 are 
presented in Table 10.3.1. 

In a particular case, it is possible to obtain the expression for a compo- 
nent of velocity over a thin cone using the relation (10.3.21). To do this it is 
necessary to replace 1/10 by /3o=P~ (angle of sharpness of a parabolic body 
of revolution near the nose section of the cone) and to take x = O .  Then 
we have 

Keeping in view that according to (10.3.19) and (10.3.20): 

for a cone, where 
UK = ( x / a ' r ) ~  = 1/at/3~, 

' 

the velocity component will be 

The coefficient of pressure on the surface of a body of revolution at a 
corresponding point can be found from formula (10.2.27) for the values of 
vi1 obtained. In particular, on a conical surface where an additional compo- 
nent of velocity is determined by (10.3.25') the pressure coefficient will be 
given by 

PIK=& [2 In (uK+2/uk-1)-1). (10.3.26) 

Inaccordance with (9.2.30) the relation (10.3.26) determines the coefficient 
of wave drag of a thin cone, i.e. 

For a thin body of revolution of arbitrary shape calculation of the coefficient 
of wave drag should be carried out by formuIa (10.1.51) in which the pressure 
coefficient, according to (10.3.14) and (10.2.27), will be 

cosh-lri 
- 
pl = - St' (X - a'r cosh z)  dz - ( - :)2. (10.3.27) 

0 



TABLE 10.3.1 
........................................ 

.o .1 .2 
U i; .o 1 .2 .3 

I x  ' x  'x lr ' r  'r ' r  
........................................ 
1.0 0 0 0 0 0 0 0 0 
1.1 0.4435 0.0298 0.0019 0.0001 0.4582 0.0303 0.0026 0.0004 
1.2 0.6223 0.0838 0.0149 0.0071 0.6633 0.0856 0.0109 0.0015 
1.3 0.7567 0.1527 0.0392 0.0095 0.8312 0.1256 0.0383 0.0096 
1.4 0.8673 0.2342 0.0753 0.0254 0.9804 0.2526 0.0794 0.0281 
1.6 1.047 0.4265 0.2068 0.2412 1.249 0.4756 0.2230 0.1124 
1.8 1.177 0.6690 0.4875 0.4631 1.450 0.7166 0.4137 0.2949 
2.0 1.317 0.9024 0.7314 0.6332 1.732 1.073 0.8296 0.6950 
2.4 1.522 1.472 1.675 2.030 2.182 1.857 1.990 2.326 
2.8 1.690 2.116 3.107 4.854 2.615 2.816 3.846 5.946 
3.2 1.831 2.820 5.076 9.701 3.040 3.948 6.543 11.90 
3.6 1.954 3.578 7.634 17.28 3.458 5.247 10.21 21.84 
4.0 2.064 4.382 10.81 28.28 3.873 6.714 14.98 36.84 
4.4 2.162 5.227 14.65 43.46 4.286 8.348 21.00 58.31 
4.8 2.251 6.111 19.19 63.76 4.694 10.14 28.37 87.74 
5.2 2.333 7.028 24.44 89.85 5.103 12.10 37.26 127.0 
5.6 2.408 7.976 30.44 122.7 5.510 14.22 47.78 177.9 
6.0 2.478 8.953 37.21 163.2 5.916 16.51 60.07 242.4 
6.4 2.544 9.958 44.77 212.3 6.322 18.96 74.25 322.8 
6.8 2.605 10.99 53.17 271.1 6.726 21.56 90.44 421.4 
7.2 2.663 12.04 62.37 349.2 7.130 24.34 108.8 540.7 
7.6 2.717 13.12' 72.43 421.0 7.534 27.27 129.4 683.4 
8.0 2.769 14.22 83.37 514.5 7.937 30.36 152.5 852.2 
8.4 2.818 15.33 95.18 621.4 8.341 33.62 178.1 l050.4 
8.8 2.865 16.47 107.9 743.3 8.743 37.04 206.3 1280.6 
_____-_---------_----------------------- 

Assuming drldx = tan B x B, we find the formula for the coefficient of wave 
drag: 

where x" = xlro. 
For a parabolic generator satisfying the equation r = (ro/xo)x (2 - ~ 1 x 0 )  the 

derivative 

- 
where x = ~ 1 x 0 .  

In accordance with (10.3.16') the integral in (10.3.27) can be expressed in 
the form 
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cosh-I u 

I S" (x -  a'r cosh z)dz= /3; N1(u, 3. (10.3.30) 
0 

Here NI is some function of nondimensional coordinate 2 and parameter u 
that is determined from the condition 

x xo u = - = - .  1 uo =-- 9 (10.3.31) 
a'r a'ro 2 - ( ~ 1 x 0 )  2 - x  

where uo = l/(a'Po). Keeping the equations (10.3.29) through (10.3.31) in view, 
the relation (10.3.27) can be represented in the following form: 

where N is some function of parameter uo and nondimensional coordinate:. 
Taking equation (10.3.32) into account, the coefficient of wave drag in 

(10.3.28) will be 

cx, = Pi? D(uo), (10.3.33) 

where D is some function of parameter uo only. 
The following conclusion concerning the aerodynamic similarity of flows 

over parabolic bodies of revolution may be derived from the general formulas 
(10.3.32) and (10.3.33). If these flows are characterized by one and the same 
value of parameter u, the ratios jl//3i will be the same at the corresponding 
points with the same nondimensional coordinates x. In the case of aerodyna- 
mically similar flows the bodies of revolution undergo axial forces such that 
the ratio of cx,/fi; will be identical for them. So in this case the similarity 
criterion happens to be the parameter 

For Mach numbers M,% 1 the parameter uo can be expressed in the form 

where 
Kt= fioM, = MwlA.0. 

Multiplying both sides of (10.3.32) by M& and taking the relation 
(10.3.34') into account, we find 

( P ~ I P ~ )  - 1 = N2 ( 4 ,  3, (10.3.35) 

where Nz is a function of variables Kl and 2. According to the expression 
(10.3.35) the pressure function (pl/po0) - 1 at a given point ;depends only on 
parameter Kl. The law of similarity for this parameter is also confirmed by 
the results of calculation by the method of characteristics. 

Research shows that in using linearized methods of calculation of flow- 
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interaction satisfactory coincidence of results for the pressure function is ob- 
tained only for values of parameters of similarity KI less than unity. The law 
of similarity for this parameter seems to be doubtful for some combinations 
of Mach numbers M, and aspect ratios lo. This directly follows from the 
analysis of the limitations of applicability of linearized theory. These limita- 
tions may be established, for example, from formula (10.3.26) determining the 
pressure coefficient over a cone. It is obvious that at UK = uo < 1 this formula 
loses its meaning because the quantity dm will be imaginary. When u,, 
though still exceeding unity, approaches formula (10.3.26) gives an unreal 
negative value for the pressure coefficient over a thin cone. Consequently 
calculation by linearized theory gives satisfactory results at least under the 
condition that uo is appreciably higher than unity. From this it follows that 
the application of the law of similarity will obviously be doubtful in the case 
where uo differs negligibly from unity. Here the quantity uo is determined 
according to the combination of two parameters, namely: the aspect ratio of 
a parabolic nose section and Mach number M,. 

Physically the regions of doubtful similarity of flows correspond to the 
deviation of the real flow from a linearized flow. In fact, if the aspect ratio, 
diminishes, i.e. if the body becomes thicker (less sharp) or for the same aspect 
ratio Mach number M, increases, the flow correspondingly diverges from a 
linearized flow. To maintain the linearized character of a flow it is necessary 
to increase the aspect ratio, i.e. to increase the sharpness of the body at higher 
values of Mach number M,. At the same time the inequality lo >M, should 
be observed. Accordingly the similarity parameter KI = M,/l, must be less 
than unity. 

From the expression uo = (a'/30)-' it follows that if the body of revolution 
is thin, i.e. its aspect ratio is high, it is necessary to fulfill the condition 
M, > 1 to satisfy the inequality uo > 1. If the Mach number M,+ 1, according 
to formula (10.3.25') the perturbation velocity in its absolute value will reach 
an infinitely large value, which is physically impossible. So the theory of 
linearized flows and their laws of similarity are valid only if two inequalities 
are satisfied simultaneously: 

rlo > (ML - 1)'12 and M, > 1. (10.3.36) 

Comparison with empirical data indicates that calculations by linearized 
theory and application of similarity criteria are possible only for aspect ratios 
lo> 2 and Mach numbers M, not less than 1.4 to 1.5. 

The similarity based on the parameter KI = M,Po for pressure also deter- 
mines the similarity for the function of wave drag. Here the application of 
this law of similarity must be connected with the requirement of maintaining 
a linearized flow. 

Multiplying both sides of formula (10.3.33) by ML, we get the general 
expression for drag function 
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where H(K1) is a function depending on the parameter KI. This expression 
shows that if the flow-interaction of two or more bodies of revolution with 
different aspect ratios is characterized by one and the same value of the para- 
meter K, the bodies will have the same value of function M$cxw. 

The above criteria of similarity were obtained as example of bodies of re- 
volution with a parabolic generator. These bodies of revolution have this 
property by virtue of equation (I  0.1.48). It indicates that all of them are cha- 
racterized by the same distribution of relative thicknesses along the length: 

Among this group there may be geometrically similar bodies differing in 
their linear dimensions by some constant proportion. As such they obviously 
have the same aspect ratio and can be grouped together by uniform deforma- 
tion, i.e. the same deformation in alidirections. To fulfill aerodynamic simila- 
rity it is necessary to have the same Mach number M, for a geometrically 
similar model as for the prototype body of revolution. 

However, the class of parabolic bodies includes forms that can be grouped 
at least by virtue of uneven deformation. Let us consider two bodies with 
different aspect ratios. If the same linear scale is used for radial and axial 
coordinates the deformation of the bodies in the longitudinal and axial 
directions does not give complete coincidence. Concidence, known as affine 
grouping, may be attained if the scales for radial and axial coordinates are 
different. According to this, bodies with a parabolic generator are called 
affinely similar bodies. Conical bodies with generators given by the equation - d 
in nondimensional form y = x  belong to this class of affinely similar bodies. 
Conical bodies are consequently characterized by an identical distribution of 
relative thicknesses. 

Unlike parabolic and conical bodies, an ogival nose with an equation of 
generator in the form of the arc of a circle of radius R (Fig. 10.3.2).has 

where - 
r = rho, Ro = x01(2r,-,), li. = Rl(2r0). 

- 

With a change in A0 the distribution of relative thickness? along the length 
also changes. As a result one ogive-shaped nose cannot be affinely transform- 
ed into another. That is, bodies of ogive form cannot be affinely similar. 
However, when the linearized flow-interaction of thin bodies is being investi- 
gated the above similarity criteria can be used. In practice, for thin bodies 



with aspect ratios lo > 3 it is possible 
r to take a nondimensional radius de- 

termined from the equation (see Fig. 
10.3.2) 

2=%+0.25, 

0 within an accuracy of 2 to 3% of 
&A;. It follows from (10.3.38) that 
the equation of generator (10.1.48) 
corresponds to this value of radius. 
In this way the ogive-shaped nose 
differs little from a parabolic nose for 
given aspect ratios. Therefore the 
variation in distribution of relative 
thicknesses along the length during 

Fig. 10.3.2. Form and geometrical para- transition from one body to another 
meters of an ogival body of revolution. Can be neglected and thin ogive- 

shaped noses can be considered affi- 
nely similar, for which the above similarity criteria (Section 1) are applicable. 

4. Nonaxisymmetrical Flow-Interaction 

The problem of a nonaxisymmetrical flow-interaction leads to the deter- 
mination of an additional potential pi based on the cross flow of gas near a 
thin body of revolution and satisfying the condition (10.2.10'). We will show 
that the solution for pi may be obtained with the help of the solution of pi 
for an axisymmetrical flow-interaction, i.e. we will show that there is a correla- 
tion between pi and p i .  To do this we differentiate equation (10.2.11') for 
an axisymmetrical perturbed flow respect to r :  

Now if the expression 

for an additional potential pi is considered we arrive at (10.4.1) after substitut- 
ing this in the basic equation (10.2.10"). Hence the equality (10.4.2) actually 
exists and the complete potential for disturbances in the case of a nonaxisym- 
metrical flow-interaction can be taken in the form 

= p; + pi = p; - (ap; /ar) cos 7. (10.4.3) 

The method of analogy may be used to explain the physical meaning of 
integral 9;.  This method was applied in studying the axlsymmetrical flow- 
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interaction. It says that in a compressible flow as well as in an incompressible 
flow a body can be replaced by a system of sources and sinks. 

In the case of the nonaxisymmetrical flow-interaction of a body the method 
of analogy will be as follows: If q; is the potential function of sources 
(sinks) in an incompressible fluid flow continuously distributed along the body 
axis the derivative aq~;/ar, according to the expression (2.9.211), should be 
taken as a function determining the flow due to dipoles distributed along the 
same axis. Accordingly, in investigating the flow-interaction of a body with a 
nonaxisymmetrical incompressible flow it can be replaced by the system of 
continuously distributed dipoles along its axis. Extending this analogy for an 
axisymmetrical flow over a body with disturbed axial symmetry, it will be 
assumed that the body in a supersonic linearized flow may be replaced by the 
system distributed supersonic dipoles along its axis. Now pi happens to be 
the potential of these dipoles. 

According to (10.3.5) the expression for & can take the form 
cash-' ( x / o f r )  

qJa = -COS y - 
ar a 1 f (x - a'r cosh z) cosh z dz 

0 

cosh- l (x /09r)  

=a1 cos y I f (x-a'r cosh z) cosh z dz. (10.4.4) 
0 

Replacing function f (E) by m(c) here and using the notation x/(arr)=u, 
we get 

cosh-lu 

q~i =a' cos y m(x-a'r cosh z) cosh z dz. (10.4.4') I 
0 

The function m (E) in expression (10.4.4') describes the law of distribution of 
dipoles, i.e. the nature of variation in their strengths along the axis of a body 
of revolution. Replacing the body by the distribution of dipoles along its axis, 
it is necessary to consider the peculiarity of the propagation of disturbances 
in a supersonic flow. Here the disturbances due to dipoles, like those due to 
sources, propagate only downstream in the limits of the cone of disturbances. 

In this way, using the above method of analogy, we will replace the body 
by a system of dipoles in order to investigate a nonaxisymmetrical flow or 
oblique flow over this bodysof revolution. This device means that an addi- 
tional disturbance introduced into the flow by a body during a nonaxisym- 
metrical flow-interaction is equivalent to a disturbance due to dipoles placed 
over its axis ip a certain way depending on the form and conditions of the 
undisturbed flow. 

The solution of the problem of a aonaxisymmetrical flow-interaction, - 
which leads to calculation of paramet& of the flow perpendicular to the axis 



of the body, will be achieved if the function m (E) is selected in such a way 1 
that the potential 42 satisfies the additional boundary condition on the surface 
of the body during the nonaxisymmetrical flow-interaction. This condition, 
on the basis of (10.2.22) and (10.4.4'), can be written in the following form: 

U'COS y - m ( X  - a'r cosh Z) cosh z dz = - aVm cos y . 
ar 

0 

Taking differentiation of this, we get 
cosh-l u 

a'' 1 & (X - a'r cosh z) cosh2 r dz = - aV,, (10.4.5) 
0 

where & is a derivative of function m with respect to x-afr cosh z. 
Solving the integral equation (10.4.5), it is possible to determine the func- 

tion for distribution of dipoles rn for a given form of body and velocity of 
undisturbed flow. Solution of this equation can be simplified if a very thin 
body of revolution is considered. For this purpose we transform (10.4.5) 
with the help of the variable E =x-a'r cosh z: 

For a very thin body with small r the integral in (10.4.6) may be taken 
equal to its value as r-0 as a first approximation. Then, 

oYmr2 =[ (x-E) dm. 
0 

Integrating by parts and assuming u = x - E, dv = dm, we get 

As m (8) = m (0) = 0 near a sharp nose and the value of E =x as a consequence 
of r <<x, we have 
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After differentiation with respect to x we wet 

The expression (10.4.7) for function m (x), which determines the law of 
distribution of dipoles in the limiting case of r+O, can be used for the calcula- 
tion of the nonaxisymmetrical flow-interaction of a body. This flow differs 
from that over a thin body by the analogy given in Section 3 in connection 
with the function f in equation (10.3.11) for distribution of sources for investi- 
gation of an axisymmetrical flow-interaction. For this purpose it is necessary 
to change variable x to E = x-a'r cosh z and to write 

dr2 a V, 
m (X - a'r cosh z) = aV, - = -S1(s - a'r cash z), 

d& ;n 

whence the derivative 

After calculating the derivative pk from an additional potential (10.4.4') we 
get the relation for an axial component of velocity 

cosjh-l u 

vi2= 42x=o' cos y ] &(x- a'r cosh z)  cosh r dr. (10.4.10) 
0 

Inserting the value of m from (10.4.9) in this equation, we have 

cosh-l u 

a ' a ~ ,  cos y 
vx2 = I S ( x  - a'r cosh z) cosh z dz. (10.4.11) 

n 
0 

For the particular case of a parabolic generator with equation (10.1.48) 
the second derivative of function S(x) is determined by formula (10.3.16). 
Consequently 

cosh-l u 
, a', voo cos y 

vx2 = A? [2-$(U-coshz) 
0 

3 ;E2 
f - (u - cosh z)2 cosh z dz, 

u2 I 
where 2 = ~ 1 x 0 ,  u = x/(alr). 
Let us introduce the notations: 

i,"=Il ; 

i: = uI, - I2 ; 

i,2 = u211 - 2u I2 I- 13, 



where the quantities I, (n= 1, 2, 3) are determined in the form of integrals 
(10.3.20). 

Using these notations we have 

a'a V, cos y Vi2 = 
a: 

In the case of the more general given function S"(x) in (10.3.22) the 
expression, on the lines of (10.4.12), can be given in the form 

I 

The coefficients g, depend on the shape of the generator of the body of 
revolution and on the conditions of undisturbed flow (angle of attack a, 
velocity V,). The value of function i," are calculated for n =0, 1, 2 from 
formulas (10.4.13) and for n = 3 from th8 expression 

These functions i: calculated for the values of parameter u from 1 to 8.8 are 
reproduced in Table (10.3.1). 

For a thin cone in a flow at a low angle of attack we get 

vL2, = 2a'a V, i,O, j3; cos y (10.4.17) 

from (10.4.14), assuming that x = O  and 1: = I/&. 
According to (10.3.20) 

cosh-I u~ 

i,R = cosh z dz = 2 / F 1 .  J (10.4.18) 

0 

Keeping in view that UK= l/(alPK), we get 

viZK = 2a&vW cos y 2/ 1 - ( a ' f i ~ ) ~ .  (10.4.19) 

Using formula (10.2.28) the pressure coefficient at the point desired on the 
body of revolution can be determined. The derivative piY entering into this 
formula, in accordance with (10.4.4') and (10.4.8), is equal to 

cosh-l u 
, a & - ,  . p2,,=- -a sm y I m (x- a'r cosh z) cosh z dz a~ 

0 

cosh-I u 

- - a'a V, sin y 
R 

S' (x-a'r C O S ~  z) cosh r dz. (10.4.20) 
0 

The simplified relation for h Y ,  which can be obtained from potential 
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established on the baais of (10.3.10) and (10.4.2) in the form 

pi= - (ap;/ar) cos y = If(x)lr] cos n (10.4.21) 

can be used in place of (10.4.20). 
Differentiating with respect to y, we get 

ap@ = hy = - [ f (x)/r] sin y. (10.4.22) 

Calculating the derivative with respect to r, we find an additional radial 
component of velocity for the condition of r-+O: 

, , 
V2r=p2r=ap;/ar= -If(x)/rT cos y. (10.4.23) 

According to the condition (10.2.22) of unseparated flow this velocity compo- 
nent will be 

Vi, = - [ f (x)/r2] cos y = - a V, cos y . 
Whence the value of function 

f (x)=aV, r2. 

Consequently 

&,= -avoor sin y. 

Inserting this expression in (10.2.28), we get 

where qi, is calculated with the help of (10.4.14) or (10.4.15), and for the 
particular case of flow over a cone it is obtained from (10.4.19). 

Taking into account (10.2.27), the total pressure coefficient will be 

5. Calculation of Aerodynamic Coefficients 

The aerodynamic forces and moments and their aerodynamic coeEcients 
can be determined from the distribution of pressure obtained about a body 
of revolution in a flow at a given angle of attack, i.e. under the condition 
where axial symmetry is disturbed. The scheme of the action of forces and 
moments is shown in Fig. 10.5.1. 
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First we will obtain gene- 
ral expressions for the calcula- 
tion of forces, moments and 
coefficients under the condi- 
tion that the geometrical form 
of the body in the flow is 
known and the pressure distri- 
bution over the side surface of 
the body is found for a given 
angle of attack a, pressure p, 

Fig. 10.5.1. System of aerodynamic force and mo- and Mach number M, in an 
ment acting on body of revolution: p-main vector 
of aerodynamic forces; X, Y--drag and lift force undisturbed flow. 
respectively (flow system of coordinates x, y); R, N Coefficient of axial force: 
-axial and normal components of force respecti- To calculate the axial force 
vely (fixed system of coordinates XI, YI); Mz-pit- R and coefficient of this force 

ching moment. c ~ , = R / ( q ,  SO) we take the 
system of a body of revolution (Fig. 10.5.2) with an arbitrary generator 
determined by the equation r=f(x).  Let us separate out an element of the 
surface of width dx situated at a distance x from the nose. The force due to 
differential pressure, equal to (p -p,) dS, acts on the section of this element 
having area dS = rdydl. 

Fig. 10.5.2. Determination of aerodynamic coefficients from known 
distribution of pressure on surface of body of revolution. 

Taking these data and formula (1.3.1) with z = 0,  the elementary value of 
axial force acting on this section of surface will be 

A 
( p  -p,) cos (P ,  x) dS= dR, = ( p  -p,) rdydl sin B. (10.5.1) 



raking the pressure coefficient p=(p-p,)/q, and noting that dl=dx/cos 8, 
ve find 

- A - 
p qm cos (Fnx) dS=dRp =p qm r tan B dydx. 

Using this expression in formula (1.3.2), assuming that X=Rp and cf,=O 
and assuming the symmetrical nature of pressure distribution over both sides 
of the vertical plane of symmetry, coinciding with the plane of the angle of 
attack in which the velocity vector 7, lies (this plane is known as the zero 
meridian plane), we get the following expression of axial force: 

Rp=2q, I; tan 8 dx pdy, 
0 0 J 

where XK is the distance to the given section. 
The same force can be expressed through coefficient CR, by the formula 

From (10.5.2) the coefficient of axial force will be 

- 
where r = r/ro, x =x/xo, XK = ~ ~ 1 x 0 ;  

p= (p -p,)/q, is the coefficient of pressure distribution which is supposed 
to be the known function r (x), y. 

Coefficient of normal force: From Fig. 10.5.2 it can be seen that the 
elementary value of normal force 

dN, = - (p -p,) rdidl cos y cos 8, (10.5.4) 

which, by analogy expression (1.3.1) with z=0, is equal to the quantity 
A 

(p-p,) cos (Fnx) dS. Introducing the pressure coefficient j and taking 
into account that dl cos = dx, we get 

A 

j q, cos (Fnx) dS= 

Inserting this expression in formula (1.3.3), assuming y = r, Y= N,, cr,=O, the 
value of the total normal force will be 

The coefficient of normal force can be obtained from this quantity: 



During axisymmetrical flow-interaction C N ~  = 0 more because the pressure ' 
distribution in this case corresponds to circular symmetry and hence it is 
independent of angle y. 

Coefficient of moment: The elementary value of the moment of force due 
to pressure (pitching moment) calculated about the nose of the body, as fol- ' 

lows from Fig. 10.5.2, is 

dMZp=xdNp-r cos y dRp. 

The moment is negative in sign so the first term has the plus sign on account 
of the negative sign of dNp in formula (10.5.4). Keeping this formula and the 
expression (10.5.1) in view, we get 

dMzp - -x( p-p,)rdydl cos y cos P 
- r cos y ( p  -p,) rdydl sin P. (10.5.7) 

Taking into account the symmetry of pressure distribution, the total moment 
will be 

Mzp = - 2 xrdx (p -p,) cos y dy I I 
0 0 

- 2 r2 tan p dx ( p  -p,) cos y dy, i; o o i 
whence the coefficient of moment is 

During ax~symmetrical flow-interaction the pressure distribution is inde- 
pendent of angle y . Therefore the integral 
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and hence, cmrp = 0. 

Aerodynamic coefficients in a linearized flow: Let us find the values of 
aerodynamic coefficients for thin bodies of revolution in a linearized flow at 
a given angle of attack. For this purpose we use the relation (10.4.27) for the 
pressure coefficient in which plk, according to (10.4.2), will be expressed in 
the form 

pix= - (a2pl; I&-ax) cos y = - pi,x cos 7. (10.5.10) 

Let us separate out from (10.4.27) the terms independent of y, the terms de- 
termining the asymmetrical character of pressure distribution and those that 
are functions of angle y: 

h=Po(x, r)+f',(x, r, Y ) ,  (10.5.1 1 )  

where 

To determine the coefficient of axial force by formula (10.5.3) it is necessary 
to calculate the integral 

Noting that the terms in square brackets and also the quantity pi,, are inde- 
pendent of y, we get as a result of integration 

Inserting this expression in (10.5.3), recalling that dr/dx%P for thin bodies 
and using pl;, from (10.3.14), we have 



Comparing the value of C R ~  from (10.5.14) with that of the coefficient of 
axial force at zero angle of attack (coefficient of wave drag), determined from 
(10.3.28), we find that the effect of breaking the symmetry of flow on the 
coefficient C R ~  is taken into account by the third term in (10.5.14) depending 
on the square of the angle of attack. 

The corresponding expression for a cone is obtained if the following sub- 
stitutions are effected in (10.5.14): 

and then 

For very small angles of attack the terms with a2 in (10.5.14) and (10.5.16) can 
be neglected and then the expressions obtained for coefficients of axial force 
will coincide with the corresponding relations (10.3.28) and (10.3.26') for the 
case of axisymmetrical flow-interaction. 

To determine the coefficient of normal force it is necessary to find the 
integral taking into account (10.5.6): 

- - (- V, pirx cos +2a2v& sin2 y) cos y dy. v2 0 J 
The first term on the right side of this expression is equal to zero because 

the quantities in square brackets are independent of angle y and the integral 
a 
J cos y dy=O. Taking into account that the integral appearing in the second 
0 

II rn 

term J sin2 y cos y dy =O and the integral J cos2 y dy = n/2, we get 
0 0 

Inserting this expression in (10.5.6), we write 
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kcording to (10.5.10) and (10.4.1 1) 

cosh-I,, 
a'a V,  

p 2 x = - -  S"(x-a'rcoshz)coshzdz. (10.5.19) - - cos y 7r I 
0 

Clonsequently 
- 
XK cosh-'u 

4rba'a 1 ;-d; 1 Sf'(x-a'r cosh I) cosh z dz. (10.5.20) C~~ = - 
n 

0 0 

According to (10.5.15) and taking into account the value of integral 

the coefficient of the normal force for a thin cone will be 

cNp = 2 a r a P K d ~ F 1  . (10.5.21) 

The following relation is obtained for the coefficient of moment (10.5.9), 
keeping in view the equations (10.5.17) and (10.5.19) and the equality 
tan PwP: 

- 
XK cosh-'u 

S'(X - a'r cosh z) cosh z dz 
0 0 

cosh-'rc 

+-=- S"(x - a'r cosh z)cosh z dz. (10.5.22) 
0 

For a thin cone it will be reduced to 

c,,, = (4/3)arapK (1 + &) d u g  - 1 . (10.5.23) 

For very thin conical bodies the quantity can be neglected in comparison 
of unity. It is obvious that for all very thin bodies of revolution with an arbi- 
trary generator the second terms in (10.5.9) and correspondingly in (10.5.22) 
can be ignored. 

The coordinate of the center of pressure (see Fig. 10.5.1) measured from 
the nose 

xc., = MZPlNP' (10.5.24) 

The corresponding value of the coefficient of center of pressure 

&.p =xc.~/xK= ~ r n z p l ~ ~ p .  (10.5.24') 



Inserting here the values of c,,, and CN, from (10.5.22) and (10.5.21) respec- 
tively, the coefficient of the center of pressure for a thin body of revolution' 
with an arbitrary generator in a linearized flow can be calculated. The value 
of this coefficient for a cone can be obtained without imposing the limitation 
of linearized flow conditions. The flow about cones inclined to the flow has 
the property that coefficient of pressure? is independent of coordinates x, r: 
it is solely the function of the meridian angle. Therefore equation (10.5.24), 
taking into account (10.5.6) and (10.5.9), can be written in the form 

- - -  
Taking x =  r, x,= I, A,= 1/(2 tan BK) for a cone we get, after integration, the 
value of the center of pressure: 

For thin cones we can assume tan2 bK~j3; in this expression. Then we get 
the relation i,., = (213) (1 +/I&) which evidently can be directly determined 
from the formulas for the coefficients of moment (10.5.23) and of normal 
force (10.5.21). 

Aerodynamic coefficients in the flow coordinates: The coefficients of normal 
force C N ~  and of axial force CR, in the fixed system of coordinates can be 
used to obtain the coefficients of aerodynamic forces in the flow system of 
coordinates. From Fig. 10.5.1 it can be seen that the drag force Xp and the 
lift force Y, determined in the flow system of coordinates can be expressed 
through the forces Rp and N,, which are calculated in the fixed system of 
coordinates, in the following way (see Chapter 1 Section 2): 

Xp=Rpcosa+Npsin a ,  
Yp=Npcosa-R, sina . 

The corresponding values of coefficients of drag cxp and lift force c,,, 
determined from the expressions (1.3.5), will be represented in terms of C N ~  

and CR, in the following way: 

cyp = CN, cos a - CR, sln a. (10.5.27) 
Introducing here the values of c ~ ,  and CN, expressed through (10.5.14) and 
(10.5.20) respectively, it is possible to determine the coefficients of drag force 
c, and of lift force c,, for the linearized flow-interaction of a thin body of 
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evolution. The corresponding values of these coefficients for a thin cone are 
rbtained by using the relations (10.5.16) and (10.5.21) for CR, and CN, respec- 
ively. Carrying out the above changes and assuming cos a z 1, sin a z a 
n (10.5.26) and (10.5.27), we get: 

c,, = 8; 12 In (u, f d u k -  1) - 11 f a2 (2a'~,dz& - 1 - 1); (10.5.28) 

Law of similarity: The expression (10.4.26) for pressure coefficient & can 
be written in the form 

= ( - 21 v,) Vi2 - a2(4 sin2 y - 1). (10.5.30) 

This may be used to establish the law of similarity during the linearized flow 
over a body of revolution in a linearized flow. For a parabolic form of body 
the additional velocity component V ~ Z  at a given point on the surface is 
determined from (10.4.14) as a function of parameter u. This parameter is 
obtained on the basis of the quantity uo=l/(alpo) by formula (10.3.31). 
Taking this into account and keeping in mind the equality l o =  I/,&, the 
relation (10.5.30) can be written in the general form 

- 
pz = - 2aP0G (u,, i) cos - a2(4 sin2 y - I), (10.5.3 1) 

where G is some function depending on the quantity uo for a given point on 
the surface. 

Let us consider the case where the Mach number M, of undisturbed flow 
over a body of revolution is not high and we can assume alxM,. Multiply- 
ing both sides of equation (10.5.31) by &, we have 

( ~ 2 1 ~ ~ )  - 1 = - k(alBo)K: Gl(Kl?) - (kI2) (UIP~)~K:(~ sin2 y - 11, (10.5.32) 

where GI is a function determined by the parameter Kl = &Po = M,/Ao 
at a given point. 

Let us introduce the parameter of similarity 

and rewrite (10.5.32) in a more general form 

where B is some function. From this relation, which is the expression of the 
law of similarity for the flow-interaction of thin affinely similar bodies, it 
follows that the function of pressure at a given point on the surface with the 
coordinates Z, y will be the same for any two bodies if they have identical 
values of Kl and K2. These quantities KI and K2 are known as the para- 
meters of similarity of flows over thin bodies of revolution at a given angle 
of attack. According to formulas (10.5.20) and (10.5.22) the functions 



depending on these parameters determine the relations for coefficients 04 

ilormal force and of moment: 
I 

where E and Fare the functions of parameters of similarity KI and K2. The 
law of similarity is here expressed by the condition that the quantities 
M?,CN, (or MLcnZzp) will be identical during the flow-interaction of two 
affinely similar bodies of revolution of different aspect ratios in flows of 
different Mach numbers M, at different angles of attack if the similarity 
parameters K1 and K2 are identical. 



AERODYNAMIC INTERFERENCE 

1. Nature of Aerodynamic Interference 

1.1 Interference of wing-body combination 
A body of revolution, commonly serving as an element of the structure 

of a flight vehicle, may carry wings, tail and control unit. An airplane, for 
example, represents in itself a combination of such structural elements in a 
fuselage having the form of a body of revolution or something of that type 
and wings, tail unit and control surfaces. A rocket without control unit may 
consist of a main body (body of revolution) and tail unit (stabilizer). A 
rocket with control systems is fairly close to an airplane because it has lift- 
ing surfaces, tail unit and control systems. 

In studying the aerodynamics of flight vehicles as the combinations of 
bodies of revolutions, wings, tail surfaces and control systems we encounter 
the complicated and still incompletely resolved problems of allowance for 
aerodynamic interference between the individual elements of these combina- 
tions. As a result of this interference the sum of aerodynamic forces and 
moments taken separately (isolated) for wing and main body; tail unit and 
main body; main body, wing and tail unit or main body, wing, tail unit and 
control surfaces is not equal to the total force or moment of the combination 
of corresponding elements representing the whole unit (Fig. 1 1.1.1). The 
individual elements like main body, wings, tail unit, control surfaces that we 
hitherto considered independently lose their individual aerodynamic char- 
acteristics and acquire new characteristics as a result of interference when 
assembled in a single structure. 

We know from the results of calculations and experimental research that 
the lift force of a wing at a given angle of attack increases in the presence of 
a fuselage by comparison with an isolated wing. The same phenomenon is 
observed in the case of the lift force of a fuselage in the presence of a wing 
by comparison with an isolated fuselage. 

Let us study the physical picture of the mutual interaction between the 
body of revolution and the wing that brings about an increase in their lift 
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force, assuming that the wing is situated on the cylindrical part of the fuselage 
away from the nose in a mid-wing layout. We also assume that both fuselage 
and wing are thin and that the flow-interaction takes place at a low angle of 
attack (Fig. 1 1.1.2). 

As we saw in Chapter 10 Section 2, the perturbation flow about a thin 
body of revolution can be obtained by superposing the velocity field of 
additional perturbation flow due to cross flow over this body with velocity 
Vy,= V ,  sin a V ,  a on the velocity field arising due to the axisymmetrical 
flow-interaction of a body with undisturbed flow with velocity V,, = 
V ,  cos a w V,. 

Fig. 11.1 .l. Scheme illustrating concept of interference between body of 
revolution and wing, tail and control surfaces: 

a-isolated elements; b-elements assembled (combined) in flight vehicle; 
I-wings; 2-tail unit; 3--control surfaces; #-body of revolution; 5-flight vehicle. 

At low angles of attack the cross flow is usually subsonic and for the 
approximate calculation of the velocity field we may use the theory of poten- 
tial flow over a circular cylinder. The complex potential for this flow-inter- 
action is determined by the expression (6.2.4). Taking V =a. V,, replacing C: 
by o and then calculating the derivative dW/do, the expression for complex 
velocity will be written in the form 

dW/do = V,- V,i= - aV, i[l + (R2/02)], (11.1.1) 

where o = z + iy. 
On the line z - z (y = 0) we have 

V,- V y  i = - aV, i[l + (R/z2)], 

whence it follows that V,  = 0 and 

VY = a VW[1 + (R2/z2)]. (11.1.3) 

According to this formula the velocity V,  of cross flow in plane y=O changes 
from Vy =2a. V ,  on the surface of a cylinder (z = R) up to V y  = Vy,  = a-  V ,  
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Fig. 11.1.2. Variation of normal component of velocity along wing 
span due to effect of body of revolution. 

away from it as z-, m (see Fig. 11.1.2). If a wing is attached to the cylindri- 
cal body then at a given angle of attack a it will be in the part of the flow 
that can be obtained by superposition of induced flow due to the fuselage on 
the undisturbed flow. This effect of the main body on the wing surface leads 
to the following cross flow velocity component 

Vw a + V ,  a R2/z2 , 

i.e. there arises the additional cross 30w velocity component 

V; = V ,  -a  Vw =a VwR2/z2. (I 1.1.4) 

In the presence of this additional component of velocity the upward cross 
flow (upwash) takes a value induced by the fuselage. The upwash angle is 
given by 

&iT= v;/v, = U R ~ / Z ~ .  (11.1.5) 

This upwash leads to an increase in local angles of attack at various sections 
of the wing. These local (effective) angles of attack are determined from the 
expression 

ae = a + &IT =a [ 1  + (R2/z2)]. (11.1.6) 

From this formula it can be seen that the effective angle of attack reaches its 
highest values at the root section with z = R, where a, = 2a, and gradually 
diminishes as we move away from the main body. At the wing tip where 
z = 1 the effective angle of attack 

ae.t=a [ I  +(R2/12)] . (11.1.6') 

The lift force of a wing surface will be more than that for an isolated wing 
because of the increase in local angles of attack in the presence of the main 
body. The wing in its own way affects the flow-interaction of the fuselage 
because the rise in pressure appearing on the lower surface and the suction 



474 AERODYNAMICS 

o a  the upper surface of the wing spread over the fuselage. As a result re- 
distribution of pressure takes place and we get additional lift force on the 
fuselage due to wing effect. 

Y The size of the zone of mutual 
interaction of wing and body is 
established by the law indicating 

0 that the disturbances in a super- 
sonic flow propagate .only down- 
stream within the limits of a Mach 
cone. This zone of mutual actions, 

Fig. 11.1.3. Zones of mutual interaction 
of wing and fuselage. shown in Fig. 11.1.3, is limited 

by Mach cones with their genera- - 
tors (dotted lines) drawn at an angle of diiturbance p,= sin-' (l/M,) from 
the origin of the root chord of a wing panel. On the plane wing this zone 
of effect will take the form of a triangular surface; on the main body it will 
have a cylindrical form bounded by a curved line representing the intersec- 
tion of the surface of the cylindrical main body and a Mach cone with its 
apex at the leading point of a wing root section. 

1.2 Interference between wing and tail 
For flight vehicles representing a combination of body of revolution and 

tail unit it is necessary to consider interference not only between the main body 
and the wing but also between the main body and the tail unit. The latter is 
similar to the interference effect just now considered. In addition, the effect 
on the tail plane of cross flow behind the wing (where the wing is located on 
the fuselage ahead of the tail) or the effect of flow behind the tail on the wing 
(where the tail is located ahead of the wing in the so-called canard-type lay- 
out) should be taken into account. 

In a supersonic flow the 
wing can affect the tail unit 
if the tail is situated within r 
the Mach cone (wave surface) iiw 
drawn for the wing, i.e. if it -a- 

lies in the region of wing 
wake (Fig. 1 1.1.4). The wake 
depends on the wing plan 
and the position of the point Fig. 11.1.4. Zone of interaction of wing with tail 
where parameters and in supersonic linearized flow (hatched region): 
upwash are to be deter- I-mach cone; 2-wave surface drawn for wing 
mined. (curved Mach cones); 3-wing; 4-tail unit. 

As an example, let us take 
a rectangular wing (Fig. 11.1.5). The region of disturbed flow in which the 
effect of the wing tip is felt on the flow-interaction of the wing is limited by 
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a Mach cone with its apex at the leading-edge corner of the tip. The cross 
flow of air from the region of high pressure below the wing to the region of 
lower pressure on the upper side of the 
wing takes place within the Mach cone. 
As a result the flow curls into a vortex 
which also calls for a cross flow behind 
the wing. This cross flow is directed 
downward (downwash) within the re- 
gion of a Mach cone surrounding the 
wing. It is directed in the opposite direc- 
tion (upwash) in the wave region beyond 
the wing. Accordingly the cross flow on 
the side edge tip is equal to zero (see Fig. 11.1.5. Downwash behind rectan- 
Fig. 11.1.5). If the wing is attached to gular wing: 
the body of revolution the cross flow I-wing; 2-cone of disturbance ( ~ ~ ~ h  
behind it will be different from that for cone); 3-upwash; 4-downwash. 
an isolated wing. The difference in pres- 
sures above and below the wing is enhanced and the cross flow of air from 
the high-pressure region to the low-pressure region will be more intensive. 
That means the cross flow will increase in the external region where it is direc- 
ted upward as well as in the internal region where it is directed downward. 

If the tail span is less than that of the wing in front of it the tail will be 
situated in the region of downwash and the effective angle of attack of the 
tail surface will be reduced. If for a given wing section the downwash angle 
is &iw and theinitial angle of tail (angle between the chord of the tail and the 
axis of the fuselage) is at the effective angle of attack of the tail (Fig. 11.1.6) 
will be 

ae.t = a + a t - ~ i w .  (11.1.7) 

The reduction of effective angle of attack leads to a reduction in lift force 
and hence to a reduction in stabilizing tail moment. 

Fig. 11.1.6. Interference between wing and tail: 

I-wing; 2-tail unit; 3-skewed flow; 4-free flow. 



In the tail region the velocity of flow is reduced due to wing effect and 
as a result the velocity head will be less than that of an undisturbed flow. 
This has to be considered when determining the aerodynamic characteristics 
of a tail. If the tail span is more than that of the wing part of its surface 
lies in the region of upwash and this compensates the negative effect of 
downwash, which gives reduced lift. 

2. Lift for Combination of Fuselage and Plane Wing 

2.1 Concept of coefficients of interference 
The lift force acting on the flight vehicle at a low angle of attack with zero 

bank, represented by a combination of the thin body of revolution and a 
wing in two parts in the form of a thin flat plate (known as plain combina- 
tion, Fig. 11.2.1), can be determined as the sum of lift forces for fuselage 
and wing taken separately and the additional forces conceived as inter- 
ference corrections. One of these corrections is based on the effect of the 
fuselage on the flow-interaction of a wing. The second correction concerns 
the effect of the wing on the flow-interaction of the fuselage. Accordingly 
the resultant lift force will be given by 

Yf,w= Yf + Yw + A Yf(w) + 6 Yw(f), (1 1.2.1) 

where Yf is the lift force of an isolated fuselage (body of revolution); 
Yw is the lift force of an isolated wing; 
AYfcw) is the additional lift on the fuselage due to the effect of the wing; 
6Yw(o is the additional lift on the wing due to the effect of the fuselage. 

Fig. 11.2.1. Fuselage-plane wing comb nation (plain combination) 
at small angle of attack and zero banking angle: 

I-fuselage (body of revolution); 2-panels of plane wing. 

The expression (1 1.2.1) can also be written in the form 

Yf, w = Yf + A Yf(w) +A Yw(f), (1 1.2.2) 

where 

A Y&, = Yw + 6 YW,f, 

represents the lift force on the wing in the presence of the fuselage. 
The last two components in (1 1.2.2) may be written in more convenient 
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form for calculations: 

A Yf(w) = Kf Yw; 

AYw(o=KwYw, 

where 
Kf ,  Kw are coefficients of interference. 
According to (1 1.2.4), (1 1.2.5) the additional lift force on a fuselage in 

the presence of a wing and the lift force on a wing taking into account the 
interference of the fuselage are expressed as the product of the corresponding 
coefficients of interference and lift force on the wing. 

An isolated wing here is understood as one consisting of two panels 
joined together. According to (1 1.2.4) and (11.2.5) the lift force of this plain 
combination of fuselage and wing will be 

If the lift force on the fuselage is given in the form 

Y f =  Kf.i Yw, ( 1  1.2.7) 

where 
Kf.i is a coefficient connecting the lift forces of isolated fuselage and wing, 

then 

Yf,w=(Kf.i+Kf+Kw) Yw (11.2.8) 

The appropriate total lift coefficient of this combination will be 

cyfyw = Yfyw/(qmSw) = (Kf.i + K f  + Kw) ~yw, (1 1.2.9) 

where q, = p,VL/2 is the velocity head of the undisturbed flow ; Sw is the 
area of isolated panels of the wing. 

For a linearized flow there exists a linear relation between lift force and 
angle of attack, i.e. cy = ac; (c; = acy/aa). 

Consequently 

= (Kf.i + Kf + Kw) c;w- ( 1  1.2.10) 

The coefficient Kf.i ,  Kf, K ,  appearing in ( 1  1.2.9) and ( 1  1.2.10) may be 
taken in the form of ratios of the corresponding coefficients of lift force: 

or in the form of ratios derived from the corresponding coefficients of lift 
force with the angle of attack: 
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2.2 Determination of velocity potential 
Now we will study aerodynamic interference for flight vehicles represent- 

ing various combinations of these bodies (fuselage, wing, tail unit) that induce 
small disturbances in an undisturbed flow. In modern aerodynamics most of 
the problems of this type are fully solved and the application of the solutions 
to flight vehicles gives good enough results in practice. 

The potential p' for perturbation velocity during a linearized flow over 
thin bodies satisfies the equation of type (7.1.4') for a three-dimensional 
flow. Let us introduce the nondimensional coordinates 

- x = x/L, y = y/l, Z = 211, (1 1.2.13) 

where L and 1 are characteristic lengths along axes x and y (for example, L is 
the length of the whole combination, 1 is the span of a wing panel). Equation 
(7.1.47, expressed in terms of variables (1 1.2.13), will have the form 

Let us consider a combination of fuselage and wing panels having small 
span. For such combinations elongated along x axis the ratio 12/L2< 1. 
Therefore the first terms in equation (1 1.2.14) can be neglected. Then the 
differential equation to determine the potential of perturbation velocity 
during interference between fuselage and plane wing will be 

(a2~'/ay2) + (a2p1/a3) = o, 
or after substitution of the values of and Y from (1 1.2.13): 

( a 2 ~ 1 ~ a ~ 2 )  + (a2p1/az2) = 0. (1 1.2.15) 

The equation corresponds to the disturbed flow of an incompressible fluid in 
the yOz plane. To find the velocity field of flow induced by interference it is 
necessary to solve differential equation (1 1.2.15) for function p' which repre- 
sents the potential of perturbation velocity during a plane incompressible 
cross flow of velocity a. V ,  over this combination of bodies (see Fig. 11.2.1). 
The velocity field of an incompressible flow about the fuselage and the wing 
joined to it in plane yOz can be determined with the help of the method 
based on the theory of conformal transformation (hereinafter we will use 
the fixed system of coordinates XI, yl, 21, dropping the index "1" for con- 
venience). 

The plane in which the flow is being determined happens to be the 
physical plane of complex variable o =z + iy and the plane for which the flow 
is known as the flow about a transformed circle will be known as the trans- 
formed plane of complex variables [= ( + iq in Fig. 11.2.2. 

Let us write the following equation relating the variables a and [: 

o + (r2/o) = C + (r;/O, (11.2.16) 



AERODYNAMIC INTERFERENCE 479 

where 

s is the varying value of a semi-span of the wing (span of wing panel). 
Equation (1 1.2.16) happens to be that relation with the help of which the 

conformal transformation of a circle of radius ro in plane (= 5 +ill is carried 
out to the contour that can be obtained as a result of intersection of the 
plane yOz of the fuselage and the thin wing attached to it. Obviously this 
contour in the plane o =z+ iy has the form of a circle of radius r and a pair 
of segments of lines of lengths s-ro each lying on the z axis (see Fig. 11.2.2). 
To establish the correctness of selection of the formula (11.2.16), which 
fulfills the given conformal transformation, transformations similar to those 
used in Chapter 6 Section 2 for the case of conformal transformation of a 
circle into a flat plate should be performed with the help of this formula [see 
formula (6.2. I)]. 

Solving the quadratic equation (1 1.2.16), we get 

The plus sign before the square brackets indicates the relation between the 
complex variables [ and cr for the upper semi-plane. The minus sign should 
be taken when carrying out transformation for the lower semi-plane. 

The complex potential for the flow over a circular cyiinder of radius ro in 
( plane (see Fig. 11.2.2, b) can be determined from formula (6.2.4) by replac- 
ing R by ro therein: 

W = - ia V,  [C - (r i / { ) ] .  (11.2.18) 

Fig. 11.2.2. System of conformal transformation for fuselageplain 
wing combination: 

a-physical plane a (I-wing; 2-fuselage); b-plane of transformation c. 
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This complex potential can be transformed into the potential for a cross 
flow about a plain wing-body combination in the o = z +  iy plane by replacing 
the complex variable = < + iq in (1 1.2.18) with the value from equation of 
transformation (1 1.2.17): 

W =  - iav, [(a + !J2 - 4ri-J 12. 

To find the resultant value of complex potential Wa the potential function 
of the flow parallel to the y axis and equal to iaV,o should be added to 
(11.2.19). This leads to 

wa = - iav, {[(a + :)'- 4r;I1" - 3 ; 
or keeping in view the value of ro from (1 1.2.16'), it will be given by 

The complex potential Wa can be expressed through a velocity potential 
pa and stream function va in the form of Wa= pa+ iva. Taking this into 
account and noting that a = z + iy, we can write (1 1.2.20) as: 

2.3 Velocity and pressure on fuselage with wing 
Let us calculate partial derivatives with respect to x on the left and right 

sides of (1 1 .2.201): 

Considering the fuselage surface for which a = z + iy = refe and taking into 
account the following known formulas 

e-je = cos 0 - i sin 0, eie + e-ie = 2 cos 0, 



AERODYNAMIC INTERFERENCE 48 1 

we get 

Separating out the real part from the right side, we get an expression for the 
additional axial component of perturbation velocity: 

To obtain the vertical and side components of perturbation velocity va 
and w, (see Fig. 11.2.2, a) we calculate the derivative of complex potential 
(1 1.2.20) with respect to o: 

The conditions over the fuselage surface require substitution of a = refB. Then 

wa-va i= -iaVm 2r cos 13 (1 + i sin 28 - cos 20) 

Separating the real and imaginary quantities on the right side, we find 

4arVm cos 0 sin2 9 

w a = [ ( s + f  )2 -4r2 C O S ~  01 112 ; 

2r cos 8 sin 28 

- 4r2 cos2 0 
(1 1.2.25) 

It follows from physical considerations that formulas (1 1.2.22), (1 1.2.24) 
and (11.2.25) the values of velocities on the lower surface of the 
fuselage, i.e. 



Tbe following correlations for velocity components on the upper surface 
of the fuselage follow from the property of symmetry of flow: 

UUU= -Ual, Wau = - W ~ I ,  Vau = Val. 
' (1 1.2.27) 

Let us now consider how to find the pressure coefficient from the values of 
perturbation velocities obtained. In Chapter 6 Section 1 the formula (6.1.5) 
was obtained for this coefficient in the case of a plane small perturbation 
flow. However, as shown by experiment, this formula requires modification 
for a three-dimensional linearized flow. 

The square of total velocity at a point in space for such a flow will be 

v2= v;+ v;+ v , ~ = ( v , + u ) ~ + ~ + w ~ =  v:+2uvw+u2+v2+w2. 

Then formula (7.1.4") for the ratio of pressures p/p, will be rewritten in the 
following way: 

As a consequence of the smaller values of additional velocity components in 
comparison with V, the ratio p/p, differs negligibly from unity and hence 
the expression for p/p, written above can be expanded in the binomial 
series. Maintaining the square term, we will have 

The corresponding relation for the pressure coefficient will be 

Maintaining the terms of the second order of smallness in comparison with 
u/ V, and recalling that kp,/p, = a: and V:/a: = M:, we have 

p= -(~u/~,)+[u~(M;- 1)-v2-w2]/vZ. 

Finally, neglecting the term u2 (M: - 1), we get 

Even though the flow has small perturbations the square terms appearing 
during the flow-interaction of thin bodies of revolution are preserved here. 

The velocity components u, v, w in the flow system of coordinates, which 
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appear in formula (11.2.28), can be expressed through the components u,, 
v,, w, in the fixed system of coordinates. As the wing has no bank and the 
axes of fixed coordinates are turned through angle a from the Oz axis of the 
flow system it is obvious that the component w=w,. From Fig. 11.2.1 it 
can be seen that the following relations are valid for other velocity 
components: 

Using the relations for w, u, v -obtained in equation (1 1.2.28) and neglecting 
the terms avaua/VL, a2ua/VL, which happen to be the terms of a higher order 
of smallness, we get 

- 
p = - (21 V,) (ua + ava) - (v; + w;)/ v:. (1 1.2.28') 

On the lower surface of the fuselage it will be 

Taking into account the property of symmetry of flow (11.2.27), the 
pressure coefficient on the upper surface of the fuselage will be 

Then the coefficient of pressure difference between the lower and upper 
surface will be 

- - 
A P ~ ( ~ ) = P ~ ( w ) ~ -  P ~ ( w ) u  = -4~atIVm. (1 1.2.31) 

It can be seen that the coefficient of pressure difference depends solely on the 
axial velocity component. 

Taking into account ( 1  1,2.22), we can write 

As the coordinate z= r cos 0 for a point on the fuselage (see Fig. 11.2.2), 
we have 

2.4 Velocity and pressure on wing in presence of fuselage 
Assuming y=O in formula (11.2.21) and noting that the right side of this 
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formula is a real quantity, we get the following expression for an axial 
velocity component: 

Taking u = z  in (1 1.2.23) and resolving the right side into real and 
imaginary quantities, we get the relations for side and vertical components 
w, and va of velocity: 

va = - aVm. (1 1.2.36) 

Formulas (1 1.2.34) through (1 1.2.36) give the values of the corresponding 
velocities on the lower surface of the wing panels. Here the form of these 
quantities is similar to that of (11.2.26). From symmetry of flow it follows 
that the velocity components on the upper surface will be determined by 
expressions similar to (1 1.2.27). 

The velocity and hence pressure on the fuselage do not change during 
axial flow-interaction (zero angle of attack) in the presence of a lifting wing 
surface of "zero" thickness. However, the wing-panels will register the effect 
of the velocity field and pressure field around the fuselage during this flow- 
interaction. The resultant flow about the wing-panels will consist of the velo- 
city field induced by the fuselage during the axial flow-interaction plus the 
velocity field arising during cross flow over it at a given angle of attack. 

Let us study the velocity field about the fuselage in a flow at zero angle of 
attack, which is established by using the aerodynamic theory of a thin body 
(see Chapter 10 Section 3). According to this theory the additional radial 
component of velocity during axial flow-interaction (let us denote it by 
v;,= v;,, see Fig. 11.2.2) will be obtained by replacing r by any radial 
coordinate of point R in formula (10.3.10): 

From the condition of unseparated flow (10.2.19) represented in the form 

with 6, small compared to V,, we get an expression for the function 

f (x) = - V,r (drldx). (1 1.2.39) 

Consequently equation (1 1.2.37) can be written in the form 
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From Fig. 11.2.2 it can be seen that the side and ve~tical velocity 
components wt and vt of a disturbed flow during the axial flow interaction of 
the fuselage will be respectively equal to: 

. V ,  r dr vt= V,, sin 8=---- sin 8. 
R dx 

For the conditions on the surface of a wing-panel 8 =0, R =z and hence 

If the expression (1 1.2.43) for wt determines the value of velocity on the 
lower surface ( w , ~  = wt) it follows from symmetry of flow that 

on the upper surface. For axial additional velocity u,, which will not be 
clearly shown here, the equality u,, =utlJ obtained by symmetry, is valid. 

Values of the components of perturbation velocity on the wing-panel are 
obtained by summation of the corresponding components of velocity during 
axial and cross flow-interaction, i.e. 

Inserting these quantities in the formula for the pressure coefficient rewritten 
by analogy with (1 1.2.28) in the form 

we get 

For the lower surface of the wing panel we have 

Using the property of symmetry [see (1 1.2.27) and (1 1.2.45); ut, = utl] the 
pressure coefficient on the upper surface of a wing-panel will be 
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Then the coefficient of pressure difference between the lower and upper sur- 
faces will be 

Formula (11.2.49) for the coefficient of pressure difference on a wing- 
panel has a quadratic form, unlike the corresponding formula (1 1.2.31) for 
the fuselage. In place of UUI, Wal, wrl in (11.2.49) the use of corresponding 
values from (1 1.2.34), (1 1.2.35), (1 1.2.43) gives the coefficient of pressure 
difference on wing-panels in the presence of a fuselage as: 

' If the fuselage is a circular cylinder drldx = 0 and the relations (1 1.2.33), 
(1 1.2.50) will have the respective form: 

(r G z G s ) .  

The expressions (11.2.51) and (11.2.52) are convenient for approximate 
calculation of pressure distribution over the surface in the flow in the case of 
a larger fuselage and wing assembly where dr/dx#O. This is confirmed by 
calculations indicating that the effect of having a larger fuselage on the nature 
of pressure distribution is not great. 

2.5 Determination of interference coeficients 
Let us study the relations for the lift force of a wing and a fuselage taking 

into account their mutual interaction and determine the corresponding 
coefficients of interference. Let us assume that the wing panels situated on 



the cylindrical fuselage (drldx = 0) have a triangular form for which dsldx = 
tan e (Fig. 11.2.3). 

Fig. 11.2.3. Combination of cylindrical fuselage and wing 
in form of triangular panels. 

We know that inclining a thin isolated cylindrical body does not produce 
lift force. Therefore the quantity A Yfcw) in ( 1  1.2.4) can be regarded as the lift 
force YfcW) on the fuselage in the presence of a wing. This force can be cal- 
culated with the help of formula (10.5.5) for a normal force because these 
forces, given low angles of attack and linearized flow-interaction, may be 
assumed to be near enough identical. Assuming cos 6 x 1  and cos y =sin 0 
in (10.5.4), we get the following expression for an elemental lift force acting 
on an area dS = rd0dx (see Fig. 1 1.2.3): 

d ( A  Y ~ ( w ) )  = - dYf(w) = - ( p  -p,)fcw, rd0dx sin 0.  

The life force on the part of the fuselage situated below the wing is 

The corresponding coefficient of lift obtained with respect to the area of cross 
section of fuselage S = nr2 will be 

... 
AYf(W, Ac,,,) = -= -- I 1 dx J &,I sin 0 do. 
q,  nr2 nr 

rltan 6 0 

Remembering the symmetry of pressure distribution over both sides of $he 
zero meridian plane and the condition that at the points on the surface deter- 
mined by angular coordinates 0 (upper surface) and -0  (lower surface), the 
pressure coefficients are p and -p respectively, we get the relation 

Aif(,+.) sin 0 d0. Ae;f(w, = -; 
rltan c 0 



Using here the expression (1 1.2.51) in place of A&, ,  and keeping in view the 
equality z = r  cos 8, we find (in absolute value) 

The first integration leads to 
smltan 6 

8a tan E 

or since x =s/tan E and dx = dsltan E ,  

This expression can be written in the form 
- 

where i = s/r, i, = s,/r. 
Introducing the variables 

and integrating by parts, we get 

i; -1 + -- - 2 tan-' S, . 
sm - I 

The corresponding coefficient of lift force for fuselage AcYf(,,, calculated 
on the basis of the area of isolated wing-panels, 



will be equal to 

nr2 n tan cr2 
Acynw, = dc;f(w, == (sm- r2) Ach(w, 

Taking into account expression (8.8.48) for the lift coefficient cYw of an 
isolated wing, if cot IC= tan E is assumed the coefficient of interference 

Substituting (1 1.2.53'), we get 

we have 

Let us find the relation for coefficient of interference Kw of the wing with 
the fuselage. The elementary value of lift force acting on-an elementary wing 
area dSw = dx . dz is 

d(A Y,(f ,) = A &(€) dxdzqm. 
The force d YWf, of two wing panels, taking into account the expression 
(1 1.2.52) for A&(,,, will be 

The corresponding coefficient of lift force 



Intepating once, we get 

This may be simplified to 

Introducing the variables 

u = ~ i n - ~ [ ( ~ - l ) / ( ~ ~ + l ) ] ,  v=0.5[i2+(1/i2)] 

and carrying out integration by parts, we have 

Considering that 

we get 

Then the coefficient of interference, taking into account (8.8.48) for c,,, 
will be 

Let us compare this quantity with the coefficient of interference Kf in (1 1.2.57), 



which with the hejp 6f 

tan-' jm= - 

obtained from ( 1  1.2.58), can be simplified as: 

Adding ( 1  1.2.60) and (1 1.2.57'), we get K w ; K f  

K,+K~=(; ,+  I ) ~ / ; , " .  (11.2.61) 
1.6 

From the expressions ( 1  1.2.60) and 
(11.2.57') it follows that the coefficients of /-/ / 
interference are the functions of ratio r/s, 
only. Thus this represents by 0.8 

itself a basic criterion for evaluation of the o.4 - 
mutual interaction of fuselage and wing in 
terms of lift force. The quantities Kw and o 

0.2 0.4 0.6 0.8 r / s ,  
Kf are reproduced in Fig. 11.2.4 and in 

Fig. 11.2.4. Coefficients of inter- Table 11.2.1 as a function of parameter ference for plain of 
11  &=r/sm . "fuselage-wing" with no bank. 

TABLE 11.2.1 ........................................ 
rlsm Kw Kr (cc.~)aw(t) (cc.p)cri (v) (G.p)uw(i) ........................................ 

0 1 .OOO 0 0.667 (213) 0.500 0.424 (4137~) 
0.1 1.077 0.133 0.657 0.521 0.421 
0.2 1.162 0.278 0.650 0.542 0.419 
0.3 1.253 0,437 0.647 0.563 0.418 
0.4 1.349 0.61 1 0.646 0.581 0.417 
0.5 1.450 0.800 0.647 0.598 0.417 
0.6 I .555 1.005 0.650 0.61 3 0.416 
0.7 1.663 1.227 0.654 0.628 0.418 
0.8 1.774 1.467 0.658 0.641 0.420 
0.9 1.887 1.725 0.662 0.654 0.422 
1 .O 2.000 2.000 0.667 (213) 0.667 (213) 0.424 (413~) 

_ _ _ C _ _ - _ _ _ _ _ - - - - - C - - - - - - - - - - - - - - - - - - - - - -  

If the parameter r/~m=O (fuselage absent) it is obvious that K,=l and 
Kf=O. Let us assume that the radius of the fuselage is now greater and the 
lifting wing-panels smaller, i.e. the parameter r/s, increases, From (1 1.1.6') 
it follows that the effective angle of attack of the wing-panels increases, At 



(R/I)+ 1 [(r/s,},)+ 11 the fuselage induces local angle of attack ae,-+2a along the 
surface of its sides. Therefore in the presence of the fuselage the wing- 
panels create a lift force double the value for an isolated wing and hence 
Kw =2. 

With decreasing size of wing-panels an ever larger part of the wing's lift 
force is transferred to the fuselage. When the value of parameter r/~m+l, 
the highest value of lift force is induced on the fuselage and Kf = 2. Calcula- 
tions, which we omit here, show that the values of Kf and Kw are independent 
of the wing plan and therefore the coefficients of interference obtained for 
triangular wing-panels are applicable to other types of wings. 

2.6 Center of pressure 
The coordinates of the center of pressure due to lift force induced by the 

fuselage on the wing are given by 

where AMzw(o is pitching moment about the leading edge of the root 
section of the wing due to forces establiShed by the effect of the fuselage on 
the wing: 

(st,-r)ltan 

The coordinates x and (xc.,) aw(f) are measured from the leading edge of the 
wing's root section (Fig. 11.2.5). Taking into account the value of AYw(f), 
the coordinate 

The coordinate of the center of pressure due to lift force induced by the 
wing on the fuselage 

where AYf(,, is lift on the part of the fuselage situated below the wing that 
is the effect of the wing; AlCl,f(w, is pitching moment about the leading-edge 
of the wing's root section that is also the effect of the wing (see Fig. 11.2.5): 
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Taking the value,of A Yf(,,, the coordinate 

Fig. 11.2.5. Determination of position of center of pressure of fuselage 
and wing with allowance for interference effect (area to which lift force 

of wings is transferred is hatched). 

The respective coefficients of centers of pressure can be determined from 
(1 I .2.64) and (1 1.2.67): 

where b, is the root chord of the wing (see Fig. 11.2.5). 
The side coordinate of the center of pressure due to lift force A Yw(q for 

the wing-panels with fuselage effect (see Fig. 11.2.5) will be 

(zc.p)otw(~) = A  M x , v ( f ) / A  Y w ( f ) ,  (1 1.2.69) 

where is rolling moment about longitudinal axis x induced by 
the action of lift force A Y S f f , :  

Taking the value of A Y,,ft, the coordinate of the center of pressure will be 
given as 
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From this expression the coordinate of the center of pressure along the wing 
span, measured from the wing root chord and nondimensionalized with 
respect to the width of the wing-panel (~m - r), can be found: 

This quantity and the values of the coefficients of the center of pressure 
(1 1.2.68) calculated for triangular wing panels [in formulas (1 1.2.51) and 
(11.2.52) for Asf(,, and d>,(f, respectively the derivative dsldx is taken as 
tan E ]  are shown in Table 11.2.1 as the functions of a parameter r/sm= I/&. 

From the above data it follows that coefficients of center of pressure 
(c,.,),,(~ hardly differ from 213, which corresponds to the isolated delta 
wing. The ratio (Fc.,),(f, is nearer to the value 4/(3n), which holds for an 
elliptical lift distribution along the span of an isolated wing. Both these 
results indicate that the mutual interference of wing and fuselage has no 
appreciable effect on the position of the center of pressure of lifting wing- 
panels either spanwise or chordwise. Therefore in practice when aerodynamic 
calculations make use of the aerodynamic theory of a thin body the 
effect of interference on the position of the center of pressure of the wing can 
be neglected. Here we must keep in mind one basic point, that the value of 
(Z.D)aw,f), according to the aerodynamic theory of a thin body, is independent 
of wing plan. At the same time the position of the center of pressure of 
the wing along the longitudinal axis depends on wing plan. In particular, 
calculations by the aerodynamic theory of a thin body indicate that the 
center of pressure of a rectangular wing moves toward the leading edge. 

The effect of interference on the position of the center of pressure of the 
fuselage, as can be seen from Table 11.2.1, is quite considerable. At rls, =O, 
indicating absence of a fuselage (to be more specific, the fuselage is re- 
duced to an infinitesimally thin cylinder coinciding with the root chord of a 
wing-panel), we get the obvious result for (c,.,),f(,,= 112. For very small 
sizes of wing-panels compared to the radius of the fuselage, i.e. for the 
values of r/~m+l practically the whole of the lift force of the wing is 
transferred to the fuselage (coefficient of inierference Kfj2) .  Accordingly the 
coefficient of the center of pressure is nearer to its position for an isolated 
wing, i.e. ( ~ ~ . ~ ) ~ f ( ~ ,  +2/3. 
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2.7 Lift force of, wing-fuselage combination 
Formula (1 12.6) may be used to determine the total lift force Yf,w. The a 

lift force Yf of an isolated thin fuselage appearing in this formula can be 
determined in the following way: Let us consider a thin fuselage in the form 
of a cone of very small semi-vertex angle BK. AS may be seen from (10.5.29), 
the coefficient of lift for a thin fuselage at small angles of attack (when the 
term a3 is negligibly small) may be taken as cy =2a (index "p" is dropped). 
Extending this formula for a thin body of revolution of arbitrary shape, its 
lift force will be 

Yf = 2anr2 q, , (1 1.2.72) 

where r is the radius of maximum cross section of fuselage. According to 
this formula the lift force of a thin body of revolution is independent of the 
form of the generator and for a given angle of attack is determined solely by 
the diameter of the largest cross section. 

The lift force of an isolated wing is given by 

Yw =cyw Swqw, 

where cYw=2an tan E, as shown by formula (8.8.48) in which it is assumed 
that cot K =  tan E. As Sw can be found from (1 1.2.54) we have 

Yw = 2an (sm - r)2 q, . (1 1.2.73) 

Keeping in view that the sum of the coefficients of interference Kff Kw is 
determined by formula (11.2.61) and taking the values of Yf and Yw 
obtained, the total lift force will be 

YfSw = 2ansk (1 - 11 ;i-t- I /  ;:I q,, (1 1.2.74) 
- 

where sm=sm/r. The total lift force is independent of the shape of the 
wing-panels and that part of the fuselage that lies ahead of the section 
of maximum semi-span s,. From formula (1 1.2.74) it also follows that if 
there exists some area of wing behind this section it will have no effect on the 
lifting property of the wing-fuselage combination. 

3. Effect of Angle of Banking on Interference 
Between Fuselage and Plane Wing 

3.1 General relation for coefficient of pressure 
A plain combination of fuselage-wing inclined through a bank angle g, is 

shown in Fig. 11.3.1. The flow-interaction of this combination and hence 
the interference between fuselage and wing-panels depend on angle a, as well 
as angle a, between the logitudinal axis and the direction of undisturbed. flow. 
This angle (see Fig. 11.3.1) is determined in the x'Oy' plane formed by the 
fixed axes Ox' and Oy' drawn for the unbanked posture. The flow in question 



is equivalent to the flow arising in the presence of angle of attack a and angle 
of yaw /3. The angle of attack is measured in a vertical plane ~ 1 0 x 1  in a fixed 
system of coordinates Oyl and Oxl drawn for a banked body and is 
determined as an angle between the projection V: of velocity vector F, on , 
this plane and the 0x1 axis. 

According to Fig. 11.3.1 the small angle a is equal to the ratio of 
vertical and horizontal components of undisturbed velocity V,,, and V,,, 
respectively, i.e. 

a =VyloO/Vxlm . (11.3.1) 

Fig. 11.3.1. Combination of "fuselage-plain wing" at angle of bank. 

The angle of yaw p lies in a cross plane z lOxl  of the same fixed system of 
coordinates as an angle between the projection W: of vector F/', on this 
plane and the longitudinal axis O x l .  From Fig. 11.3.1 it may be seen that 

p = v z l w l V ~ l w  , (1 1.3.2) 

where V Z 1 ,  is the side component of undisturbed flow. 
From Fig. 11.3.1 it can be seen that 

VXlW = V ,  cos ac , V y l ,  = V ,  sin uc cos p; 

Vzlm= V ,  sin ac sin v). 
] (11.3.3) 

For small values of a, 
VXlw =Vm, V Y l m  = V m  ac cos v), VZ,,= Voo ac sin p. (1 1.3.3') 

Accordingly 
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/l= ac sin p. (I 1.3.2') 

Taking the linearized property of the flow-interaction, the total potential 
function can be determined as a sum of three components: 

where pi is the potential function of axisymmetrical flow-interaction with 
velocity VXl,=,; p i  and pi are additional potentials for the flow in direction 
a with velocity Vyl,= V,u = V-a, cos p and in direction /3 with velocity 
Vzlm = V,J~ = V,ac sln p. 
According to (1 1.3.4) the velocity components are: 

The general expression for the pressure coefficient over the fuselage 
allowing for interference can be obtained with the help of formula (1 1.2.28') 
in which the perturbation velocity components u, v, w in the flow system of 
coordinates x, y, z are replaced by the corresponding values of ul, vl, wl in 
the fixed system of coordinates XI, yl, zl. Performing the above change, the 
fixed axes are obtained by turning the flow axis by angle ac about the Oz axis 
first and then by angle p in a clockwise direction about the new position of 
the 0x1 axis. The directional cosines between the x, y, z axes and XI, yl, zl 
axes are shown in Table 1 1.3.1, 

TABLE 11.3.1 ........................................ 
Coordinates x Y z 

........................................ 
XI cos ac -sin ae 0 
YI sin ac cos q cos ac cos q sin q 
21 -sin a,, sin g -cos a0 sin y, cos p 

........................................ 
According to the data in Table 11.3.1 and taking a low angle for the 

components of perturbation velocity in the flow system of coordinates, 
we will write the expressions: 

u= ul + viac cos p - wla, sin p; 
v =  -ulac+vl cos p-wl sin p; (11.3.6) 

w = v l  sin p+wl cos p. 

Substituting these expressions for velocity components in (1 1.2.28') and 
neglecting the small quantities 4a2, u,v,a, sin p, ulv,ac cos p, we get 

- 
p= -(2/V,) (UI +viac cos p- wlac sin rp)-(v:-t. ~31~2.  (11.3.7) 



Taking into account the relations (1 1.3.1') and (1 1.3.2'), the pressure 
coefficient may be reduced to 

- 
p= -(2/V,) (u, +via-wl/3)-(v:+~f)/Vz. (1 1.3.7') 

3.2 Pressure over fuselage 
Using (11.3.5) the coefficient of pressure over the lower part of the 

fuselage will be 

The expression for the pressure coefficient over the upper surface will be 
similar. This expression can be represented in somewhat different form if the 
property of symmetry for velocity components over the fuselage is used. The 
relations (1 1.2.27) written earlier follow from the symmetry of the flow- 
interaction of the fuselage in the direction of a.  Similarly the expressions 
following the symmetry of flow in the direction of 8 can be expressed 
as follows: 

Taking the property of symmetry expressed by the relations (1 1.2.27) and 
(1 1.3.9) and also by the expressions 

UtI = Utu, Y t l =  - Ytu, W,l= W,u, a ( 1  1.3.9') 

the coefficient of pressure on the upper surface of the fuselage can be written 
in the form: 

The coefficient of pressure difference is obtained as the difference between 
the values of (1 1.3.8) and (1 1.3. lo), i.e. 

- - 
= P~(,v,I - P ~ ( W ) U  = - (4IVm) Ual  

- ( 4 4  V-1 (vt1+ vpl) + (481 V,) wa, - (4IVL) (vt~va/ + vu/vp/) 

- (4IVZ) ( W ~ I W ~ I  + waiwp1)- (11.3.11) 

Let us consider any arbitrary point on the lower surface of the fuselage. 
The perturbation velocity vector at this point in a side plane, derived for the 
axial flow-interaction of a fuselage of finite thickness, will be Ftl= wtri+vtrj. 
For the same point the perturbation velocity vector induced in the presence 
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3f some angle of ,attack is represented in the form Fa/= wali-t (vUr +avW)j. 
According to (1 1.2.42) the vector Ftr coincides with the radial direction and 
is situated in a meridian plane. By the condition of unseparated flow-inter- 
action the second vector Far coincides with the direction of the tangent to the 
contour at the point in question. Hence the vectors XI and TaI are perpendi- 
cular to each other and their scalar product is equal to zero, i.e. 

(wtli + vtlj) [wall + (Val + aV,) j ] 
= wtrwar + vtr (var -I- uVW)=O. (11.3.12) 

Taking this into account, the expression (1 1.3.1 1) takes the form 
- 

dpf(n = - (4/V,) UUI - (4/Vm) (VPP- wUlB) 

- (4/v?J (varv,, + wa,wer). (1 1.3.13) 

By contrast with (1 1.2.31) terms appear in (1 1.3.13) characterizing the 
effect of the angle of bank. These are known as the terms of interaction: 

The corresponding velocities uur, war and v,, are given by the expressions 
(1 2.2.22), (1 1.2.24) and (1 1.2.25) respectively. The components wpr and vsr 
can be obtained with the help of the formula for a complex potential of 
cross flow over the fuselage in the opposite direction to the Oz axis with 
the velocity of undisturbed flow PV,. By analogy with (11.2.18) this poten- 
tial will be 

W= - PVCX)[a -I- (r2/c)]. (11.3.14) 

The field of perturbation velocities is obtained if a parallel flow in the 
direction of the positive Oz axis with velocity /?V, and the corresponding 
potential PV,a are superposed on the flow with potential (11.3.14). As a 
result the complex potential for perturbation velocities will be 

Ws = - PV, (r2/c). (11.3.15) 

Hence the complex velocity of disturbances becomes 

dWB/do = w, - vsi = P Vw(r2/02). (11.3.16) 

Consequently the complex velocity for the conditions on the fuselage surface 
cr = reiB will be 

wa- vsi= PV, e-2ie = @Vm(cos 28- i sin 28). (11.3.17) 

Using this expression for the lower surface we get the following relations for 
velocity components: 

war = gv, cos 20; 
(11.3.18) 

vsr= PV, sin 28. 

Inserting (1 l.2.22), (1 1.2.24), (1 1.2.25) and (1 1.3.18) in (1 1.3.13), we find the 



relation for the coefficient of pressure difference over the fuselage: 

32aBr cos 6 sin2 6 

32aj?(r/s) cos 6 sin2 6 + 

The second term with the multiplier aj? characterizing the interaction of 
wing and fuselage based on the angle of yaw is zero in the absence of some 
banking angle, i.e. in the absence of banking we arrive at the relation 
(1 1.2.33) for a plain combination of fuselage and wing without yaw. 

The first term in (11.3.19') consists of the derivatives dsldx and drldx, 
which indicate the relation of interference with variation in the semi-span of 
the wing and the diameter of the fuselage in the absence of banking. At the 
same time these derivatives are absent in the second term and hence do not 
affect the wing-fuselage interaction in the presence of yawing motion. 

3.3 Pressure over wing 
The expression for the pressure coefficient over the lower surface of a 

wing-panel including interference effects could be written from formula 
(1 1.3.8) and relations (1 1.3.5): 

The pressure coefficient for an upper surface can be given by formula 
(11.3.20) .with replacement of index "I" by "u", indicating the relations 
between the velocity components on the upper and lower surfaces emerging 
from consideration of symmetry. These relations for the conditions of the 
upper and lower surfaces take the following form: 



AERODYNAMIC INTERFERENCE 50 1 

Writing (1 1.3.20) for the conditions over the upper surface and replacing 
;erms with the index "u" by the corresponding values given in (11.3.21), we 
have 

- 
p w ( f ) u  = - (21 Vw) - ~ a /  + Ug( +a( - vti + Val - vB1) 
- P(wtr- wa/ + wgl)] - ( I  /v&) [(- vtr + Val - ~ ~ 1 ) ~  

+ (wtl- war + ~ g r ) ~ ] .  (1 1.3.22) 

Then the coefficient of pressure difference will be 

As vt=O from (11.2.44) and vp=O from the condition of unseparated cross 
flow over the wing, the coefficient of pressure difference will be 

The velocity components uar, war, wtr were determined by the expressions 
(1 1.2.34), (1  1.2.35) and ( 1  1.2.43). Inserting o= z in equation (1 1.3.16), the 
component wgl can be found: 

we[ = p V,, (r*/z2) , (1 1.3.24) 

After corresponding substitutions in (I  1.3.23) we get 

or after simplifications it will be given by 

In expression (11.3.25) the term with the multiplier ap characterizes 
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interaction of wing and fuselage as a function of banking. This term is 
asymmetrical for the left and right wing-panels because the angle /3 will be 
negative for the left wing and positive for the right wing. 

3.4 Lift force and center of pressure 
The interaction between wing and fuselage at an angle of yaw results in 

an increase in the lift force on the right wing with the increase in angle of 
bank y, and a decrease in the lift force on the left wing by the same amount. 
Therefore the lift force resulting from this combination does not change: 
it remains the same in magnitude as in the absence of yaw. 

According to (1 1.2.74) the lift force along axis yi (see Fig. 11.3.1) is equal 
to 

Yw,, = 2ac cos qnsi 

The side force along the zl axis is created only by the fuselage as a result 
of side slip with velocity -/3V, and does not depend on the wing of zero 
thickness, which has no effect on this flow-interaction. According to (1 1.2.72) 
the side force 

Z I ~ , ~  =Zif= - 2Bnr2q, = - 2ac nr2 sin y, q,. (1 1.3.27) 

The lift force along the y' axis (see Fig. 11.3.1; the system of fixed axes 
x'Oy' is turned through angle of attack a, about the Oz axis: angle y, for this 
system is equal to zero) will be 

Y= Tf,, cos y,-Z,, sin y,=2acns~ 

The side force along z' axis will be 

Z =  YIf,, sin 9 + ZIf cos a, =2a, T C S ~  sin y, cos q[l -(l/&)]q,. (11.3.29) 

Let us consider the lift force and center of pressure of a wing-panel lifting 
in the process of banking. For the right side triangular wing-panel the value 
of this lift force, determined by the second term in (11.3.25) in the form 
[A  pw(f)lqy is equal to 

From Fig. 11.2.3 it can be seen that the elementary area of wing-panel 

dSw = dzdx = dzdsltan e .  

Taking into account this value and the quantity in (1 1.3.25) for the second 
term, we write 



AERODYNAMIC INTERFERENCE 503 

Sm sm 
ds 

tan E 
r 

Carrying out calculation of the second integral, we get 

Snt 

dywco =* 1 z(l+$)(l-$ YCOS-~ 14 dz. (11.3.30') 
tan E 

r z2,- 
22 

Further integration is carried out numerically. Let us introduce the coefli- 
cient of interference calculated in the form 

K, = A Y,(f) tan 81YwP, (11.3.31) 

where Y,  is the lift force of one triangular isolated wing-panel; according to 
(1 1.2.73) 

Taking into account the expressions (11.3.30') and (11.3.32), the coeffi- 
cient 

The values of Kp obtained by numerical integration are reproduced in 
Table 11.3.2 and in Fig. 11.3.2 as a func- 
tion of the ratio rls,,,. The force charac- 
terized by the coefficient K, depends, as is 
evident from (11.3.23), on the resultant 
integration of velocities wa and ws, induced 
by the presence of an angle of attack and 
an angle of yaw. 

The longitudinal coordinate of the cen- 
ter of pressure of the wing-panel, measured 
from the leading edge of the root chord 
(see Fig. 11.2.25), is determined from the 
condition 

Fig. 11.3.2. Coefficients of inter- 
ference for plain and cruciform 

combinations with bank. 



where additional pitching moment depending on the banking angle is 

TABLE 1 1.3.2 
........................................ 

Plain combination r Cruciform combination 

The distance from the axis of symmetry of the fuselage to the center of 
pressure in a lateral direction is calculated from the expression 

where the additional value of the rolling moment during yawing is 

qm r z d z  "i;dFw(f)lq ds. ~ M x w ( ~ )  = (1 1.3.37) 
r z 

The coefficients of the center of pressure are worked out for the values of 
both coordinates of the center of pressure found by numerical integration: 

These coefficients are shown in Table 11.3.2. They may be used to deter- 
mine the rolling moment and bending moment at the wing root section as a 
function of the banking angle. Here the loads acting on the fuselage while 
banking are not considered. These loads, having an asymmetrical nature like 
the wing, have hardly any effect on lift force and moment and hence on the 
position of the center of pressure of this combination. 



3.5 General relations of forces and moments 
for plain combination with banking 

Let us consider the coefficients of forces and moments acting on the right 
side wing-panel while rolling (Fig. 1 1.3.3). 

The coefficient of lift among the yl axis will be 

where a = ac cos p, B = ac sin p. 
The coefficient of longitu- 

dinal moment about the axis 
passing through the apex of 
the wing-panel (point D in 
Fig. 11.2.5), will be 

(1 dcY) ( X C . ~ ) . ~ ~ ~ ~  rn l .~=-K~  -.- - 
2 da w XK 

aBY 

(1  1.3.40) 

where XK is the characteristic Fig. 11.3.3. Coefficients of forces and moments 
length (length of fuselage, length acting on plain combination during banking. 

of whole combination, etc.). 
The coefficient of rolling moment due to the wing-panel will be 

Let us find the relations for the aerodynamic coefficients of forces and 
moments induced by the wing on the fuselage. 

The coefficient of lift force acting along the y' axis (see Fig. 11.3.3) is 

(cy,)fcw) =Kf(dcYlda)w a cos p. (1 1.3.42) 

The coefficient of side force along the z' axis is 

The coefEcient of pitching moment due to forces induced by the wing on 
the body about the axis passing through the apex of the wing (point D in 
Fig. 11.2.5) will be 



T h e  coefficient of rolling moment due to forces induced by the wing on the 
fuselage (mx~)f(w) is taken to be equal to zero. 

We will now write the formulas for the resultant coefficients of forces and 
moments of the combination as a whole. 

The coefficient of lift is 

(cy,)fYw = (cY)~ + (dc,lda),(Kf+ Kw) a cos 9. (1 1.3.45) 

The coefficient of side force is 
(~, ,)f ,~ = (c,,)f+ (Kf+Kw) (dcyldajW P cos P. (1 1.3.46) 

The coefficient of pitching moment of the combination as a whole about 
the axis passing through the apex of the wing-panel will be 

The coefficient of rolling moment will be 

In using formulas (11.3.39) through (11.3.48) it should be borne in mind 
that all the aerodynamic coefficients are worked out either on the basis of the 
area of one wing-panel [(c,,),, ml,,, (mx,)J or on the basis of the total wing 
plan area Sw of two panels joined together (aerodynamic coefficients for the 
fuselage and the combination taken as a whole). Besides, any arbitrary linear 
dimension may be taken as a characteristic length in calculating moments. 
The coefficients of forces (c,,)f, (c,,)f and of moment (m,,)f induced by the 
nose section of the main body are calculated by linearized theory for an 
isolated fuselage. 

4. Cruciform Combination 

4.1 Pressure and lift force 
Let us study the aerodynamic coefficients of a cruciform combination in ' 

the form of a circular cylinder and plane wing-panels of zero thickness in a 
low perturbation (linearized) supersonic flow (Fig. 11.4.1). We assume that 
vertical wing-panels have the same plan and semi-span as horizontal wing- 
panels. We assume that the presence of vertical wing-panels has no effect on 
the flow pattern of this combination in the symmetrical plane xlOyl when 
placed at an angle of attack a=ac cos p. In the same way, the presence of 
horizontal wing-panels has no effect on the aerodynamic flow-interaction 
during a change in banking angle p= ac sin p. 

In this way the problem we are considering involves the solution of two 
concurrent problems, one of which concerns determination of the velocity 
field of plain combination of fuselage and vertical wing at an angle of attack 
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a and the other the determination of the velocity field of a plain combination 
of fuselage and horizontal wing at an angle P. By superposing these fields we 
get the resultant flow about a cruciform combination placed at a pitching 
angle ac and banking angle y. 

Fig. 11.4.1. Cruciform combination. 

According to this procedure the resultant perturbation velocities are deter- 
mined by formulas (1 1.3.5) and the pressure coefficient is determined by rela- 
tion (1 1.3.7'). The coefficient of pressure difference on the fuselage is found 
from the expression (11.3.13) in which the components %r, war, vat are deter- 
mined from formulas (1 1.2.22), (1 1.2.24) and ( 1  1.2.25) respectively, which are 
obtained for a plain combination under the condition of a=a, cos y. 

The expression for the complex potential of a plain combination in a 
lateral flow with velocity PV, can be used to- determine the components wp 

and vp This expression will be obtained in the following way: By analogy 
with (1 1.2.18) the formula for the complex potential of a circular cylinder of 
radius ro in plane (= g + iq will be: 

Next, by analogy with (1 1.2.16) we write the equation 

0 - (r2/o> = c - (r;/l), (1 1.4.2) 

where ro = 0.5 [s -I- (r2/s)]. 

It can be shown that this equation give conformal transformation of a circle 
of radius ro to a contour consisting of a circle of radius r and a pair of vertical 
wing panels with span p s. As a result the combination of wing-body in plane 
yOz can be obtained. 
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Solving the quadratic equation (1 1.4.2) for [, we get 

Substitution of this quantity in (1 1.4.1) gives complex potential 

TO find the resultant complex potential it is necessary to add the potential 
function of flow parallel to the z axis and equal to BVm a to (1 1.4.4). Then 
the resultant complex potential will be 

Differentiating this expression with respect to a, we get 

For boundary condition on the fuselage we have c= reie and therefore 

From this we get 

2r sin 8 sin 28 
ws= -pVm ]"2 -11; (11.4.8) 

VB = 
2prVm sin 8 (I + cos 28) 

r2 2 112 ' (1 1.4.9) [( s + -- ) - 4r2 sin2 01 
Substituting the expressions (1 1.4.8), (1 1 A.9) and the relations (1 1.2.22), 
(1 1.2.24), (1 1.2.25) to the formula (1 1.3.13) for the coefficient of pressure 
difference on a cone, we get 



Keeping in mind that r cos 0=z, we find that 

The first term on the right side of this equation consists of terms propor- 
tional to derivatives drldx and dsldx characterizing the effect of a change in 
the radius of the fuselage and in the semi-span of the wing-panels respectively. 
However, neither of these derivatives has any effect on the second term, 
which is based on banking and pitching motions. This term of interaction, 
being proportional to the product a), determines the increase in the coefficient 
of pressure difference on the right half of the fuselage. The value of this co- 
efficient decreases by the same amount on the left half of the fuselage. This 
follows from formula (11.3.13) in which the component vat should be taken 
with the opposite sign for the left half of the fuselage. This leads to the 
negative sign before the second term in (1 1.4.10'). 

To determine the coefficient of pressure difference on the right horizontal 
wing-panel we use formula (11.3.23) in which the velocity components uar, 
w,l and wtl are found from the expressions (1 1.2.34), (1 1.2.35) and (1 1.2.43) 
respectively. The component wpr can be found from the relation (1 1.4.6) by 
taking cr =z: - 

As a result of corresponding substitutions we get 
r dr r dr 

2 - z -(z+C)-(~+;)[-31-$)+2~ dx -&] 
djWo, = - 4a + 



which after simplification will be 

According to this formula the pressure differences between the lower and 
upper surfaces of the right side wing-panel increases during its motion down- 
ward (angles y and P positive) while on the left side wing-panel it decreases 
(angle B negative), i.e. when the second term in (11.4.12) characterizing 
mutual interaction is asymmetrical. 

The coefficient of pressure difference for the upper and lower wing panels 
can be determined from the conditions of symmetry using relation (1 1.4.12), 
in which z should be replaced by y and a and p should be interchanged. Then 
for the lower wing-panel 

The angles a and p are assumed to be positive. The pressure on the upper 
wing-panel will be determined by the same formula (1 1.4.13) with the same 
difference that the angle P is taken as positive and a as negative. The second 
term with ap (tern1 of mutual interaction) is asymmetrical for lower and 
upper wing-panels. The presence of an asymmetrical term in (11.4.12) and 
(1 1.4.13) leads to a situation where despite the lift force on the panels addi- 
tional lift force is not created due to the asymmetrical nature of the loads. 

Keeping in mind that the resultant forces on the wing-panels are inde- 
pendent of the terms of interaction, the resultant lift force acting on the 
fuselage-cruciform wing in banking can be obtained by summing the forces 
acting on two plane versions of the fuselage-wing combination placed in a 
flow at the corresponding angles a=ac cos y, and B=ac sin y. 
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By analogy with 11 1.3.26) the lift force along the y 1  axis acting on the 
:ombination of fuselage-horizontal wings will be 

The lift (side force acting on the combination of fuselage and verticle 
stabilizer along the negative direction of the zl axis) will be 

z1,, = - 2pnsi[1--(1/ii) +(I/ %:)lq,. (11.4.15) 

The lift force along the y' axis (see Fig. 11.3.1) will be 

Lift (side force) along the z' axis is equal to zero. In reality 

1 1  
, Z= Ytf,, sin p f Z,f,w cos p= 

The results so obtained give one important property of the cruciform 
combination during turning of the flight vehicle, i.e. in banking the lift force 
in a vertical plane parallel to the undisturbed flow and passing through the 
longitudinal axis of the flight vehicle remains unchanged. 

4.2 Coefficients of interference and center of pressure 
Let us find the lift force and center of pressure of the wing-panels in bank- 

ing. According to the expression (11.3.30) in which is determined 
by the second term on the right side of (1 1.4.1 2), we have 

Sm 

4az sin p cos p q, 
AY,~~=-@- tan E dr J [A~, (~ , I ,  ds= tan E 

Let us introduce the notations 

S = S21r2, = z2/rZ. 

Then the above expression will be given by 
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- - 
af r2qm sin y,cos y, 

A Y W ( f )  = tan E 

where 

Integrating with respect to leads (1 1.4.19) to the expression ' 

- 

where Fl and F2 are elliptical integrals of the second kind: 

calculated under the condition that 
- 

s 2  sin v l = J l  --T2 , k -  - z + l  I 
( s , -  112 Z ' - d2(22 + 1)' I 

Z - 1  t I (11.4.21) 

k 2 = ~ 2 m j  J 
From the results so obtained we will get 

aZ, r2 qm sin y, cos y, 
A YW,,, = JT tan E 

1 

It is necessary to perform numerical integration to determine the lift force 
by this formula. The coefficient of integration can be found from the value of 
lift force obtained by using relation ( 1  1.3.31), 

- 

A Yw(f, tan E K9= - - 
Yw P ndZ (im - 1 

The results of calculation of Kq are reproduced in Table 11.3.2 and in 
the graph of Fig. 11.3.2. The difference between the values of Kq for plain 
and cruciform combinations of wing-fuselage, characterizing the mutual in- 
terference of lifting surfaces, can be found from the table or the graph. The 
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presence of vertical wing-panels in a cruciform combination reduces the 
effect of interference in comparison with the plain combination and reduces 
the coefficient K,. 

The position of the center of pressure on the wing-panels of a cruciform 
combination can be determined with the help of formulas (1 1.3.39) through 
(11.3.41). The corresponding results are shown in Table 11.3.2. From the 
comparison of data for the plain and cruciform combinations it may be seen 
that the centers of pressure in the two cases practically coincide. 

Comparison of data with the results obtained for banking (see Table 
11.2.1) shows that there is a larger difference in the center of pressure for 
forces due to banking than for interference forces arising at a#O, P=O 
((0-0). 

4.3 General relations for forces and moments 
The relations obtained for the coefficients of interference and centers of 

pressure of a crucil'orm wing-fuselage combination help us to work out the 
coefficient of forces and moments acting on the separate elements and on the 
combination as a whole (Fig. 11.4.1). Here the calculation of coefficients (cy,), 
of the lift force for a right side wing-panel acting along the yl axis, the coeffi- 
cients of lateral moment m,,, and rolling moment (m,,), will be carried out 
with the help of formulas (1 1.3.39), (1 1.3.40) and (1 1.3.41) respectively. 

In investigating the effect of banking on interference between the fuselage 
and the wing it was established that the angle of bank creates additional 
asymmetrical loading on the right and left halves of the fuselage and conse- 
quently does not induce additional lift force. Therefore the flow-interaction 
of the fuselage can be taken as the result of summation of the flows obtained 
at angles a=ac cos q and /3 =ac sin q. The forces arising under this condition 
of flow are also added. The additional force A YP,(,, acting on the fuselage in 
a flow at an angle a happens to be the result of its interaction with the wing: 

and that acting in a flow at an angle f3 will be 

A Yff(,, = - K, (dc,/da), a, sin q S, q,. 

The lift force in the direction of they' axis will be 

YkW) = A Y$(W, cos 9 - A Yff(,, sin (0 

and the corresponding coefficient 

( ~ ~ ' ) f ( ~ ) =  Y;(,) I(qmSw) =Kf (dcylda)w ac. 

The side force along the z' axis will be 

z;(,,= A YE,,, sin q + A Yff(,, cos q=0; 



andpthe coefficient of this force 

(c,~)f(~) =zi(w)/(9ms,v) = 0. (1 1.4.25) 

Let us determine the longitudinal moment (in other words, pitching 
moment) due to forces induced by the wing acting on the fuselage. The value 
of this moment taken about the longitudinal axis passing through the apex 
of the wing-panel is given by 

The coefficient of pitching moment will then be given as 

(mz,)fcw) = (Mr,)fcw)l(qw Sw XK 

= - Kf (dc,lda), [ ( X ~ . ~ ) U ~ ( ~ ) / X K ]  a,. (1 1.4.26) 

As noted earlier, the asymmetrical loading on the fuselage during bank- 
ing hardly affects forces and moments. Therefore the coefficient of rolling 
moment (m,,)f(,v, will be taken as equal to zero as in the case of the plane 
combination. 

The lift coefficient of the combination as a whole 

(cy')f,w = (cy')f+ [(cyl)sYr + (cyl)sy~e] COS 

- [(cZl)s,zt + (cZl)s,,] sin rp + (~,#)f(~,. (1 1.4.27) 

The coefficients of lift c,, and side force c,, are calculated with the help 
of formula (1 1.3.39) in which for the left (index "le") and upper (index "u") 
wing-panels the angle is taken as negative and for the right (index "r") 
and lower (index "I") wing-panels it is assumed to be positive. Keeping 
the relation (1 1.4.24) for (c,,)~(~, in mind and assigning a negative value to 
c,. (force 2' directed in the opposite direction of the z' axis), we get 

(cY*bw = (c,,)c + ( d ~ ~ l d a ) ~ ~  (Kf+ Kw) ac. (1 1.4.28) 

This relation establishes an important property of the cruciform wing- 
fuselage combination which indicates that the resultant force is independent 
of the angle of bank in magnitude and direction and always acts in the plane 
of angle of attack a,. 

The coefficient of side force of this combination, by analogy with 
(1 1.4.27), will be 

(cz*)f,w = (cz,)f + [(c,,),,, + (c,~,)s,lel sin rp 

+ [(cz1)sy" + (~Z,)S,I] COs q + (c3,,)f(w). (1 1.4.29) 

Taking formulas (1 1.3.39) and (1 1.4.25) into account, it will be given by 

(c,I)~,w = (cZ*)f . (1 1.4.29') 

The lateral force of the whole combination, according to this expression, is 
created by the nose section of the fuselage. 



We may note bere that the pr~blems discussed in this chapter are solved 
~ i th in  the framework of linearized theory for thin bodies whose aerodynamic 
:haracteristics are independent of Mach number M,. Besides, viscosity 
:ffects are not taken into account. If "thick" bodies are investigated within 
the limitations of the above theory or if viscous properties leading to a 
separation of flow are taken into account then side (lift) force based on the 
redistribution of normal pressure will come into the picture. 

Let us now find the pitching moment of the combination we are con- 
sidering: 

Mz* = M z ~ f  {[(cyl)s,r i-(cyl)s,le] cos 
- C(CZ~)S,U + (cz,)s,11 sin p) (~c.p)aw(f) qooSw 

+ (mz,)f(w) qmSw XK; (1 1.4.30) 

Taking the expressions (1 1.3.39) and (1 1.4.26), the coefficient of pitching 
moment will be 

The rolling moment (Mx,)ew and the corresponding aerodynamic coeffi- 
cient of rolling moment (m,,)f,, are equal to zero because vertical wing- 
panels create the same amount of rolling moment as horizontal wing-panels 
but in the opposite direction. 

The forces, moments and corresponding aerodynamic coefficients of the 
fuselage can be worked out specifically by the linearized aerodynamic theory 
of a thin isolated body of revolution in a flow. 

The coefficients of interference Kw, Kf ,  which could be used to evaluate 
the interference effect of a cruciform combination, are independent of the plan 
of the wing-panels, i.e. the theory can be equally well applied for a delta 
wing as for a rectangular wing. Unlike these coefficients, the quantity Kp, 
strictly speaking, depends on the plan of the wing-panel. However, it can be 
assumed that this coefficient obtained for a delta wing when we evaluated the 
term of mutual interaction up can also be applied as a first approximation 
for other plans, in particular, for a rectangular plan. 

The coordinates of centers of pressure x,.,., and z,.,., are very close to 
the corresponding values for an isolated delta wing. This result shows that 
mutual interference of wing and fuselage does not indicate any appreciable 
effect on the position of the center of pressure. At the same time the coordi- 
nates z,.,.,, as shown by research, are independent of the plan of a wing pa- 
nel. Therefore the values obtained can be used for any wing plan. The values 
of coordinate xC., for an isolated wing of the given plan can be used as the 
coordinate of the center of pressure for a wing-panel of nontriangular form. 



,The wings or tail can be attached to the fuselage in such a way that 
some part of the rear end of the fuselage is behind them. In this connection 
it must be noted that for a thin combination the length of the fuselage behind 
the wing has no effect on the lift force and the position of the center of 
pressure of the fuselage. This is explained by the fact that the loading 
induced by the wing, according to the aerodynamic theory of a thin body, is 
distributed over the fuselage along the diameter DD (see Fig. 11.2.5) and 
consequently the area on which lift force is exerted is situated directly under 
the wing-panels (hatched area in Fig. 11.2.5). 

4.4 Calculation of interference of flight vehicles 
consisting of "thick" bodies and wings 

The results of calculation of the coefficients of interference for the com- 
bination of a thin body and wing-panels can be taken as the basis for deter- 

a) 
mination of the lift force on flight 
vehicles consisting of "thick" ele- 
ments. This method indicates that 
the aerodynamic coefficient for 
such configurations is calculated 
from the coefficients of interference 
obtained by the theory of a thin 
body (see Tables 11.2.1 and 11.3.2) 
and from the aerodynamic coeffi- 
cient of an isolated wing using 
linearized theory. For example, the 
coefficient of lift of a "thick" wing 
in the presence of a fuselage by 
this method will be 

(~u)w(f, = Kw (c,),, (1 1.4.32) 

where K, can be found from Table 
11.2.1 and (c,), is determined 
taking into account Mach number 
M, based on the linearized aerody- 

Fig. 11.4.2. Region of effect of wing on namic theory of the wing. Similarly 
fuselage in case of 'thick' configuration in other interferential characteristics 

supersonic linearized flow: 
can be written. 

a-flow-interaction of 'fuselage-wing' con- 
figuration with formation of spiraling Mach 

Experimental research confirms 
lines; b-plain model of configuration with the possibility anal~- 
tail section and straight Mach lines; c-plain sis by this method. It shows that 

model of configuration without tail. measured and theoretical aerody- 
namic characteristics for the com- 

bination of fuselage and wings tally quite well. 
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It was noted earlier that the length of the fuselage behind the wing has 
no appreciable effect on the lift force and center of pressure of the fuselage 
for a thin wing-fuselage combination. However, for "thick" combinations 
the presence of the rear section my have a considerable effect on coefficient 
of interference & and on the coordinate of center of pressure of fuselage 

c P af(w)- (x 
Unlike the thin configuration for which the loading induced by the wing 

is distributed over the section of fuselage directly below the wing (see Fig. , 

11.2.5), the disturbances propagating from the wing in the case of a "thick" 
body envelope the fuselage in spirals intersecting the fuselage generator at a 
Mach angle pm= sin-' (l/M,) (Fig. 11.4.2, a). A simplified scheme of this 
phenomenon may be had if the fuselage is assumed to be plain at zero angle 
of attack. According to this scheme the load induced by the wing is distri- 
buted along the fuselage over the region bounded by straight Mach lines 
emerging from the points of the leading and trailing edges of the wing (Fig. 
11.4.2, b). If there is no rear section to the fuselage the lift is determined by 
integration of loads over the part of the fuselage situated ahead of the trail- 
ing edge of the wing (Fig. 11.4.2, c). 

The flow about the wing-panel is regarded as the flow about an isolated 
delta wing of semi-infinite span. According to the formula (8.3.37) the co- 
efficient of differential pressure induced by a wing with a supersonic leading 
edge over the region between the Mach line from the apex and the root chord 
(Fig. 11.4.3, shaded region), is equal to 

- - -  4aw tan E 
cos-I 

1 + af2 (?It) tan E 

' p  = ~ 1 - ~ u = ~ 4 ~ 1 2   tan^ & -  1 a' [tan E + (~/t)l 9 
(11.4.33) 

Fig. 11.4.3. Plain model for calculation of lift force with 
allowance for wing-fuselage interference. 



where a, is the angle of attack of the wing; q, 5 are coordinates shown in Figs. 
(1 1.4.2) and (1 1.4.3). 

The coefficient of differential pressure induced by a wing with a subsonic 
leading edge is set out here without discussion (see [50]): 

- - - 8aw (a' tan 
A P = P ~ - P ~ =  n d  (i tan E + 1) ,,/ a' [tan E + (q/t)] (11.4.34) 

These formulas (11.4.33), (11.4.34) are valid for the conditioi where the 
Mach line emerging from point A of the side edge passes behind point C 
where the trailing edge joins the fuselage, i.e. where the side edge has no 
effect on the region of interference with lift. These conditions are fulfilled 
(see Fig. 1 1.4.3) if 

For the combination with a tail section the elementary lift force acting on 
the part of the fuselage under the wing 

where dqdt is the elementary area of this section of fuselage (see Fig. 11.4.3). 
The coefficient of lift with respect to the area of two isolated wing-panels 

will be equaI to, 
for a supersonic swept edge: 

- ( c )  --- 
f(w)-  qo3 SW (sm-r) (br+b,) 

- 8aw tan E - 
nZ/af2 tan2 E - 1 (i, - 1) [ I+  (btlbr)l rbr 

x Jdq I c o r l  1 + (qlt) af2 tan E 

a' [tan + (qIt11 
dt; 

o u'n 

for a subsonic swept edge: 

16(af tan ~)3/2 a, 
(cy)f(w) = (i, - 1) [ I+  (bt/br)] (a' tan E + l)narrb, 

brfcc'rl 

The calculation of lift force for the configuration without a tail section of 
fuselage behind the wing should be carried out with the help of the same for- 
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mulas (11.4.37),,(11.4.38), but with the condition that the upper limit of 
integration should be taken as b, in place of b, +ary. 

The coefficient of interference Kf for the given plain model is calculated by 
formula (1 1.2.11) in which c,, is determined by the linearized theory for an 
isolated wing (see Chapter 8 Section 1). 

Fig. 11.4.4. Curves characterizing coefficient of interference Kt worked out for plain 
configuration of 'fuselage-wing' under condition of [ a ' ( ~ m - r ) / b r ]  [l +(af tan ~)-l]> 1: 

a-fuselage without tail; b-fuselage with tail. 

The data for determination of coefficient c,r(,, of the plain model of 
a wing-fuselage combination with 

a )  
and without a tail section using 

( x G  lf (wl ,b,  
formulas (1 1.4.37), (1 1.4.38) are 0.7 
presented in Fig. 11.4.4. The 
parameter A = Kfa'c,,[l + (b,/b,)] O 6 
(;,- I) characterizing interference 0,5 
is shown in the graphs as a func- 
tion of a' tan E and 2a'r/br. With an b) 

increase in a' tan E the coefficient 
of interference also increases. The 
reverse effect is observed for an 1.6 
increase in the quantity 2a1rlb,. 
At high values of this quantity the 1.2 
area of interaction of lift situated 
behind the trailing edge increases, 0.8 
which leads to an increase in Kr. 

0.4 
The effect of the tail section in- 0 0.4 0.8 1.2 1.6 2.0 2(X1r/b, 

creases with a decrease in Mach Fig. 11.4.5. Coordinates of center of pres- 
number Mm because with an in- sure worked out for plain configuration of 
crease in the angle of Mach cones 'fuselage-wing' under the condition of 
a larger area evidently falls within [af (sm - r)/br] [l -I- (a' tan &)-%I 3 1 : 

them. The apexes of these cones a-fuselage without tail; b-fuselage with tail. 



coincide with the points of intersection of the trailing edge of the tail unit 
and the generator of the fuselage. 

The coordinates of center of pressure ( ~ ~ . ~ ) f ( ~ , ,  measured along the { axis 
starting from the leading edge of a wing behind which the rear part of the 
fuselage is located, can be determined with the help of the formula: 

v b,+cr'S 

br jdv j Ajdt 
O a's 

If there is no rear part to the fuselage the upper limit in the second inte- 
gral of (1 1.4.39) should be replaced by the quantity b,. 

The results of calculation by formula (1 1.4.39) are shown in Fig. 11.4.5. 
The presence of the rear part of the fuselage behind the wing results in a shift 
in the center of pressure to a position farther aft. From Fig. 11.4.5 it is 
clear that the position of the center of pressure is practically independent of 
the angle of sweep. 

5. Interference between Wing and Tail 

5.1 General definitions 
If there are no other lifting or control surfaces ahead of the tail joined to 

the fuselage the calculation of interference for the tail unit and fuselage can 
be carried out in the same way as for the wing-fuselage combination. In the 
case where there is a wing on the fuselage ahead of the tail it is necessary to 

allow for the additional effect of the 
wing as well as for that of the fuselage 
when determining the aerodynamic cha- 
racteristics of the tail unit. This state- 
ment will be true even for the case of 
the canard system with tail unit ahead 
of the wing. 

Let us study the physical nature of 

Fig. 11.5.1. Scheme of formation of the interference between the tail and the 

downwash behind wing. wing ahead of it. The vortex sheet mov- 
ing away from the wing and passing-the 

tail produces downwash, a consequent reduction in the angle of attack and 
hence a reduction in the lift force of the tail surface. 

At any point in space behind the wing the downwash is determined, as we 
said earlier, in terms of the angle e = - w/V, calculated from the vertical velo- 
city component w which is induced by the vortex sheet trailing from the wing 
(Fig. 11.5.1). It was shown in Chapter 6 that the angle E for an isolated wing 



at a given point iq space depends on the geometrical and aerodynamic charac- 
teristics of the wing. In determining this angle for the wing-fuselage combi- 
nation it is necessary to consider the effect of interference. We will assume 
that if the part of the fuselage behind the wing has constant diameter the 
vortex sheet lies in the plane of the wing. As shown by experimental research, 
this assumption may be valid for a very thin combination of fuselage and wing. 
The flow behind the wing under these conditions will be parallel to the chord 
of the tail if the wing and tail are located on the fuselage along the same 
generator at the same initial angles (1 1.5.2). 

Fig. 11.5.2. Interference between tail and wing for 'thin' combination: 

I-wing; 2-vortex sheet; 3-tail. 

Like that, a section of the tail having a span equal to that of the wing will 
have no lift force. The remaining part of the tail surfaces with semi-span 
(S,)~-(S~)~ [(sm)W is the semi-span of the wing] should be considered together 
with the wing panel as a single lifting surface of semi-span ( ~ m ) t  (surfaces ABF 
and CDE in Fig. 11 52) .  

According to the above discussion the lift force of the fuselage-wing-tail 
combination, including the lift force of the nose section of the fuselage, can 
be represented using formula (1 1.4.14) as: 

where (;At = (s,),/r and the semi-span of tail (sa t  > (s,),. 
To evaluate the effect of interference on the lift force of the tail unit we 

introduce the coefficient of effectiveness of tail qt defined as the ratio of the 
increase in lift force on a wing-fuselage combination in the presence of a tail 
unit at the rear to the increase in lift force on an isolated fuselage in the pre- 
sence of a tail unit: 



where the lift on the fuselage-wing combination according to (1 1.4.14) will be 

Keeping in view that the lift force of the fuselage-tail combination YfYt in 
(11.5.2) is determined in the same way as Yf,w,t by formula (11.5.1) and the 
quantity Yf = 2zr2. a.  q,, the coefficient of tail effectiveness will be 

'It = 

According to this hypothesis the lift force on the tail as a result of inter- 
ference vanishes when the span of the tail is less than or equal to the wing 
span and the coefficient of effectiveness is equal to zero. 

The coefficient of effectiveness so obtained can be taken as the limiting 
value corresponding to the most unfavorable case of flow-interaction when 
the vortex sheet from the trailing edge of the wing happens to be plane and 
coincides with the plane of the tail surfaces, so that their lift force is at its 
lowest. However, in practical cases, since the vortex sheet will not be plane 
but will be curling around in the form of vortex ropes in the vicinity of the 
tail and since the direction of the vortices is closer to that of the undisturbed 
flow than to the plane of the chords of the tail surfaces, the vortices as a rule 
do not lie in this plane: they are located above or below the tail depending on 
the angle of attack. 

5.2 Subsonic speeds 
In calculating the interference between wing and tail surfaces the down- 

wash velocity is assumed as an approximation to be constant along the span 
and equal to its value at a point on the root chord coinciding with the aero- 
dynamic center. Here calculation of the downwash angle is carried out by for- 
mula (6.4.13'), which is valid for cases where the tail and wing are located in 
the same plane. 

Downwash behind a wing having the same initial angle as that of the tail 
surface establishes a reduction in the effective angle of attack of the horizon- 
tal tail component which is calculated from the expression 

ac.hSt = a - E.  (1 1.5.5) 

Accordingly the coefficient of lift of the tail 

where c;.,., =dcymh.,/da, derivative of coefficient c,,,., of an isolated hori- 
zontal tail with respect to the angle of attack. 
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In locating wings and tail on a fuselage it is necessary to take into account 
the variation in their lift due to the interference of the fuselage. The lift 
coefficient of wing cy in (6.4.13') should be determined from the expression 
(1 1.1.6), making allowance for the variation in the effective angle of attack 
of the sections due to the effect of interference with the fuselage. The con- 
cept of an average value of effective angle of attack along the wing span may 
be used to simplify calculations. This average value of effective angle of 
attack is determined by the formula 

Similarly for the tail surface 
- 
ae.t =a  [l + (2rllt)l. 

Thus the coefficient of tail lift, according to (1 1.5.7'), will be 

cy .b . t=~: .h . t  Ge.t-819 (1 I .5.6') 

where E is determined from the expression (6.4.13') in which 

here c;w=acyw/aa is the derivative of the lift coefficient of an isolated wing 
with respect to angle of attack. 

5.3 Supersonic speeds 
In investigating the interference of the tail surface with the wing the simpli- 

fied vortex model of the fuselage-wing combination (Fig. 11.5.3) may be 
used. According to this model each of the surface-panels is replaced by a 
bound vortex of intensity ro and by a free vortex of the same strength shed 
by the trailing edge of the panel. As the fuselage has lifting capacity it is also 
replaced by a section of bound vortex and by a free vortex moving down- 
stream. These vortices with intensity To are known as conjugate vortices. 
The location of conjugate free vortices corresponds to the law of conjugate 
radii [32] by which 

f.. - , - r2/ro - (1 1.5.8) 

The right side conjugate vortex has a strength equal to the right side free 
(external) vortex ro but in the opposite direction. The same applies to the left 
side vortex. Thus, the vortex model in question for a fuselage-wing combina- 
tion consists of two pairs of horseshoe vortices of intensity I'o. 

By the Zhukovskii formula (6.4.4) the lift force of the wing-panels in the 
presence of a fuselage will be 

A Y , ( ~ )  = 2pDo vDo r0 (zv - 1'1, (11.5.9) 



4 
B 

Fig. 11.5.3. Vortex model for 'fuselage-wing' combination: 

1-trailing (free) vortices for wing panel; 2-trailing (conjugate) vortices 
for fuselage; ;?--bound vortex for wing panel; 4-bound (conjugate) 

vortices for fuselage; 5-wing; 6-tail. 

and the lift force on the fuselage in the presence of the wing will be 

Yf + A  Yf(,, = 2p, V ,  ro (r -2iv)y (11.5.10) 

where zv is the lateral coordinate of a free (trailing) vortex coinciding with the 
center of gravity of the vortex sheet; ziv is the coordinate of a conjugate 
vortex, which is equal to 

ziv = r2/zV (11.5.11) 

by formula (11.5.8); the quantity (2,-r) determines the length of the bound 
vortex (lifting line) on the panel; (r-ziv) represents the length of the section 
of conjugate bound vortex inside the fuselage. 

The lift force of the wing-fuselage combination (without the lift force of 
the nose section of the fuselage) is 

Yf,,- Yf = A  Yf(,) + AYw(f)=2p, Vm To [G-(r2/zv)]. (1 1.5.12) 

This lift force is also determined by (11.5.3) without allowing for the lift of the 
fuselage 2nar2q,. Consequently 

1 - 2nar2q,= 2.a (s:), [l - -Jqm. (1 1.5.13) 
<&)w 

Let us examine expression (1 1.5.2). The value of lift it incorporates can 
be represented in the following form: 

YfYw~t = Yf +A Yfcw) + A  Ywcf) + A  Yfct, + A Yt(n + A  Yf(t), + A Yt(f), 

(the last two components with index "v" are based on the effect of vortices). 



It can also be written that 

YfYW = Yf + A Yf(,, + AYw(f,; 
Yf,t = Yf + AYr(t) + A  Yt(f). 

Therefore 

Vt = 1 + ( A  Yf(t)v + A Yt(r)v)I(A Yf(o + A  Yt(0); (1 1.5.14) 

whence 

AYf(t,v+AYt(f,v=AY(f,t)v=[AYf(t)+AYt(f)] (qt- 1) 

or 

A Y(f,t)v = Yt (Kw + Kf) (qt - 1). 

The difference (qt- 1) can be obtained from the expression (1 1.5.4) in the 
following form: 

Using(11.5.13) this will be reduced to 

After substituting (11.5.17) and (11.5.15) and replacing Kw+Kf by the 
quantity [(in,), + 1l2/(i;), [see (1 1.2.61)], we get 

We should keep in mind that this formula is obtained on the assumption 
that the vortex sheet from the wings and the corresponding free vortices are 
situated in the plane of the tail surface and the section of this tail surface 
surrounded by the vortex sheet completely loses its lifting property, i.e. lift 
force on that part is equal to zero. In reality this assumption, as shown earlier, 
is not fully justified and hence formula (1 1.5.1 8) should be regarded as the 
relation determining only the order of value A Y(at,,. To improve the relation 
(1 1.5.18) we introduce correction coefficient (yv), which accounts for the 
effect of vertical coordinate y, of the free vortex (see Fig. 11 5 3 )  on lift force 
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AY(4,t)v. Taking this coefficient into account, we get 

The second multiplier here determines the intensity of the vortex in non- 
dimensional form and the third component gives the lift force per unit angle 
of attack for an isolated tail. The first factor consisting of coefficient g, (y,) 
depends on the position of the vortex and is independent of its intensity. This 
factor is called the coefficient of interference and is denoted by it. Introduc- 
ing this coefficient and replacing r by the radius of fuselage at tail rt, we have 

According to (1 1.5.9) the circulation 

TO = A  Yw(f)/[2p, V ,  (2, - rw)]. (11.5.20) 

Replacing A Yw(f, here from (1 1.2.5), we get 

ro = KwYwI[2p, V ,  (zv - rw)l. 

the circulation 

Let us take 

A ~ ( f , ~ ) ~  = (~,)(f ,~)~ S, yt = (a~,iaa)~ WOO st (1 1.5.22) 

in equation (1 1.5.19), where S is some characteristic area, St'is the plan 
area of an isolated tail surface which is connected with aspect ratio It by the 
formula 

A, = 4 [(s,,)~ - rtlz!st. (1 1.5.23) 

Taking (1 1.5.21) through (1 1.5.23), the relation (1 1.5.19) is transformed 
into an expression determining the coefficient of lift force of the tail: 

To apply formula (1 1.5.24) it is necessary to know the horizontal coordinate 
zv of a free vortex and its vertical coordinate yv (Fig. 11 5.4). Together these 
coordinates determine coefficient of interference it. 

The vortex model of the fuselage-wing combination can be used to deter- 



nine the coordina,te 5 of a trailing (free) vortex. Let us consider a vortex 
;beet trailing from the wing-panels and calculate the circulation around an 
2lementary contour in the form of a rectangle ABCD having sides 6y and 6.2 
near the trailing edge of the wing. From Fig. 11.5.5 we see that 

Fig. 11.5.4. Determination of position'of trailing free vortex. 

This circulation is assumed to be positive for a vortex rotating in an anti- 
clockwise direction. Let the potentials on the upper and lower sides be .+ 
and qr respectively. Then 

Fig. 1 I .5.5. Scheme for formation of vortex sheet trailing from wing panel. 

Since the potentials pr and p, near the trailing edge are determined for 
the condition y=O and hence depend only on z it is possible to use the total 
derivative and write 
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when the distribution of circulation 

Here the index ABCD is left out. So knowing the velocity potential along the 
trailing edge of the wing-panels it is possible to find the strength of the vortex 
sheet per unit span, i.e. to find the derivative dT1d.z and also the distribution 
of circulation. This potential can be determined from the expression 
(1 1 .2.201) by taking y = 0 in it: 

where the plus sign corresponds to the potential pu on the upper surface and 
the minus sign refers to the potential ~ I I  on the lower surface. 

According to (1 1.5.26) 

The circulation at the root section will be obtained when z=r: 

The ratio of these circulations will then be given by 

If we assume that the vortex sheet is replaced by a vortex of circulation 
strength I'o at the root section, 

I Tdz = TO (z, - r), 

where the integral represents an area bounded by a curve of circulation for 
the panels and TO (zv-r) gives the quantity equal to this area. 

Inserting the value of r from (1 1.5.30) in (1 1.5.31), we get 

Let us introduce the nondimensional parameter 
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where i = z/s,, r, = r/sm. 
The integral on the right side is solved by numerical methods. The results 

of numerical integration are as follows: 

From these data the parameter (zv-r)/(sm-r) is found as a function of 
rs = rls,. The coordinates z, obtained determined the lateral position of the 
vortex on the wing. Experiments show that the similar vortex coordinate for 
the tail surface differs from the value of zv obtained on the wing. However, 
this difference is small because the position of the vortices differs insignificant- 
ly in the lateral direction. Therefore the value of zv for the tail is taken as 
equal to that for the wing without much loss of accuracy in calculations. 

To determine the coordinate yv of the trailing vortices near the tail we 
will base our reasoning on the assumption that these vortices coincide with 
the direction of the flow. Further, if it is assumed that this coordinate is 
situated above the center of gravity of the tail assembly worked out with 
allowance for the part obscured by the fuselage then, according to Fig. 
11.5.4, we have 

where (xc.Jt is the distance of the center of gravity of the tail from the trail- 
ing edge of the wing. 

5.4 Coefficient of interference 
Let us now consider the problem of the coefficient of interference. From 

(11.5.19) it follows that 

According to this expression the coefficient of interference can be regarded as 
the ratio of two nondimensional quantities, one of which represents the ratio 
of lift force A Y(f,t,,/ Yt and the other the nondimensional circulation charac- 
terizing the intensity of the trailing vortex. The fact that the coefficient it 
depends on the ratio of lift forces allows us to apply the simplest method for 
determination of it even if this method does not give exact values of the abso- 
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lute quantities A Y(f,t,, or Yt but helps us to find their correct ratio. Here we 
have the known analogy between coefficients of interference K,, Kf from one 
side and the coefficient it from the other side. As shown earlier, the coeffi- 
cients K,, Kf, representing the ratios of corresponding lift forces, are deter- 
mined with sufficient accuracy by the aerodynamic theory of a thin body, 
which facilitated calculation of the absolute values of lift force with inter- 
ference of some combinations. 

Keeping the above discussion in view, the deductions of aerodynamic 
theory of the flow-interaction of thin bodies can be used for determination of 
the ratio A Y(f& Yt and the corresponding coefficient it. The data obtained 
can be used to calculate interference of the tail part corresponding to thick 
combinations. 

The method of reversal of flow, which we studied while investigating the 
flow-interaction of a thin wing in normal and reverse flows, can be applied to 
determine lift force AY(f,t),. In the present case the relation between the 
aerodynamic characteristics of the fuselage wing-tail in two opposite flows is 
established with the help of the basic relation of this method obtained in 
Chapter 8 Section 13. 

Let the tail be kept at zero angle of attack with respect to the fuselage and 
the whole combination be placed in a flow at an angle of attack af. The vor- 
tices trailing from the wing induce downwash angle near the tail -&=ai so 
that the effective angle of attack of the tail surfaces will be af+ai. The flow 
about combination A consisting of fuselage and tail (Fig. 11.5.6) can be 
represented as the complex flow formed as a result of addition of flows about 
similar combinations B and C following the formula A = B + C. In combina- 
tion B the fuselage and tail surface have the same angle of attack af; in com- 
bination C the fuselage is not inclined to the flow (af=O) and the tail surface 
is in the flow at an angle at, which is induced by the vortices. 

The lift force of the combination C can be determined by the method of 
reversal of flow. For the direct flow (see Fig. 11.5.6) we take the following 
conditions according to the notations of formula (8.13.8'): 

a1 = af =0, for area Sf of fuselage under tail surface; 

a1 =ai, for area St of tail surfaces. . 
} (11.5.36) 

For the reversed flow (see Fig. 11.5.6) we assume that fuselage and tail are at 
unit angle of attack, i.e. 

a2 = 1, for area Sf; 
a2= 1, for area St. 

Applying formula (8.13.8'), we get 



The integral on the left side determines resultant lift force of the fuselage- 
tail combination established by the vortex 

A y , t , v =  yf(t)v + A yt~flv = q- J J ~j~ d ~ ;  
(Sf +st) 

therefore 

A S + G  I n ,  
Fig. 11.5.6. Calculation of effectiveness of tail by method of reversal for 

'fuselage-tail' combination: 

I--combination in direct flow; ZZ~ombination in reversed flow. 

Let us assume that the angle of attack ai depends solely on lateral coordi- 
nate z and remains constant along the chord of the tail. Bearing in mind 
that dS=dx .dz, we get, after integration with respect to x, the relation 

The quantity 

represents aerodynamic load at a spanwise station of wing, which is deter- 
mined for unit angle of inclination of fuselage and tail surface to the flow. In 
expression (1 1.5.40) x,, xt are coordinates of points on the leading and trail- 
ing edge respectively, b is the chord of the tail section; < is the coefficient 
of lift of the tail section. 

Let us take formula (1 1.2.52') for A Y,(f) to calculate the loading (1 1.5.40). 
Introducing the notations a = af, A Y,(q= A Y t ( ~ ,  s,,, = (s,,,)~ and performing 
integration with respect to x, we get 



Cdmparing (11.5.41) and (11.5.39), it can be concluded that the spanwise 
loading at unit angle of attack for tail surface and fuselage (af=ai= 1) is ' 
determined by the quantity 

Even though the integration was carried out for a triangular tail surface in a 
uniform direct flow the distribution of spanwise loading for thinrconfigura- 
tions, as can be seen from (1 1.5.42), does not'depend on the plan of the tail sur- 
face. Its value at a given point with coordinate z on the tail surface joined to a 
fuselage of radius r is determined only by semi-span (s&. Therefore formula 
(11.5.42) is applicable for determination of loading of a delta wing in a 
reversed flow. The loading appearing in (11.5.39) will be equal to the load- 
ing (1 1.5.42), i.e. 

b . c,, = (b c;)~(~. 

Then 

It is required to determine angle of attack ai= - E  in this expression; it is 
equal to the downwash angle near the tail in its absolute value. 

In a supersonic flow the downwash angles 

111;- must be determined making allowance for 
the boundary of zones of effect of vortices. 
The zone of effect for the left bound vortex 
is defined by the Mach cone with apex at 
point B (Fig. 11.5.7). In region Z situated 
outside of these cones vortex effect is absent 
and downwash is equal to zero. In region ZI 
bounded by the Mach cone with apex at the 
origin of the bound vortex downwash is 
determined by the action of the vortex con- 
tained by this cone. 

Fig. 1.5.7. Zones of vortex-efect Let US consider the tail surface situated 
in supersonic flow: in region ZII where the induced velocities due 

i-wing; zeMach cone; jl-bound to the right side and left side vortices are 
vortex. superposed. At some distance from the trail- 

ing edge of the wing the vertical velocities 
of the linearized supersonic flow induced by the bound vortex are the same 
as thedownwash velocities createclby-the infinite vortices in an incompressible 
fluid. specifically,' for a wind having a'& = 2.5 this distance is equal to twice 
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the chord, and for a'& = 1 it is approximately equal to 314 of the chord. Consi- 
dering that the tail surface is situated at a fair distance from the wing, we 
will determine the downwash velocity with the heIp of expression (6.4.7) in 
which the induced velocity is calculated by formula (2.7.12). 'Assuming 
w = WN, r =ro and h = r in this formula we can write the following relation 

$k 
for the point N (y=O) lying on the tail surface (Fig. 11.5.8): 

w~ = rol(2nr). 

The vertical component velocity induced by the right side vortex is: 

and by the left side vortex: 

The resultant vertical velocity 

Fig. 11.5.8. Determination of downwash near tail situated behind wing. 

The corresponding downwash angle 

Inserting the value of ai= -6 in (1 1.5.43), we get 
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Fig. 11.5.9. Coefficients of interference for triangular tail. 

A Y(f , t )Y  = - 4qm n Vm [ z + y; + (z, +z)' + I 
r 

Substituting (1 1.5.48) in formula (11.5.35) in which, according to (8.8.48), 
the value of tail lift will be 

Yt = (c,), qm St = 2an cot K qm St = 2an qm[(s,t,)t - rI2, (8.8.48') 

the coeficient of interference will be 

The values of it can be worked out by numerical integration. According to 
(1 1.5.49) they will be functions of ~londimensional parameters y,/(~,~)~, zv/(s,Jt 
and r/(s,Jt independent of the plan of the tail surface. 

Calculations by another method based on the "strip theory" [51] showed 
that it also depends on the form determined by the inverse of the taper ratio 
of the tail surface bt/b,. A typical diagram, constructed from the results of 
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these calculations for a delta wing (z= bt/b,=O), is reproduced in Fig. 
11.5.9. In fact, it seems to be the function slowly varying with bt/b, and r/(s,)% 
for small values of u/(s&. 

Let us examine an approximate method of determining it using (1 1.5.49), 
based on the assumption that the downwash along the span will be constant 
and equal to its value at the center of pressure of the tail surface. Assuming 
that point N(see Fig. 11.5.8) coincides with the center of pressure located at 
the origin of coordinates (y =z=O), we will find the downwash angle from 
(1 1.5.47): 

Hence equation (1 1.5.48) takes the form 

Performing integration and using (8.8.48'), we get the relation 

*----------------------- 
(Kwh (11.5.52) 

In (11.5.52) the coefficient of interference K w  (1 1.2.60) for the fuselage-tail 
combination appears as a factor of one of the terms. Taking this into 
account and substituting (1 1.5.52) in (1 1.5.35), we get 

where 

Let us find the coefficient of effectiveness of the tail from the value of it. 
Taking the area of an isolated wing Sw as a characteristic area, the equation 
(11.5.14) can be rewritten taking into account (8.8.48'): 



Inserting here the value of 

(~~)(f,t)vl(~y)t = A Y(f,t)v/ Yt, 

obtained from (1 1.5.35), we get 

i t  r o  
'It = '2 (Kw + Kf)t na ~co[(~m)t - rt] ' 

Substituting the corresponding values (1 1.2.61) and (1 1.5.21)  for'(^^+ K& 
and f o ,  we find 

6. Control Elements 

6.1 Basic types of control elements 
The trajectory of an uncontrolled flight vehicle experiencing only the 

interaction forces of resistance and weight is usually known as a natural or 
ballistic trajectory. This kind of flight vehicle is characterized by the absence 
of any artificially created aerodynamic or other control force perpendicular 
to the trajectory. 

The trajectory of a controllable flight vehicle, performing a given maneu- 
ver, wlll differ from the natural trajectory due to additional control force 
coinciding in direction with the normal to the flight velocity vector. Devices 
that create the necessary control force are known as control elements. 

The elements of control are used in the flight vehicle's control system, 
which consists of a group of apparatuses and various mechanisms measuring 
deviation of the physical motion of the flight vehicle from the given flight 
conditions, registering appropriate signals and creating a control force. 

Depending on the physical nature of the control force the elements of 
control can be divided into three basic types: aerodynamic, gas dynamic 
and combined control elements. 

The aerodynamic control elements produce a control force by changing 
the conditions of external flow-interaction and hence the control force is 
aerodynamic by nature. Control elements of this kind are the means of 
changing the magnitude and direction of the total vector of aerodynamic 
forces. 

The working of gas dynamic control elements is based on the use of the 
effect induced by varying the direction of a gas jet emerging from the nozzle 
of a jet engine. The control force appears as a result of inclination of the 
thrust vector from the direction of a tangent to the flight trajectory. Special 
controlling jet engines are used in some designs of gas dynamic control ele- 
ments. These control elements are applied under conditions where aero- 
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dynamic control elements are less effective, for example, in rarefied layers of 
atmosphere or at low speeds of the flight vehicle (in particular, on launch- 
ing a rocket from the ground). 

Combined control elements use the effect of aerodynamic and gas 
dynamic organs of control simultaneously to produce a control force. 

Each type of control element consists of a large number of control 
mechanisms of fixed types. The choice of type of control elements and fixed 
types of control mechanism is related to the aerodynamic system, which is , 

determined by the type of flight vehicle and its tactico-technical requirements. 
The fixed aerodynamic scheme, the type of control element and its detailed 
construction, fulfilling given tactico-technical requirements, correspond to a 
given flight vehicle. 

Fig. 11.6.$. Basic types of control surfaces: 

a-movablea as a whole; b-tip movable; c-situated along trailing edge. 

A detailed discussion of the organs of control and the method of analyz- 
ing them is found in the work [lo]. Only some types of aerodynamic control 
elements and methods of analysis will be discussed in this section, including 
in particular the group of control surfaces widely used in aviational and 
rocket designs. 

The control surfaces, or simply controls, situated at different points on 
the flight vehicle, can be classifi- 
ed in the following way (Fig. 
11.6.1): control elements of the. 
type of the hinged tail; end ele- 
ments of control; co~trol  ele- 
ments located along the trailing 
edge of a lifting surface. The end 
elements ~ f ~ c o n t r o l  can, in their 
awn way, be divided into ordi- 
nary end controls elements with 
balancing (Fig. 1 1.6.2). 

The control ekments located Fig. 11.6.2. Types of tip-movable controls: 
along -the edge - a-conventional tip-movable control; b-with 
1 1.6.3). can be used in the form . . . compensation. 



of part of a control surface with constant or variable chord (control surface 
with taper). The controls can be placed all along the wing span or may occupy 
part of the trailing edge (internal or external controls). The control elements 
of flight vehicles take the form of rudder, elevator, ailerons and elevons. 

Fig. 11.6.3. Types of control situated near trailing edge: 

a-with constant chord; b-with reverse taper; I-inner control; 
2-outer control; 3--control extending over whole span. 

The rudder controls are usually located in the vertical plane of symmetry 
in such a way that the chord coincides with the direction of the longitudinal 
axis of the flight vehicle. The deflection of this control results in turning the 
vehicle to the left or right side. The elevator controls are situated perpendi- 
cular to the plane of the rudder control. Deflection produces a change of 
flight direction in the vertical plane and hence a change in altitude. The com- 
bination of rudder and elevator controls makes it possible to control a flight 
vehicle in two mutually perpendicular planes simultaneously, i.e. to perform 
practically any maneuver in space. 

The other system of a controlling flight vehicle in the air is also popular. 
In this elevator and aileron controls, are used. Ailerons, also known as bank- 
ing controls, consist of two controlling surfaces located on the trailing edges 
of the two wing-panels. They deflect in opposite directions and cause the 
flight vehicle to bank. When they are operated the lateral component of force 
comes into play, causing the vehicle to turn. Obviously simultaneous opera- 
tion of elevator and ailerons can change the value of this component. Besides, 
deflection of the elevator while banking facilitates control of the flight altitude 
and compensates the reduction in lift due to banking. 

Unlike ailerons, the ailerons deflect in any direction independent of one 
another and therefore are used as roll controls as well as elevators when 
simultaneously applied. 

6.2 Aerodynamic analysis of controls 
Determination of the aerodynamic characteristics of control elements is 

an important and at the same time difficult problem. The methods of ana- 
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lysis of these characteristics are mainly based on experimental research on 
aerodynamic controls of various types. During the last few years theoretical 
research on aerodynamic controls has proliferated on the basis of the 
achievements of mathematics and mechanics which, in particular, made possi- 
ble techniques of analysis of thin control surfaces located on a fuselage of 
small thickness. The results of this aerodynamic theory of thin bodies in a 
series of cases tally well with the experiments and also help us to understand 
various phenomena connected with the mechanism of the development of , 
control forces. 

Let us use this theory to study the methods of calculation of some types 
of aerodynamic controls. 

External control: Let us consider the anaIysis of the aerodynamic force 
of the control situated along the trailing edge of the wing and making up 
part of its surface. For this purpose we use the method of flow reversal, 
facilitating calculation of the effect of wing and fuselage on this force. Here 
we will use the relations of the aerodynamic theory of a thin body according 
to which the plan of a control surface has no effect on the value of the force 
it creates. 

Fig. 11.6.4. Scheme for calculation of aerodynamic characteristics of 
outer control by method of reversal of flow: 

a-direct flow; b-reversed flow; I--control surface area Sc; 2-wing 
area S,; 3-area St occupied by fuselage under wing. 

Let us assume that the control surface occupies part of the wing surface 
along the trailing edge over length sm-si (Fig. 11 $6.4). The lift force induced 
by this control surface will be calculated on the assumption that the fuselage 
and wing are located in a direct flow at zero angle of attack (a1 =0) and the 
control surface deflection is 6 (a1=6). We assume that the fuselage-wing- 
control surface combination in a reversed flow is placed at a general angle of 
attack a2=6. According to formula (8.13.8') of the method of reversal, for 
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thecase in question 

or dividing both sides by 6, we have 

Here the left side determines the unknown lift force of the fuselage-wing- 
control surface combination arising out of control surface deflection in terms 
of velocity head qw = p , ~ 2 / 2 ,  i.e. 

yC=qw 11 4 2  ds. (1 1.6.2) 

(S,, 

Taking the elementary area of the control surface dS=dxdz, we have 
sm Xt 

The quantity 

i.e. it is equal to the wing loading at a section of wing determined during 
inclination of the fuselage and wing-panel by angle 6. According to aero- 
dynamic theory this loading during flow-interaction by reversed flow is 
independent as the lift of a section concentrated at its leading edge. 

The coefficient of differential pressure 

Therefore the loading at a wing-section, taking into account equation 
(1 1.5.40), will be 

Inserting this expression in (1 1.5.39), we get- . 
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It  can easily be seen that this expression is similar to the relation (11.5.41) 
obtained earlier. Carrying out integration and using (1 1.6.6) for the lift of 
the isolated wing 

Yw = 26nqm (sm - (1 1.6.7) 

produced by two connected end elements of control, we get 

1 1-2i:+rf + (1 + rt) sin-I i- r: sin- 1 (1+r2)x-2r: , (11,6.8) 
1 -r: (1 - r:) i; I 

where - 
rs= r/sm, si = sI/sm. 

The ratio Y,/ Yw depends only 
yc 

on the geometrical parameters at 
the trailing edge. The relation of 
(Yc/ Yw) with r/sm at different 
values of si/sm is shown in Fig. 
11.6.5. The lift force of the com- 2.0 
bination may considerably exceed 
the lift Y, of the isolated wing due 
to interference between the fuse- 
lage and the wing with deflected 
control surface. For a given value 1.5 
of r/~m and increased ratio of si/r 
the lift force of the combination 
increases due to the effect of the 
control surface. This is explained 
by the fact that the pressure field t o  

0.4 
created during the flow over the 0.8 r/s, 

control surface "covers" a consi- Fig. 11.6.5. Aerodynamic effectiveness 

derable area of wing. of control elements: 

AU movable control surfaces: I--controls; 2-wing; 3-fusdage. 

TakingtSi=r, ( ~ i = r )  in (1 1.6.3), we get the general relation for Yc for all 
movable control surfaces: 

xt 



Substituting here the value of the second integral from (1 1.6.5) and dividing 
thefexpression so obtained by the lift force of the wing (1 1.6.7), we arrive at 
formula (1 1.6.8), in which < is replaced by the quantity r,: 

This expression coincides with formula (1 1.2.60) determining coefficient of 
interference Kw for a wing joined to a fuselage. 

In this way an interesting result has been obtained according to which the 
interference effect as a whole for the combination of fuselage-hinged wing 
seems to be the same as for a fixed wing with interaction of the fuselage at 
some angle of attack in a flow. 

According to the above discussion 

Yc/ Yw = Kw. (1 1.6.10) 

The lift force Y, can be expressed as a sum: 

Yc= Y,(f)a + Yfcw)a, (11.6.11) 

where the first term represents lift force on a wing inclined by an angle 6 and 
undergoing the effect of the fuselage; the second term indicates lift force on 
the part of the fuselage based on its interference with the wing. Each of these 
components can be represented in the form: 

Yw(f)a=kw Yw; (1 1.6.12) 
Yf(w)a= kfyw, (11.6.13) 

where k, and kf, by the analogy with the coefficients Kw and Kf adduced 
earlier, are the coefficients of interference based on deflection of all moving 
control surfaces by an angle 6 at a = 0. 

According to (1 1.6.11) 

Yc = (k, + kf) Yw, (1 1.6.14) 

and taking (1 1.6.10) into account 
k, +kf = K,v. 

We need one more equation connecting these coefficients among them- 
selves in order to determine kw and kf. To get this equation we assume that 
the wing "transfers" part of its lift to the fuselage whether or not this force is 
created by the effect of angle of attack a of the combination or by the angle 
of wing setting 6. This part of the lift, based on the effect of angle of attack a, 
is determined by the relation 

A Yf(w)alA Yw(f)a=KfIKw, (1 1.6.16) 
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and the ratio 

Yf(W)alA YW(f!a=kf/kw (1 1.6.17) 

determines the part of the lift force imparted to the fuselage at angle of 
deflection 6. According to this hypothesis these two parts are equal and 
hence 

kf/kw=Kf/Kw. (1 1.6.18) 

This equation can be rewritten in the form 

(kf + kw)/kw = (Kf + Kw)/Kw. 

Using the values of (1 1.6.15) and (1 1.2.61) for kf+k, and Kf + Kw respectively 
we get the following expression for the coefficient of interference: 

k, = K;/(l+ rJ2. (1 1.6.19) 

The coefficient kf, in accordance with (1 I .6.15), will then be given by 

kf = Kw - kw. (1 1.6.20) 

The relations so obtained are also valid for a fuselage-wing-tail combination. 
Let us write the relations used for the calculation of the coefficient of lift 

for the flight vehicle with a given angle of attack for the fuselage and simul- 
taneous deflection of the wing and fuselage by the angles 6, and at respec- 
tively (coefficients are based on the isolated wing area S,). 

1. Coefficient of lift of isolated fuselage 

2. Coefficient of lift of wing in the presence of a fuselage 

3. Coefficient of lift of fuselage in the presence of a wing 

(cy)f(Wt = (Kfa +kfS,) (c;);),. (1 1.6.23) 

4. Coefficient of lift of tail in the presence of fuselage (without the effect 
of wing vortices) 

where the coefficients of interference Kt and kt are found from the parameters 
for the tail in the same way as the coefficients K ,  and k ,  were determined 
from the wing parameters; St is the area of isolated tail surface. 

5. Coefficient of lift of the fuselage in the presence of a tail (without the 
effect of wing vortices) 
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where the coefficients of interference (Kf)t  and (kf)r are obtained from the 
parameters of the tail surface by analogy with the coefficients Kf and k f  
calculated from the wing parameters. 

6. Coefficient of lift of the tail section due to wing vortices 

This formula is obtained from the expression ( 1  1.5.24) in which. the quan- 
tity K,a is replaced by the value of Kwa+kwGw and the characteristic area 
S is replaced by S,. 

7. Resultant coefficient of lift for the combination 

The coefficients of interference k, and kf obtained from the above relations 
are, strictly speaking, applicable to thin combinations. However, they can be 
used in approximate calculations of "thick" wings and fuselages, like the 
coefficients K, and K f ,  given sizes and forms such that the disturbed flow 
remains linearized. Calculating Y ,  for an isolated wing by linearized theory 
taking into account its form and the effect of Mach number M, and as- 
suming k ,  and k f  as in the theory of a thin body, it is possible to get more 
accurate results of lift created by control elements provided on "thick" 
combinations. 

Internal control: The effectiveness of internal elements of control located 
along the trailing edge (Fig. 11.6.6) can be determined by the method of flow 
reversal using the results obtained for external controls and all moving 

Fig. 11.6.6. Scheme for calculation of aerodynamic characteristics of inner 
control by method of reversal of flow: 

a-direct flow; b-reversed flow; I-area of control SC; 2-wing area Sw; 
3-area Sf  occupied by fuselage below wing. 





This ratio, calculated from the theory of a thin body, can be applied to 
similar "thick" combinations. Then, using the value of Yw.i obtained from 
the linearized theory, it is possible to determine the lift force for internal 
control surface taking into account its form and the effect of Mach number 
M,. 



FRICTION 

So far we have been studying problems of aerodynamics relating to the 
investigation of motion based on the model of an inviscid and nonconduct- 
ing medium. It is natural that the solutions we arrived at should not have 
answered the questions concerning the frictional forces and heat transfer 
that arise during the flow-interaction of bodies. Chapters 12 and 13 of this 
textbook are devoted to the study of these problems. It should be borne in 
mind that these two factors, friction and heat transfer, are not just formally 
related to each other, i.e. by quantitative relations, but also by the existence 
of general mechanisms of momentum transfer and of heat transfer in a vis- 
cous and conducting gas. In a laminar flow, as we learned earlier, this mecha- 
nism is based on molecular mixing and in a turbulent flow it can be called 
molecular exchange. Therefore this class of problems concerning viscous 
and heat interactions is related to the solution of the system of equations 
involving the Navier-Stokes equation and the energy equation (see system 
3.3.10). These equations, in their general form, are very complicated and 
difficult to solve. However, they are considerably simplified for thin bound- 
ary layers. In practice the equations for the boundary layer form the theore- 
tical basis of investigation of a viscous and conducting gas. Their solution 
provides data on both frictional forceand heat transfer. 

However, friction can be considered separately without consideration of 
heat transfer on certain assumptions. This analysis will be carried out inde- 
pendently using results obtained for viscous interaction. This simplifies in- 
vestigations even though it may leave us with more approximate results. For 
this purpose the present chapter is devoted to friction and Chapter 13 to heat 
transfer. 

As we will see later on, study of the boundary layer helps to prepare the 
ground for use of the data on pressure arising in an inviscid gas during the 
flow-interaction of bodies for the case of a real viscous gaseous medium.. 

1. Boundary Layer Equations 

Let us consider a steady plane motion of viscous compressible fluid on a 
547 
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curyilinear surface. The Navier-Stokes differential equations used for the 
study of this motion take the form of the first two equations in system 
(3.3.10). Inserting 

div F= (a vXlax) + (a vYlay), 

ez=0.5 [(avx/a~) +(a V Y I ~ X ~ I  
in these equations and assuming the partial derivatives aVx/at and aVy/at are 
equal to zero, we get: 

Let us examine the flow of a fluid with low viscosity, i.e. with small 
values of coefficient v = pip. From (12.1.1) it may be seen that if viscosity 
happens to be a significant property of the flow the co-factors of v must be 
quite high so as to compensate the low values of V. The effect of stagnation 
due to frictional forces is not high in a free flow. Therefore the changes in 
velocity in different directions, which are determined by the derivatives aV J 
ax, aVx/ay, etc., will be small. As a result the co-factors of v will be small 
and may be neglected in the equations which account for the effect of fric- 
tional forces. This leads to the conclusion that the investigation of a free 
flow can be carried out on the basis of Euler's equations for an ideal (inviscid) 

fluid. The effect of viscosity in- 
creases as we approach the sur- 
face in the flow and this results in 
considerable changes in velocity 
in different directions. Therefore 
the terms containing v, which 
characterize the effect of visco- 
sity, cannot be neglected and, 

- strictly speaking, it is necessary 
to apply the Navier-Stokes equa- 
tions (1 2. l .  l )  in the study of this 

Fig. 12.1.1. Schematic diagram of boundary 
layer: viscous flow. This is the first 

1-boundary layer; 2-limit of boundary layer; 
condition of the theory of the 

3-surface in flow. boundary layer. 
The second condition of this 

theory indicates the possibility of simplifying the Navier-Stokes equations 
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when studying fluid motion in a boundary layer of small thickness 6. Let us 
study the meaning of these simplified boundary layer equations which are 
based on determination of the order of terms in (12.1.1) and their successive 
comparison. 

In line with the assumption of small thickness of the boundary layer we 
assume that 6 <L, where L is some characteristic linear dimension, for exam- 
ple, the length of the body in the flow (Fig. 12.1.1). Since the inequality 
0 f y g d can be written for the coordinate y of a point in the boundary layer 
the order of value of the coordinate is y - d. The second coordinate x deter- 
mining the distance along the boundary layer has the order of L (x-L). If 
the notation Vg is introduced for the velocity at the external surface of the 
boundary layer the order of velocity Vx at any point of the boundary layer 
with coordinate y will be Vx - V,. 

The equation of continuity (2.4.50') can be used to determine the order 
of the second component of velocity. Then we have 

Let us take the order of density p equal to the value of density ps at the sur- 
face of the boundary layer. To find the order of derivative a(pVx)/ax we use 
the condition that the quantity pV, can be changed to the quantity of the 
order pa Vg (for example, from zero to pa Vs) moving along the surface at a 
distance of the order of characteristic length L, i.e. in a given case A(pVx) N 

ps Vg. As Ax-L is assumed, we have 

a (pvx)lax - pg v g l ~  . (12.1.2) 

Therefore for Vy we can write 

Vy~(lJpsL)  psvg 6= Vs8IL. (12.1.3) 

The order of the derivatives appearing in equation (12.1 .l) will be determined 
by analogy with (12.1.2). For example, 

aVx/ax - V,/L, a v,/ax- (Va 6/L) (i/L) = V, 6/L2, etc. (12.1.4) 

In light of these results let us consider the first equation of (12.1.1). The 
order of terms on the left side of this equation will be as follows: 

The two terms, as we see from the above, have the same order. 
For the terms accounting for the effect of frictional forces on the right 

side of the equation we get: 



1 2 { (12.1.6) 
1 a P va I 

3 4 

From (12.1.6) it may be seen that, since d<L, the first, second anh fourth 
terms have a higher order of smallness. They can be neglected in comparison 
with the third term. 

The order of the term ( l l p )  ap/ax is determined from Bernoulli's equation 
(3.4.11). Dropping potential function U from it (assuming that the weight of 
the gas has no effect on the motion) and carrying out differentiation, we find 
VdV = - dplp. This equation can also be written in the form ( l l p )  (aplax) = 

-V(aV/ax) as it deals with the external limit of the boundary layer where 
friction is negligibly small. Hence it follows that the quantity ( l l p )  (aplax) 
has the order of Vt/L.  

If a flow with marked viscosity is considered the order of the last and 
only term accounting for viscosity ( l l p )  a(paVx/ay)/ay should be taken to be 
the same as the remaining term, i.e. 

So the first equation of (12.1.1) can be written as: 

Let us take the second equation of (12.1.1). The order of terms appear- 
ing in it is determined in the same way as for the first equation and will be as 
follows: 

The last term on the right side can be neglected because it has a higher order 
of smallness than the other terms accounting for the effect of viscosity. Let 
us determine the order of quantity p/p=v so as to modify the order of the 
other terms expressing the viscous effect. The relation ( 1  2.1.7) o btail~ed 
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above can be used for this purpose. The order of the quantity on the left 
side of this relation is determined by the third expression of (12.1.6). There- 
fore 

(PIP) VdB2 -- V;lLY 

from which the order of the coefficient of kinematic viscosity will be: 

p/p = v Vg B2/L. (12.1.10) 

As a result of this the order of the remaining terms on the right side of 
(12.1.9) representing viscous effect will be as follows: 

It may be seen that the order of value of the terms in the second equation of 
(12.1.1) is lower than that in the first equation and hence these terms can be 
neglected. Then the second equation will be written in the form 

~ P I ~ Y  = 0. (12.1.12) 

According to this expression the pressure in the boundary layer along the 
normal to the wall does not change and is equal to pressurepa at the external 
surface of the boundary layer. From this it follows that a thin boundary Iayer 
has no effect on the pressure distribution in it. The result so obtained gives 
the condition of one of the important hypotheses of the theory of the bound- 
ary layer, namely, the hypothesis of absence of adverse effect of a boundary 
layer on free flow. According to this hypothesis the calculation of pressure 
distribution over the surface of a body in a flow, in the presence of a bound- 
ary layer, can be carried out on the basis of Euler's equations for an ideal 
(inviscid) medium and the shear stresses can be obtained from the simplified 
equation (12.1.8). This basic equation in the theory of the boundary layer 
is known as Prandtl's equation. 

This kind of analysis can be performed with the help of Euler's and 
Prandtl's equation as long as the thickness of the boundary layer is small in 
comparison with the dimensions of the body, that is, while it satisfies the 
hypothesis of absence of adverse effect of a boundary layer on free flow. At 
remote regions of the surface where the thickness of the boundary layer is 
considerable this hypothesis loses its meaning and the analysis of viscous 
flow-interaction should be performed, strictly speaking, on the basis of the 
general Navier-Stokes equations. 

Examining Prandtl's equation (12.1.8), it will be noticed that the coeffi- 
cient of dynamic viscosity p ,  which in the general case happens to be the 
function of pressure and temperature, appears in this equation. For a given 
section of boundary layer characterized by constant pressure pa the quantity 
p will change across the thickness of the layer as a function of temperature T. 
The same is also true for density p. Hence it is necessary to know the form 
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of fdnction T (y) when finding the solutions for p and p. To determine this 
function we have to consider the equation of energy in the form of the last 
equation of the system of equations (3.3.10). 

The equation of energy for the boundary layer is simplified like the 
Navier-Stokes equation. The corresponding modifications for deductions 
from the simplified equation of energy will be set out in Chapter 13. The 
equation in the form of (13.2.5') that we will use assumes the absenge of any 
type of heat transfer in the boundary layer other than heat conduction. If the 
Prandtl number in this equation is assumed to be equal to unity (Pr = 1) it 
takes the form of (13.2.6). Obviously one of the possible integrals of equation 
(13.2.6) will be the equality io=const, representing the condition of conserva- 
tion of total enthalpy of the gas particle, i.e. according to (13.2.2) the equality 
will be 

io= i+ (V:/2) = const. (12.1.13) 

It can be shown that this equality refers to the condition of absence of heat 
transfer near the wall, i.e. to the case of a thermally isolated surface. Actually, 
assuming i= cp.T and differentiating (12.1.13) with respect to y, we find 

CP ( a ~ ~ a y )  + vx (avX/ay) = 0. 

From this it follows that as y-+O the velocity Vx-+O and hence aT/ay=O (no 
temperature gradient), which proves the absence of heat transfer near the 
wall. So equation (12.1.13) in a simple form will be used in place of the com- 
plicated equation of energy in the form of (13.2.5'). Of course this form of 
energy equation does not correspond to the real character of the motion of a 
viscous gas in a boundary layer and gives only approximate values of the 
parameters, in particular, of frictional stress, that determine this motion. 
However, the results obtained seem to be valid for practical calculation 
of friction. 

Prandtl's equation and the equations of continuity, state and energy form 
the system of equations of a compressible boundary layer: 

Here in the equations of motion and of state pressure p is replaced by the 
quantity pa in accordance with (12.1.12). In the equation of energy the vari- 
able value of enthalpy i= c p .  T and the enthalpy at stagnation is = cp . TO. 

The system of equations obtained is suitable for the study of a laminar 
boundary layer. The solution of this system will be carried out under the 
following boundary conditions: 
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On the wall, at y = 0, Vn = V, = 0; 
A edge of boundary layer, at  y = b, V, = V8 (x) .  (12.1.15) 

The density and temperature appearing in (12.1.14) could be expressed 
tht ough the velocity in a boundary layer. 

From (12.1.13) it follows that 

C,  . T +  (V:/2) = C, . To, (12.1.16) 

and hence 

T=To [l -(V:/Vkax)]. 

Using the equation of state p=pRT, in which pressure p for the boundary 
layer is taken as equal to its value at the edge of the layer, we get the relation 
for density: 

Since the stagnation temperature 

and the density at the external limit of the boundary layer 

we get 

-I 

Vmax 

These equations help in working out the parameters of the boundary layer 
without allowance for the effect of physico-chemical changes which take place 
at very high speeds of flow-interaction during which the gas in a boundary 
layer is heated to very high temperatures. Therefore, strictly speaking, these 
equations are valid at comparatively low velocities when the temperature 
does not reach high values in the boundary layer. The effect of compressibi- 
lity and heated gas in a boundary layer diminishes with a decrease in the 
velocities of flow-interactions. 

For an incompressible two-dimensional plane boundary layer the system 
of equations will be written as: 



The integration of these equations will be performed for the boundary condi- 
tions given in (12.1.1 5). 

2. Generalized Equation of Boundary Layer 

2.1 Generalized equation of boundary layer in differential form 
Let us transform the equation of a steady boundary layer into a generaliz- 

ed form convenient for study of laminar as well as turbulent flows making 
allowance for the effect of physico-chemical changes taking place under the 
impact of high temperatures. 

Let us examine the elementary particle in a boundary layer in the form of a 
ring with internal radius r, width dx and thickness dy (Fig. 12.2.1). The action 
of flow around it will be replaced by the forces due to normal pressure and 
shear stress. Since a thin boundary layer is being considered the pressure at 
every point of the section passing through a given point A can be taken as 
constant and equal to its valueps on the free boundary of the layer. Therefore 
the force due to pressure on the left face of the ring in the direction of the x 
axis will be 

P =pa dS = 2nr pa dy. (12.2.1) 

d S =Zit rdy  

Fig. 12.2.1. Results of general equation of boundary layer. 

The force acting on the right side with the same area dS=2nr.dy is denot- 
ed by P,. As pressure pa is a function of coordinate x, i.e. pa = P ~ ( x ) ,  force P = 
P(x). According to this force Px=P(x+ dx) acts on the right face of the 
element, or since the coordinate of the section in question is x = O  the value of 
this force will be P,=P(dx). Expanding this function in Taylor's series and 
neglecting second- and higher-order terms, we get 

Px =P(O) + (8Plax) d-Y = 21crp~dy 

+ (alax) (2nrpady) dx = 2nr [pa + (dpddx) dx] dy. (12.2.2) 
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The differential force acting along the x axis will be 

P - Px = - 2nr (dpddx) dxdy. (12.2.3) 

The frictional forces imposed on the particle are worked out from the law 
of conjugate shear stresses (see Fig. 12.2.1). The forces acting on the front and 
rear areas do not give the force component along the x axis. This component 
is based on the action of tangential stresses on the internal and external sur- 
faces of the ring and is equal to Fx- F, where 

F= F(y) = zdS = 2nrtdx; 

FX = F(Y + dy) = F(Y) + ( ~ F I ~ Y V Y  
= 2nrrdx -I- @lay) (2nrzdx)dy; 

where z is the frictional stress at the internal surface of a ring. 
In this way the differential force of friction acting along the x axis 

Fx - F= 2n(a/ay) (rz)dxdy. (12.2.4) 

The product of the mass [density x volume] and acceleration of the par- 
ticle in question will be 

- 2nrp (dV,/dt) dxdy. (12.2.5) 

The sum of this quantity and the forces acting on the particle along the x axis 
is equal to zero, i.e. 

- 2nrp (dVx/dt) dxdy - 2nr (dpsldx) dxdy 
+ 2n @lay) (rz) dxdy = 0.  

Assuming that the total acceleration 

we find from the above expression the generalized equations 

Equation (12.2.6) is known as the generalized equation of a boundary layer in 
differential form. 

In studying a turbulent boundary layer the values of Vx, Vy, p and pa 
should be taken as average values and the frictional stress should be determin- 
ed from the expression 

z = (P -I- +TI (a  V X I ~ Y ) ,  (12.2.7) 

in which , u ~  is the coefficient of turbulent viscosity. 
The coefficient p~ can be regarded as an analog of coefficient of dynamic 

viscosity ,u for the case of a laminar flow of viscous gas. Obviously, for this 
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flow pr=O, frictional stress z=p(aVx/ay) and equation (12.2.6) will be re- 
written in the form 

In the general case when the gas undergoes physico-chemical changes 
under the action of high temperatures the coefficient p changes across the 
boundary layer. When these changes are absent the value of p is taken to be 
constant. In studying the boundary layer near a plain contour it is necessary 
to omit r from equation (12.2.8). 

2.2 Integral relation of boundary Iayer 
Let us change the generalized equation (12.2.6) to a somewhat different 

form which is widely used for practical calculations of boundary layers. For 
this purpose the left side s f  (12.2.6) is written in the form 

Calculating the derivatives in the continuity equation (2.4.48), we get 

From this we will have 

av, av a (pr)  - p r v x  - - p r l =  V: -+ V, v,, - 
a x  a~ ax a~ 

According to this 

av, avx) av: a ( v x v y )  pr Vx-+V - =pr-+pr- ( a ay ax a~ 

Using this expression in equation (12.2.61, we get 

a (pry:)+ a ( P ~ V  x v 1 = - r  dp, -+- a (rz). 
a x  a~ dx a~ 

Combining this with the equation of continuity written in the form 

we arrive at  the relation 
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Performing integration with respect to y within the limits of the boundary 
layer, we get 

The terms appearing in equation (12.2.10) will be expressed in the following 
form: 

8 

1. 1 $ [ P ~ V X  (VB - V,)I dy = pr V ,  (V8 - V,) dy 
0 0 

the expression above the bracket is equal to zero as Vx= V8 at y=b; 

because Vx=V8 aty=6and Vy=O at y=O; 



Keeping these results in view, equation (12.2.10) will be written as 

Carrying out simplifications here and assuming that for small thicknesses of 
boundary layer the coordinate r can be approximately replaced by the coordi- 
nate ro corresponding to the point on the surface under flow-interaction (see 
Fig. 12.2. l), we can write 

This generalized equation obtained by Karman is known as the integral 
equation of a boundary layer. It helps in directly determining the frictional 
stress z, at the wall, which is connected with the solution of the practical 
problem of determination of frictional drag. To apply the integral relation 
for this purpose we have to know the distribution of velocity along the thick- 
ness of the boundary layer, i.e. the type of function V, = V,(y). In Sections 
3 and 4 the different forms of this function for a laminar and a turbulent 
boundary layer will be studied. 

The solution of equation (12.2.16') must satisfy the condition on the 
external limit of the boundary layer, where at y=6  the velocity Vx=V8. If 
this velocity and pressure pa are known the parameters can be worked out by 
solution of Euler's equation for an ideal (inviscid) flow. The quantities V,, 
6 and z, happen to be unknown parameters. Thus equation (12.2.16') must 
be provided with two more additional independent equations involving the 
above-mentioned unknown parameters. The integral equation (12.2.16') 
facilitates application of these equations in approximate form. In particular, 
it is sufficient to represent velocity V, by a reasonably approximate relation. 
Even then quite satisfactory results can be obtained because velocity VJ, 
appears under an integral sign and in solving it the magnitude of the error 
diminishes. 
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2.3 Characteristic thicknesses of boundary layer 
Let us represent the integral equation (12.2.16) in a somewhat different 

form. For this purpose we transpose the last two terms on the left side with 
the help of relation (12.2.12) and we express dp8/dx, according to (3.6.3), in 
the form 

As a result we get 

We will write this equation in the form 

The integral 

determines the reduction in momentum (impulse) which is transferred 
through an area 2nr6 and conditioned by stagnation of flow in the boundary 
layer. Let us introduce the concept of momentum thickness 6** based on the 
thickness of some layer surrounding the surface 2nro6** across which the 
momentum of fluid 2nro 6**pa V: is transferred in unit time at constant velo- 
city Vg. This quantity is equal to the above reduction in  momentum 
(12.2.19), i.e. 

8 

2xr0 a** p, v:= J ~irrpv, (va- v,) dy. 
0 

Assuming rmro within the integral sign, we have 
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The second integral in (12.2.1 87, 
8 

determines the difference in the fluid flow rate per second through area 2nr6; 
for an inviscid gas flow we have 

8 
r 

and for a viscous gas flow we have 

This reduction in flow rate is due to the decrease in velocity of flow in the 
boundary layer. Let us introduce the concept of displacement thickness 6* 
representing a characteristic thickness of layer in an inviscid flow defining the 
surface 2nro6* across which the mass of fluid flows at constant velocity Vs at 
all points of this surface in unit time. This mass of fluid is equal to the above- 
ment~oned reduction in flow rate, i.e. 

Assuming rwro, we find 

It may be noticed that in expression (12.2.20) for 6** and in (12.2.21) for 6* 
the quantity r does not appear. Consequently the characteristic thicknesses 
for a compressible three-dimensional boundary layer can be approximately 
determined in the same way as a plane boundary layer. In the case of an 
incompressible flow it is necessary to take p = ps = const in the above expres- 
sions. Use of such parameters as displacement thickness 6" and momentum 
thickness 6**, representing particular physical properties of the boundary 
layer, helps us in a number of cases to achieve the most effective method of 
solution of the problem of motion of a viscous fluid. With the help of these 
parameters it is possible, in particular, to get the differential equation in a 
form more convenient for analysis of the boundary layer along curvilinear 
surfaces (see [2], [15], [16]). 



Let us take by way of illustration one of the applications of the concept 
of displacement thickness 6* used in aerodynamic research. From physical 
considerations it is clear that the external inviscid flow apparently compresses 
the boundary layer, displacing its stream lines away from the wall surface. 
Here thickness 6* can be taken as the quantity determining some average 
displacement of these stream lines. The external flow in this way interacts 
with the surface derived from the real surface of the body by extending it 
through 6" along the normal to it at all points of sections. The distribution 
of velocities and pressures in the external flow should be worked out as if the 
flow interacted with a new surface belonging to some fictitious thicker body. 
From the above discussion it may be seen that the use of the concept of dis- 
placement thickness helps to account for the adverse effect of the boundary 
layer on the parameters of external flow. 

3. Laminar Boundary Layer over Flat Plate 

Let us study the analysis of a boundary layer over a flat plate placed in 
a compressible flow. The solution of this problem plays an important part in 
the theory of viscous fluid flow. The parameters of a boundary layer obtained 
as a result of this analysis are used in practice for approximate estimation of 
viscous flow parameters not only past surfaces approximating to a flat plate 
but also past those widely different from it, for example, the viscous flow 
about bodies of revolution. However, as will be shown later, the formulas so 
obtained for the calculation of the parameters of an incompressible boundary 
layer over a flat plate retain their external form for the case of determination 
of the corresponding parameters of a boundary layer in a compressible 
medium. 

Let us take an integral relation for a flat plate. It is obtained from equa- 
tion (12.2.18) under the condition that r is eliminated from it and the deriva- 
tive dVa/dx is assumed to be zero as the velocity of free flow along the plate 
remains unchanged. We find therefore that 

IL 

We transform this equation using the new variables and q introduced by 
Academician A.A. Dorodnitsin [5]:  



where f(x) and g(x, y) are functions selected from the condition that the trans- 
formed integral relation of a compressible boundary layer will be closer to 
the form of the corresponding relation for an incompressible medium. The 
integration of this relation is a comparatively simple problem. 

According to (12.3.2) the derivative 

where qa is a value of q corresponding to the external limit of the boundary 
layer. In this equation 

a I 'la - pvx (Va - v x ) q  = - pvx (Va- VX) a~ g g 
I =o, 
0 

0 

because at q=0 on the wall the velocity component Vx=O and at the edge of 
the layer with q=qa its value is Vx=Va. Therefore equation (12.3.1) can be 
rewritten in the form 

It is necessary to take p/g=const so that the integral in this relation coincides 
with the corresponding expression for an incompressible medium. As the 
function g, according to (12.3.2), happens to be nondimensional it can be 
taken as constant and equal to the density at stagnation, i.e. p/g=po. 
Hence 

In the same way, for (12.3.3) we get 

The right side ofthis equation will be 



From (12.1.21) it follows that the density at the wall 

P ,  = p6 11 - (v;/V:ax)I = P ~ T ~ I T o = P ~ P o / P o ~  (12.3.5) 

whence 

P W ~ P O  =palPo * (12.3.5') 

Therefore 

Taking this expression into account, we have 

Let us here take ps/po=fw, i.e. assume that 

Accordingly, 

Equation (12.3.7) coincides in form with the corresponding boundary layer 
relation for an inc~rn~ressi'ble medium in the system of coordinates 5, g. 
Consequently the method used in the theory of the boundary layer of an in- 
compressible fluid can be used to solve the integral relation in this form. 
This method takes into account the distribution of velocity V x  along the 
section of boundary layer we wish to know about using the integral relation. 

Let us consider a laminar boundary layer, for which the integral relation 
has the form 

The function V x  (y, 5 )  in the theory of the laminar boundary layer of an 
incompressible fluid over any arbitrary surface was suggested by Pohlhausen 
in the form of a polynomial of the third order: 

v x  = 4 5 )  + b(5) g + 4 5 )  ?12 +d(r )  g3 (12.3.9) 

The coefficients of this polynomial a( t ) ,  b ( 0 ,  c(O and d(r)  are determined 



frdm the boundary conditions that should be satisfied by this velocity. 
According to the boundary condition at the wall, i.e. at q =O, velocity Vx=O. 
Hence the coefficient a=O. From equation (12.2.8), which is transformed into 
the variables 5, r and reduced to the conditions of a flat plate (dps/dx=O, 
r=const), it follows that at the wall, where V,= V,=O, the derivative 

(a2vX/aq2) ,=~ = o (12.3.10) 

According to (12.3.9) the derivative 

a2V,/aq2 = 2~ + 6dy, 

whence it follows that the coefficient c=O by satisfying condition (12.3.10). 
In this way 

Vx=bq+dy3. (12.3.12) 

To determine the coefficients b and d we use the boundary conditions at the 
free surface of the boundary layer. At q =m the velocity component V x =  Vs 
and therefore 

V,=bq,+d$. (12.3.13) 

At the free surface of the layer the frictional stress 

(zw),=, = 0. 

By Newton's formula z = ,u(aV,/ay) the derivative (aVx/aq)v=9,= 0.  Taking 
this and (12.3.12) into account, we get 

( a  v,/ar),,,= b+3d7;=0. (12.3.14) 

We solve equations (12.3.13) and (12.3.14)' simultaneously to find the 
coefficients b and d. Then 

So the velocity distribution will be 

~ubstitutini this expression in (12.3.8), we get 

Solving the integral and performing differentiation, we get the following 
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equation: 

Integrating this equation under the assumption that vw=const and pw =const 
past a flat plate, we have 

Assuming that thickness ~;ls=O at the initial point of the plate 5=0, we find 
C= 0. Therefore 

Keeping in mind formula (12.3.5) for pw/p6 and the expression (12.3.6) for (, 
we find 

The thickness of the boundary layer could be determined from the expression 

Using (12.1.21) and VX=Va(q/qa) the ratio of po/p could be expressed in 
the form 

According to this we have 

Inserting the value of ye from (12.3.16') here, we get 



The coefficient v w  can be represented in the form 

Since we are considering the case of a thermally isolated wall over which the 
temperature of the gas for the assumed value of Pr= 1 will be 

. 

kinematic viscosity will be 

According to this the boundary layer thickness 

Taking Ma =O, we find the relation for thickness of the boundary layer in an 
incompressible medium: 

or in nondimensional form 
- 
&,, = 6,,/L = 4.64 (2'12/~e~12), (12.3.19") 

where i = x/L, Re, = V, L/v,. 
The ratio of thicknesses in compressible and incompressible flows will 

then be given by 

It can be seen that the effect of compressibility seems to be to increase the 
thickness of the boundary layer. This is explained by the fact that the com- 
pressible gas is heated up during stagnation. As a consequence of heating the 
viscosity increases and its effect spreads through the increased thickness of 
gas. 

The shear stress on the wall can be determined by Newton's formula, 
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taking into account (12.3.15) and (12.3.4): 

Introducing the value of (12.3.16') for q, here and using pw/po=p,/po, we 
have 

Ins~rting the value of vw from (12.3.17') through (1 2.3.21) and remembering 
that 

the relation for z, will be written in the following way: 

or using (12.3.18) and denoting the local Reynolds' number by Re, = V8.x/vg, 
we find 

For an incompressible medium (Ms=O) 

(T,,,)~,, =0.323pa v~Z/I/R~, . (12.3.23) 

The ratio of frictional stresses for compressible and incompressible flows 
will then be given by 

From equation (12.3.24) it follows that with an increase in Mach number 
Ma or a rise in temperature in the boundary layer the frictional stress decreases 
(n< I )  in spite of the rise in viscosity. This happens due to the predominant 
part played by density pw in friction [see formula (12.3.2111 which, as may 
be seen from (12.3.21')' diminishes with the increase in temperature Tw=To. 
Consequently the capacity of the gas to resist motion decreases. 

Let us determine the local frictional coefficient: 

*There is a printing mistake in this equation in the original Russian text. It has been 
corrected here-Translator. 



For an incompressible medium (Ma = 0) it will be given by 

(cfx)inc=2(t,)inc/(p~vs') =0.646'1/ReX . (12.3.26) 

It can be seen that the ratio of local coefficients of friction will be the same 
as the ratio of frictional stresses (12.3.24): 

Let us calculate the frictional drag of a flat plate. The elementary value of 
this force acting on the area dx. 1 is 

dXf = (zW), dx -1. 

The resultant frictional drag of one side of the plate having area L .  1 
(L-length of plate) 

L 

Xfc = (rwIc dx. (12.3.28) 
0 

The coefficient of this force will be 

Introducing here the value of (cfX), from expression (12.3.25), we get 

After integration this reduces to 

where the Reynolds number calculated on the basis of length L of plate 

R ~ L  = VaL/v,. 

For an incompressible medium 

(cXf )inc = 1.292/d% . (12.3.30) 
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4. Turbulent Boundary Layer over Flat Plate 

4.1 Application of logarithmic velocity distribution 
The integral relation (12.3.7) in terms of the variables (5 and q), in which 

this relation has the same form as for an incompressible flow, can be used for 
solution of the problem of determination of the parameters of a turbulent 
boundary layer over a flat plate. 

Formula (1.1.3) will be used to determine the distribution of velocity Vx in 
a boundary layer, which we need to know in order to evaluate the integral in 
relation (12.3.7). Let us rewrite this formula assuming vx= Vx: 

z = pz2(a V,I~Y)~, (1 2.4.1) 

whence 

a vX/ay = (11~)dzlp. 

According to Prandtl's proposition the length of transition path 

I=ky, (12.4.2) 

where k is some constant coefficient of proportionality; y is the distance from 
the wall. Then 

a ~ ~ / a ~ = ( l / k ~ ) ~ z l p ,  

whence 

where C1 is some constant determined from the boundary conditions of the 
gas flow in the boundary layer. Let us transform this equation using variables 
q (12.3.4) and ( (12.3.6). Let us introduce the function 

for the sake of convenience in transformation, where FB = V,/Vm,,. The 
density in (12.4.3) can be replaced with the help of (12.1.21): 

p =po(l - vi)kl(k-l)(l - p ) - l ,  (12.4.5) 

where Fx= Vx/Vm,,. The differential dy in (12.4.3) can be expressed, using 
(12.3.4) and (12.4.5), in the form 

dy = (po/p) dy = (1 - vi)-kl(k-l)(l - v:)du. (12.4.6) 

Finally, let us consider transformation of the length of the mixing path 
(12.4.2). Academician A.A. Dorodnitsin takes k=0.3914, i.e. equal to the 
value of this coefficient adjacent to the wall for a boundary layer in an incom- 
pressible medium. However, Vx%O close to the wall and according to (12.4.6) 
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Using relations (12.4.4) through (12.4.7) in (12.4.3) we have 

where Cz is some constant determined by the boundary conditions for variable 
q. The quantity kq/(l -Fz)3/2, which will be denoted by i, corresponds to 
the length of transition path I in (12.4.1). Since it was accepted that this 
length is determined from the coefficient k for the condition adjacent to the 
wall where Vx< 1, it is obvious that 

i zkv, (12.4.9) 

which exactly coincides with the accepted law for the length of a transition 
path in an incompressible flow. 

In this way, 

In deriving the above velocity distribution we used the hypothesis that fric- 
tional stress is constant over the section of the boundary layer. According 
to this z = zw = const and hence 9 = 9, = const. Therefore 

from which 

v, = (&G,/k) In fl + c2. (12.4.10) 

Using this equation in the conditions over the external limits of the boundary 
layer where y = ys, Vx= Vg,  we get 

v6 = ( 4 3 3 )  In q, -I- C2 (12.4.1 1) 

Combining this with (12.4.10), we find 

vx - v8 = ( d z l k )  In (?/vs). (12.4.12) 

The equation for V ,  in the form given represents the logarithmic law of veloc- 
ity distribution over a section of the boundary layer. Equations (12.4.10) and 
(12.4.12) are valid only near the surface under flow-interaction, i.e. in the neigh- 
borhood of a laminar sublayer. This layer is formed in the immediate vicinity 
of the wall and delays mixing (with the turbulent flow). This phenomenon of 
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delaying turbulent flow near the wall is described by the formula (12.4.2) ac- 
cording to which the transition is shortened at the wall (at y= 0). Academician 
A.A. Dorodnitsin, in work [5], introduced a modification wherever the velocity 
distribution in the turbulent core of a boundary layer can be expressed on the 
basis of logarithmic law (12.4.10) with the help of equation 

v,= ( 6 G 1 k )  [In r + c2 + f (vlrs)l. (12.4.10') 

Here the function f (q/qa) represents the modification to the logarithmic law 
introduced by Dorodnitsin. This modification is the universal function inde- 
pendent of the Mach number or velocity Vs. In other words, Academician 
A.A. Dorodnitsin assumes that the velocity distribution in terms of coordi- 
nates y, is, as in the case of a laminar boundary layer, independent of 
compressibility. 

Taking the variable q = ys in (12.4.1Or), we get the velocity at the external 
limit of the boundary layer 

Vs"(dZIk )  Eln t;ra+ c2-t f ( I ) ] .  (12.4.11') 

From (12.4.10') and (12.4.11') we have 

v, - vs = ( d S , l k )  F ( r l t ~ ~ ) ,  (12.4.12') 

where 

p(vl/~e) = ln (Y/W) -f( 1) - f ( ~ / ~ s ) .  (12.4.12") 

The analysis of the parameters of a turbulent boundary layer based on 
application of equation (12.4.12') containing Dorodnitsin's correction is set 
out in the work [5]. 

The possibility of applying the usual logarithmic law for simplification of 
the solution of the problem of determining these parameters can be examined 
retaining the principal scheme of solution of this problem without introducing 
the above correction, i.e. by assuming the function F(q/ys)=ln (ylqs). 

Calculations show that the numerical coefficients appearing in the relations 
for boundary layer parameters obtained differ somewhat from the data in the 
work [5]. However, this difference is quite permissible if the general character 
of approximate calculations is remembered. 

The equation for velocity corresponding to the logarithmic law assumed in 
its conventional form (12.4.12) can be somewhat modified by expressing thick- 
ness qs in terms of &,. Tor this purpose we consider equation (12.4.12) as 
applied to the conditions at the boundary of a laminar sublayer, where the 
velocity on this boundary V,= Vi at y=qr: 

vl - va = ( d K / k )  In (~r/%).  (12.4.13) 

Karman's equation, which is written for variable y in the form - 
81 = a ~ ~ / d p , z ~ t  (12.4.14) 



where the coefficient a is taken as for an incompressible medium and equals 
11.5 from empirical data, can be used to determine the thickness qr of the 
laminar sublayer and velocity VI on its boundary. Let us change equation 
(12.4.14) to the new parameter q. The quantity 

81 

4-1 
0 

or, taking into account (12.3.4) and (12.1.21), 

In the vicinity of the wall V,g 1. Hence 
(jlx(l - T$)-kl(k-l) ?I. 

The expression for zw in (12.4.14) is: 

The density on the wall will be obtained from (12.4.5) by taking Vx=O: 

pw = po(l - pt)kl(k-l). (12.4.5') 

Using (12.4.16), (12.4.17) and (12.4.5') in (12.4.14), we get 

V I  =a~d(po.\/K). (12.4.18) 

The quantity 9, in this expression can be determined with the help of New- 
ton's formula zw = pW(aVx/ay),,o. Assuming the small thickness of the lami- 
nar sublayer, it is possible to consider the linear law of velocity distribution 
Vx= Vl(y/~51) for it. According to this 

whence 

VI = (~W/pw)& ; 

or, taking the values of (12.4.16) for 61 and of (12.4.17) for zw, we have 

VI= (po%/pw)qr. (12.4.19) 

Introducing here the value of VI from (12.4.18), we get 

Vl= adz.  (12.4.19') 

Substituting the values of qr from (12.4.18) and VI from (12.4.19') in (12.4.13), 
we arrive at the relation: 
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from which 

Let us introduce the parameter 

z = k V , I d &  

and denote the constant quantity 

ae-&= A. 

Then 

V B ~ &  = e z ( A ~ w l ~ o ) .  (12.4.22) 

Now we will use the integral relation (12.3.7) in which we insert the value of 

ZW/PW = 9W, (12.4.23) 

obtained from (12.4.17) and (12.4.5'). According to (12.4.12) we next carry 
out the change 

v,= v,+ ( 4 S l k )  In (rlv8). (12.4.24) 

As a result 

Here the integrals are worked out in the usual form: 

According to this 
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Inserting here the values of v,dK from (12.4.22) and of 9, from (12.4.21), 
we have 

Dividing both sides of this equation by Apw/(pok), it will be 

Differentiating this, we have 

Dividing both sides of this equation by 

we get 

Experiments with an incompressible medium showed that at high Reynolds 
numbers the value of z varies within very narrow limits. This can be verified 
if the empirical formula for the average value of frictional stress along the 
length of a flat plate, 

( T , ) ~ ~ ~  = 0.022psVg Rez0.16' (12.4.29) 

is used. It is valid for values of Re,= V,L/v, in the range of 5 x 106 to 10l0. 
From (12.4.4) and (12.4.21) it follows that for an incompressible medium 

and, assuming k=0.3914, we find 
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Let us take values of Reynolds number R e ~ l  and Re~z=mRe~t.  The 
-atio of the corresponding values of zim, is 

From this it may be seen that if m=2, for example, the second Reynolds 
number is raised to twice its value the corresponding value (zinc)z is increased 
1.06 times. This property of low variation in function z can be extended to 
cases of flow in the boundary layer at high speeds of flow-interaction, i.e. 
taking into account the medium. This property can then be used to simplify 
equation (12.4.28). If z= 10 taken on the right side of this equation [as is 
easily seen from (12.4.31), this corresponds to the value of R ~ L E  lo8], then 

and hence 
d (z2e=) = 1 .38poVs k31Apw. 

Assuming k=0.3914 and a=11.5, we have the constant value 

I.38k31A = l.38k3eka/a =0.656. 

Thus 

d (i2e3 = (0.656poV~lp~)dt. 

Taking z = 0 at t= 0, we get after integration 

z2ez= (o.656poV8/pw.> 5. 

According to (1 2.3.6) 

Next, using (12.4.5') we find 

Let us replace the ratio pw/pw in (12.4.34) from (12.3.17): 

Introducing the notation for the Reynolds number Rex= VG.X/V~, we get 

z2ez= 0.656 (1 - VgY+l~e~.  (12.4.36) 



.The frictional stress can be determined for the value of z obtained from 
(12.4.36). Equations (12.4.5') and (12.4.21) can be used to find the relation 
between zw and z: 

The coefficient of local friction 

from which 

Taking the logarithm of both sides of expression (12.4.36), we have 

2 In z+z=(n+ 1) In (1 -vi)+ln Re,+ln 0.656. 

After substitution of the value of z from (12.4.39) we arrive at the relation 

2  In [ k g 2  ( I  - ~ d / + ]  + k d 2  (1 - T/c,, 

where 

C3 =In 0.656-2 In (kJj). 

Taking k = 0.39 14 and changing to the logarithm to the base 10, we get - 
0.24241 -v;/dCfn=log (Re, cfx) 4- n log (1 -7;) +0.33. (12.4.40) 

we find, using the notation c,,= (cfx),, the 

relation 
0.242 -- dmC - 6 1  + k+ M: (log [ ~ e ~  (cfX)=l 

Formula (12.4.41) corresponds to the expression obtained in reference [5] 
on the basis of the rule of logarithm as modified by Dorodnitsin. Here the 
numerical coefficient on the right side of this expression is equal to  0.15 and 
not to 0.33. This difference, however, has no significant effect on the value of 
(~fx)c. 
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From (12.4.41) it follows that the coefficient of local friction of a flat plate 
diminishes with an increase in Mach number M. It should be noted that this 
result, valid for a flat plate, may have no meaning in the context of a bound- 
ary layer over a curved surface due to the effect of the longitudinal gradient 
of pressure on the flow in this layer. 

The coefficient of friction is calculated from formula (12.4.41) by succes- 
sive approximations. As a first approximation the coefficient cfx = (cfx)L1) 
may be found from (12.4.38) for a given ratio TB/T, taking z equal to 10-12. 
Inserting this value of (cfx)i1) in the right side of (12.4.41) we get the value of 
cfx= (cfX)i2) for a second approximation. This result can be improved by 
taking the value of C ~ , = ( C ~ , ) ( ~ ~ )  in the right side of (12.4.41) and further cal- 
culating the value of cfx = (cfx)p). 

The resultant coefficient of frictional drag for a flat plate with allowance 
for compressibility is determined from formula (12.3.28) by numerical integra- 
tion using expression (12.4.41) for (cf,),. 

The coefficient of local friction for an incompressible medium can be 
found from (12.4.41) by putting MB = 0: 

O.242/2/(cf,)i,c =log [Re, (cfx)inc] + 0.33- (12.4.42) 

Equation (12.4.6) can be used to determine the thickness of the boundary 
layer: 

Introducing here the value of V ,  from (12.4.24), we get 

Considering the values of the integrals in (12.4.26), this will reduce to 

Let us substitute here the values of ~~49, and 9, from (12.4.22) and (12.4.21) 
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respectively. Then 

Keeping in mind the expression (12.4.5') for po and the relation (12.4.35) for 
pwlpw, we find 

Using the Reynolds number 

R ~ L =  V6L/v8 

and keeping in view the quantities 

we can write the following expression for the nondimensional thickness of a 
boundary layer: 

Replacement of z2ez in accordance with (12.4.36) and of z by zc results in 

where 2 =x/L. 
with allowance 
and calculating 

So it is possible to find the thickness of a boundary layer 
for compressibility from (1 2.4.43) by determining cfx = (cfx), 
the corresponding value of z for given values of x and bus. 

For an incompressible medium 

$inc = ainC/L= 0.212 ;/zinc, (1 2.4.43') 

where, according to (12.4.39), the quantity 

zinc = kd2/(cfx)inc . (12.4.39') 
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4.2 Index law for velocity distribution 
The analogy of the movement of a viscous incompressible fluid through a 

circular cylinder (Fig. 12.4.1) can be used to establish the law of velocity distri- 
bution along the section of a turbulent boundary layer and to determine the 
relation for frictional stress on the surface of a flat plate. Let us examine this 
flow. Let us separate out the mass of fluid bounded by sections 1 and 2 lying 
at a distance 1 from each other. We assume that these sections are far enough 
away from the entrance to the tube for the movement of the fluid through 
them to be identical, i.e. tangential stresses and velocity distributions are 
identical. The same value of velocities at these sections indicates that the 
fluid particles move without undergoing any acceleration. Therefore the 
forces acting on the separate volume of fluid between sections 1 and 2 are 
supposed to be in equilibrium, i.e. 

F= (p 1 -p2) (nd2/4) = zw nld, (12.4.44) 

where d= 2ro, tube diameter; z, is the frictional stress at the wall. From this 
we have 

PI -pz=4zw (Ild). (1 2.4.45) 

Fig. 12.4.1. Schematic representation of motion of viscous 
fluid in circular cylinder. 

On the other hand force F in (12.4.44) can be expressed with the help of 
formula (1.3.5) for hydrodynamic drag. Introducing the notations for drag 
force X = F  and for coefficient of hydrodynamic drag c ,= l  in this formula 
and further defining velocity head q on the basis of average velocity V,, in the 
tube (see Fig. 12.4. I), q .= V&/2 and characteristic area of peripheral surface 
S = nld, we write 

(PI -PA (nd2/4) = (P V 3 2 )  nld. 

In this way we find the formula to determine frictional loss: 

PI - P z z 4 1  ( P v&/2) (l/d)~ (1 2.4.46) 



where the average velocity is determined from a given flow rate Q through 
the tube: 

Vav=4Q/ltd2. (12.4.47) 

The coefficient of drag 1 can be obtained by experimental research. 
Experiments were performed by Blasius, who established that the coefficient 
of drag for smooth tubes in a turbulent flow regime at Reynolds numbers 
reaching the values 

2.3 x 103 < Red = pVav d / p  < 1 OS, (1-2.4.48) 

will be 

A = 0 . 3 1 6 4 / ~ ~ f i ' ~ .  (12.4.49) 

Let us use this expression in (12.4.46) and replace ( p l  -pz) in accordance with 
(12.4.45). As a result 

7, = 0.3164p VL/(8ReY4) =0.03955 V7I4 av P 3/4  , ~ ' / ~ d - ' / ~ .  (12.4.50) 

To determine average velocity V,, we use the results of research on the 
movement of a fluid through a circular tube that established that the velocity 
over its section varies by the law of the index of one-seventh root 

This law represents the hypothesis according to which kinematic similarity is 
observed during motion of a fluid, i.e. the ratio of local velocity V ,  to the 
velocity at the axis of the tube Vma, will be the same at points with the same 
value of y/ro independent of the absolute values of tube sizes. 

The average velocity over the section of tube, in accordance with (12.4.47), 
will be 

Substitution of this expression in (12.4.50) results in 

.r,=0.03955 (0.816 Vmax)7/4 p3I4 p1I4 (2ro)-l/4 

= 0.0233p V;,, (v/Vma, r0)'I4. (12.4.53) 

Observation of the motion of a viscous turbulent fluid along a circular tube 
and in a boundary layer established the identity of the velocity profiles over 
their sections. Here maximum velocity Vmax at the axis of the tube corres- 
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ponds to velocity Vs at the external limit of the boundary layer and radius of 
tube ro corresponds to boundary layer thickness 6. 

Research showed that this analogy may be used to obtain the relations of 
the flow in a turbulent boundary layer. Replacing ro by 6 and V,,, by V8 in 
(12.4.51), the index law (law of one-seventh root) of velocity distribution over 
the boundary layer section will be 

A similar substitution in (12.4.53) helps us to obtain the formula for frictional 
stress at the wall 

To determine frictional stress by (12.4.55) it is necessary to determine the 
thickness of the boundary layer first. For this purpose we use the integral 
relation (12.3.1). After substituting the relation (12.4.54) for V. and the value 
of z, from (12.4.55), we get 

2 

Integration of the left side of this expression leads to 

Rearranging the variables in this differential equation, we get 

6114 d6=0.2395 (v/ Vs)'i4 dx. 

Integration of this gives 

The constant of integration C must be determined, strictly speaking, from the 
condition at a point of transition from a laminar to a turbulent boundary 
layer according to which the thickness of the layer at this point is 6=dC, at a 
distance x=xC, from the leading edge. Here the distance x,, is determined 
from the given critical Reynolds number Rec,= Vs xcr/v and the thickness 
is found for this Reynolds number Re,, by the formula for a laminar bound- 
ary layer. At high Reynolds numbers the length of this laminar region is not 
large and its effect on the thickness of the turbulent boundary layer can in 
practice be neglected. In these cases it may be assumed that the turbulent 
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boundary layer starts from the leading edge, where the thickness of layer 
6=0 at x=O. According to this the constant C=O in (12.4.57) and conse- 
quently the thickness of layer 

6 =dm,, = 0.37 (v,/ V8 x)'I5 x = (O.37/Reil5) X, (12.4.58) 

where Rex = v8 X/V& v = v,. - 
Introducing nondimensional quantities Zinc = Gin JL, x = x/L and Reynolds 

number Re== V8 L/v~ ,  equation (12.4.58) will be written in the form 

Comparing relations (12.3.19") and (12.4.58'), it may be concluded that 
the thickness of a turbulent boundary layer over a flat plate is greater than the 
thickness of a laminar boundary layer. This is explained by the intensive 
intermixing of particles attributed to the turbulent character of the fluid 
flow. 

Formula (12.4.55) can be applied for calculation of the stress zw. Taking 
p = pa, v = v a  we introduce the value of 6 in this formula using (1 2.4.58): 

where Re, = V8 . xlv,. Introducing the quantities Re, = V, . Llv, and 2 = x/L, 
equation (12.4.59) will be rewritten in the form 

As may be seen from the relations (12.3.23) and (12.4.59), the frictional 
stress for a turbulent flow will be considerably more than for laminar flow 
with one and the same value of Reynolds number Rex. In this way, the 
transition to a turbulent boundary layer is accompanied by a sharp rise in 
tangential stresses. At the same time the frictional stress and other para- 
meters of the boundary layer in a turbulent flow depend much less on the 
Reynolds number than in a laminar flow. The effect of this Reynolds number, 
as we already know, is based on the action of molecular forces of viscosity 
which are most effective in the laminar sublayer. Here, the higher the velo- 
city the higher the Reynolds number, the thinner the sublayer and the weaker 
the action of the molecular forces of viscosity. Accordingly the less the effect 
of the Reynolds number on the flow parameters. 

The coefficient of local friction can be determined from the value of tan- 
gential stress: 



The frictional drag force for one side of the plate is determined with the 
help of formula and (12.3.28): 

%,in,= 1 (~w)inc dx . (1 2.4.61) 
0 

According to this formula and (12.4.60') the coefficient of frictional drag will 
be 

whence 

5. Temperature and Enthalpy in Boundary Layer 
in Presence of Heat Transfer 

So far the boundary layer has been studied on the assumption that the 
effect of compressibility is either non-existent (low velocities of flow) or (if 
the velocities are high) appears in the form of temperature reactions based 
on the absence of heat-transfer at the wall. This case, as we know from an 
earlier discussion, corresponds to Prandtl's number equaling unity. 

The real processes in a boundary layer are, in fact, characterized by the 
presence of heat transfer at the wall that changes the temperature distribution 
and at the same time has an effect on friction. In this section we will study 
the possible nature of temperature (enthalpy) distribution due to heat flows 
in the boundary layer at the surface or in their absence when Prandtl number 
Pr# 1, without dealing directly with the calculation of heat-transfer itself. In 
Section 6 we will use these data for an approximate method of calculating 
friction and other parameters of the boundary layer in a high-temperature 
gas flow over a flat plate. It will be shown that these methods, in a simplified 
form, facilitate determination of frictional parameters taking into account 
the dissociation and ionization that are possible in a boundary layer heated 
to a high temperature. 

5.1 Distribution of temperature and enthalpy 
At a low speed of flow-interaction heating of gas based on stagnation in 

the boundary layer is almost absent and the temperature can be considered 
practically equal to its value in the free flow. Actually it follows from 
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(12.3.18) that in the absence of heat transfer the temperature of the gas at 
the wall for Ma = 0.5 is equal to stagnation temperature Tw = TO = TB (1 + 
0 . 2 ~  0.25)= 1.05Ts, i.e. it differs from the temperature in the free flow by 
only 5 %. 

At high speeds a considerable rise in temperature and enthalpy takes 
place in the boundary layer due to retardation of the gas flow. This increase 
corresponds to the nature of variations in velocity over a section of the boun- 
dary layer. 

If all other forms of heat transfer are absent except heat conduction, 
Prandtl number Pr= 1 and heat transfer at the wall is equal to zero the tem- 
perature in the boundary layer, according to equation (1 2.1.16), will be 

T= TO - [ V32 (cp)avI, (12.5.1) 

where (c,), is the average specific heat in the interval of temperature (TO - T). 
Temperature TO, being the measure of total energy, does not change over the 
thickness of the boundary layer. It is determined by the parameters T=Ta, 
V, = Va at the external limit of the boundary layer from the expression 

TO = TS + [V,2/2(cp)a\rI* (12.5.2) 

Carrying out the following substitutions here: 

(c,),, = R 
(cplav - -- RE ) 

p a v v  k- 1 ' J 
where k=(cp)av/(cv)av is the average value of the ratio of specific heats over 
the interval of temperature (TO - TB), we get 

At constant specific heats we have (c,), =c,= const and k = k= const. In 
cases where the specific heat considerably varies with temperature as a result 
of dissociation and ionization and cannot be replaced by the average value it 
is advisable to use enthalpy i and io in place of T and TO respectively. Accord- 
ing to (3.4.14) and by analogy with (12.5.1) the enthalpy at a point on the 
section of a boundary layer is given by 

. . 
1 = lo - ( V32). (12.5.5) 

Substituting here values of i = is and V, = Va, we find the following relation 
for stagnation enthalpy: 

io=i8+(V:/2). (12.5.6) 

At constant specific heats 



therefore (since Ma= Va/as) 

The assumptions of absence of heat transfer at the wall and Prandtl's 
number Pr= 1 do not correspond to reality. Therefore in actual conditions 
the temperature and enthalpy on the wall differ from the values of TO and io 
obtained earlier. 

Let us consider the case already discussed of an adiabatic (thermally 
insulated) wall which is characterized by the fact that the heat carried to the 
wall from the boundary layer is not spent on heating it and the wall surface 
by itself does not give out heat to the boundary layer. Meantime the exchange 
of energy in the boundary layer itself takes the following form: The tem- 
perature rises from its value at the outer edge of the layer to some value on 
the wall as a result of stagnation of flow, which is based on the action of viscous 
forces, and so the temperature gradient rises, i.e. aT/ay # 0. In this case 
according to Fourier's law (3.2.7) there must occur heat transfer by heat con- 
duction to the external layers of gas at lower temperature. This heating pro- 
cess will continue until equilibrium is reached between this heat transfer and 
the reverse flow of heat from the external layers to the inner layer; which is 
based on the work done by viscous force. As a consequence of the outflow of 
heat from the regions of the boundary layer situated at the wall the tempera- 
ture on the wall surface T w  = Tr will be less than the stagnation temperature 
To. The temperature Tr and the corresponding enthalpy ir are known as the 
temperature of recovery and enthalpy of recovery respectively. The fall in 
temperature at the wall may be characterized by the parameter 

r = (T,. - Te)/(To - Ta), (12.5.9) 

known as the coefficient of recovery of temperature. It indicates how close 
the temperature of recovery is to the stagnation temperature. This coefficient 
characterizes the fraction of kinetic energy of the external flow that is trans- 
ferred to heat content (enthalpy) during complete stagnation. 

From (12.5.9) it is possible to get the following expression for the .tem- 
perature of recovery: 

Inserting here the values of difference (To-Ts) from (12.5.2) and the ratio 
To/TB from (12.5.4), we get 



In investigating the motion of viscous dissociating gases it is better to go 
to other relations. For such gases the considerable increase in specific heat 
is a characteristic property because the losses of part of the energy for dis- 
sociation are added to the heat energy. In similar cases it is convenient to 
use temperature as the measure of energy. For this purpose it is better to 
use enthalpy. 

In a given case the enthalpy of recovery ir and the corresponding coeffi- 
cient of recovery of enthalpy r where 

= (ir - i8)/(i0 - ia) (12.5.13) 

should be used to evaluate the effect of heat transfer in the boundary layer. 
Like the concept of the coefficient of recovery of temperature r, the intro- 

duction of a similar coefficient of recovery of energy is justified in the study 
of heat transfer under the conditions of high-speed flows in the absence of 
dissociation for PrZ1.  This can take into account the transformation of 
chemical energy into heat energy. 

From (12.5.10) it follows that 

Using formulas (12.5.6) for (io- is) and (12.5.8) for i0/i8, we get 

ir = is + r ( V2/2); (12.5.15) 

The variation of temperature T and enthalpy i over the section of the bound- 
ary layer can be explained with the help of coefficient of recovery r. By 
analogy with (12.5.1 1) and (12.5.15) 

T ,  = T +  r [V:/2 (cp),vl; 
i r= i+r  (Vi /2) ,  

whence 

T= T ,  - r [ Vj /2  (c,),,]; (12.5.17) 

i = ir - r ( V:/2), (12.5.18) 

where (c,),, is the average specific heat for the interval of temperatures 
(Tr - TI. 

In Chapter 3 Section 5 it was noted that the relation between the heat 
flow based on friction and the quantity of heat carried by molecules during 
their intermixing is determined by Prandtl's number [see (3.5.1 I)]. Therefore 
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it is natural to assume that the coefficient of recovery r depends on Prandtl's 
number which, for the condition at the wdl, is given by analogy with 
(3.5. I I): 

P r  = pw ( C ~ ) ~ / A ~ .  (12.5.19) 

From theoretical and experimental research it has been established that the 
coefficient of recovery can be taken as 

rL= 4 6 ,  (12.5.20) 

for a laminar flow and 

rT,= TPr 
for a turbulent flow. 

The Prandtl number for air varies from 0.75 at low temperatures to 0.65 at 
high temperatures. The average value of the Prandtl number Pr=0.7 can be 
used for practical purposes. This value corresponds to 

r~ w 0.84 and i ' ~  s 0.89. (1 2.5.22) 

For Pr= I the coefficient of recovery r = l .  In this case the temperature of 
recovery coincides with that at the stagnation condition. 

Fig. 12.5.1. Variation in temperature and enthalpy over section of boundary layer: 

a-adiabatic (thermally insulated) wall; b-wall with cooling; c-wall with heating. 

The nature of variation of temperature and enthalpy over the section of a 
boundary layer under different conditions of flow-interaction is shown in 
Fig. 12.5.1. Here the curves in Fig. 12.5.1, a characterize the variation of 
temperature and enthalpy for a-thermally insulated wall when Pr= 1 and 
Pr#1. Of course the distribution of temperature and enthalpy changes in 
the case of a conducting wall, i.e. in the presence of inflow or outflow of heat 
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(Fig. 12.5.1, b and c). During outflow of heat (wall becoming cooler) the 
thermally insulated boundary layer giving off heat itself gets cooler and 
therefore the temperature of gas Tw at the wall is lower than the recovery 
temperature Tr. Consequently the enthalpy of gas iw is less than the enthalpy 
of recovery i,. Here the temperature of gas T,., may be taken as the tempera- 
ture of the surface, which will also be known as the wall temperature. If heat 
flows from some external source and the wall temperature exceeds the maxi- 
mum temperature in the boundary layer (wall under heating), the boundary 
layer will also be heated and hence T, > T, and i, > ir for the gas near the 
surface. 

At very high speeds the wall of a flight vehicle is usually cooled (iwc i,; 
Tw< T,), which is explained by radiation of heat from the surface that cannot 
be compensated by the comparatively low inflow of heat through heat con- 
duction along the material of the wall from the sources of heat situated in- 
side the flight vehicle. Let us denote the temperature of this wall by Tw, i.e. 
the same as the temperature of the gas at the wall. However, it must be re- 
membered that in the most general case the temperature of the gas does not 
coincide with the wall temperature and besides that it differs from T,. The 
quantity iw indicated earlier should be regarded as the enthalpy of a hypotheti- 
cal gas whose temperature could have been equal to wall temperature Tw. 

A moving vehicle may heat up (i, > ir; Tw >Tr) if it is losing speed and 
there is a concomitant reduction in the temperature of recovery and the 
overheated wall cannot lose heat fast enough. 

In aerodynamic wind tunnels where special heating of air is absent and 
stagnation temperature is closer to the temperature of the surrounding medi- 
um the wall of the experimental model may possibly accept heat. This is ex- 
plained by the fact that the heat flow to the surface of the model may occur 
through the stand (supposing the model), when radiational flow from the cool 
wall of the model will be negligibly small. 

Temperature of recovery in a dissociating gas: Let us consider the varia- 
tion of temperature of recovery in a dissociating gas with the help of formula 
(12.5.15). For this purpose we use the expression (1.5.27) which, for a diato- 
mic dissociating gas, can be represented in the form 

i = i ~ a + i ~  (1 - a ) = a ( i ~ - i ~ ) + i ~ ,  

where iA and i~ are enthalpies of atomized and molecular gases respectively. 
We know that the partial derivative ai/aa represents enthalpy of dissociation 
i~ which is equal to the characteristic energy of dissociation ud according to 
(1.5.15). Further, taking into account that i~ = C,M T (where c , ~  is the speci- 
fic heat of a perfect gas, taken as constant), we get 

i=aud+cPM T. 

According to this 
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where 

Consequently 

ir - ia= CPM ( T r  - 2'8) +(ar - ae) ud. 

So we can write 

CPM ( T r  - T a )  = r ( V : / 2 )  - ( a r  - a s )  ud.  

The following conclusion can be drawn from this expression. As Tr > T a  we 
have ar >as and consequently the temperature of recovery in a dissociating 
gaseous medium will be less than in the absence of dissociation. This means 
that part of the internal energy is spent in overcoming and breaking molecular 
bonds and so cannot be used to heat the gas. The lowest recovery temperature 
will be in the limiting case which corresponds to absence of dissociation of the 
gas at the extremity of the boundary layer ( a a = O )  and complete dissociation at 
the wall (ar= 1 ) :  

T r = T a  + (Y V;/2cpM ) - ( u ~ / c ~ M ) .  

Assuming that the characteristic temperature of dissociation Td=ud/R and 
C,M= [ k / ( k -  I)] R, we can also write: 

Tr = T6 + ( r  V i / 2 c p ~  ) - [(k - 1 ) l k I  T d ,  

where the quantity ~ = C ~ M / C , . M  refers to undissociated gas. 
Going back to the ratios of temperatures and recalling that 

we find 

5.2 Characteristic temperature 
The presence of the Mach number in the above relations for determination 

of the flow parameters of a viscous medium reflects the fact that the density 
changes as a result of stagnation of flow in the boundary layer and the conse- 
quent rise in temperature. Meantime there appears the property of compres- 
sibility which affects the gas flow in the boundary layer. The temperature 
increases with increase in speed, leading to changes in the thermodynamic 
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parameters and kinetic coefficients of the gas in the boundary layer along with 
the change in density. At high temperature chemical reactions may also take 
place. 

These phenomena are important for the formulation of the processes of 
friction and heat exchange in the boundary layer. However, adjustment for 
these phenomena in the calculation of the boundary layer parameters and 
particularly the distribution of temperature across the section, which is very 
complicated in character, is fraught with difficulty. Therefore attempts have 
been made to find comparatively easy approximate methods of calculation of 
the boundary layer parameters at very high speeds of flow-interaction. One of 
the methods pursued is based on the use of relations similar in external form 
to the relations obtained as a result of study of the boundary layer in an in- 
compressible medium. 

This possibility follows from the fact that the flow is very much slowed 
down (stagnated) in the part of the boundary layer adjacent to the wall and 
hence the gas is closer to an incompressible medium in its properties. If it is 
assumed that the flow in this region is mainly responsible for the processes of 
friction and heat transfer relations of the form used for an incompressible 
medium can be used to calculate the boundary layer parameters. The differ- 
ence lies in the fact that parameters that can be determined as functions of 
temperature enter into these relations. This of course raises the question which 
particular temperature in the boundary layer these parameters should be cal- 
culated on the basis of. 

As shown by theoretical and experimental research, satisfactory results are 
obtained when the calculation is based on the characteristic temperature T*, 
which represents an average value over a section of the boundary layer. The 
gas parameters calculated for the temperature T* are known as the character- 
istic parameters (enthalpy i*, density p*, coefficient of dynamic viscosity p*, 
etc.). 

At high speeds where physico-chemical transformations play an important 
part in the boundary layer the characteristic enthalpy i* can be taken as the 
basis of the calculation of parameters as the other characteristic parameters 
including temperature T* are calculated from this enthalpy. 

The following formula for characteristic enthalpy was obtained by Ackeret 
by solving the equation of heat transfer for a laminar boundary layer: 

The characteristic enthalpy depends on the structure of the boundary layer and 
also on Mach number &. There exists a series of relations facilitating calcu- 
lation of the quantity i* independently for laminar and turbulent boundary 
layers and also for different ranges of Mach number M,. Formula (12.5.23) 
differs from these relations by its universal nature and can be used with 
known accuracy for laminar as well as turbulent flows in a fairly wide range 



of Mach numbers &. 
As may be seen from (12.5.23) it is necessary to know the enthalpy of gas 

i, at the wall temperature in order to calculate i*. In a particular case when 
the surface temperature is maintained at the required level with the help of 
some special cooling device this enthalpy will be a known quantity. If the heat- 
ing takes place automatically the determination of i, is connected with the 
solution of the problem of heat transfer between wall and gas. In a particular 
case of a thermally insulated wall i, =ir the characteristic enthalpy 

Enthalpy ir, without allowance for heat transfer in the boundary layer and 
with Pr = 1, will be equal to stagnation enthalpy io, which is calculated from 
(12.5.6). According to this 

Enthalpy i8 at the external limit of the boundary layer can be found by solv- 
ing the problem of flow-interaction between the given surface and an inviscid 
gas flow. The recovery enthalpy ir, appearing in (12.5.23) and (12.5.24), is 
determined from the expression 

where the coefficient of recovery can be worked out as the definitive para- 
meter from formulas (12.5.20)' (12.5.21): 

r; = Vp,+. 
Here Prandtl's number 

Pr* = C ; ~ ' / A *  

is found from the definitive values of specific heat and coefficients of dynamic 
viscosity and heat conductivity. 

The relation (12.5.23) is used in the general case of a dissociating gas as 
well as in the case where the gas in the boundary layer is heated to a point 
where dissociation does not begin but the specific heat changes. The character- 
istic temperature Tq in the first case is found as a function of p and i*. The 
tables or diagrams of state of air at very high temperatures can be used for the 
calculations. The relation (12.5.23) can be applied in the second case to find 
the characteristic temperature. In this relation enthalpy is replaced by temper- 
ature in accordance with the expressions 

i* - is = (cp)X (T* - Tb); 

i, - is = (cp);.) (T,v - T,); (12.5.29) 
ir - i, = (cp)$) (Tr - T,). 



where average values of specific heats (c,):,, (c,):;) and (c,)(,:) are calculated for 
the interval of temperatures T* - T8, Tw -T8 and T, - T8 respectively. 

Substituting the values of enthalpies from (12.5.29) in (12.5.23), we get the 
relation for characteristic temperature T*. Here the recovery temperature can 
be found with the help of formulas (12.5.11), (12.5.12), which can be written 
in the following form: 

Tr = T8 + r* [ Vz/2 (cp)ivl ; (12.5.30) 

When the specific heats are practically independent of temperature (at 
Tx700 to 800°K and below), we have 

T"=0.5 (Tw+T8)+0.22 (TF-Ta). (12.5.32) 

For a thermally insulated wall we take Tw=T, and consequently 

Thermodynamic functions and kinetic coefficients are calculated accord- 
ing to characteristic temperature using formulas (1.4. I), (1.4.2), (1.4.4) 
expressed in the form 

6. Application of Characteristic Parameters for Boundary Layer 
Calculations over Flat Plate at High Speeds of Flow-Interaction 

6.1 Laminar boundary layer 
The relation between the basic characteristics of a laminar boundary layer 

for an inviscid fluid and a compressible gas, i.e. at high speeds of flow-inter- 
action, can be obtained by using the concept of characteristic parameters. For 
this purpose we introduce corresponding parameters for an incompressible 
boundary layer in the relations obtained earlier (see Sections 3 and 4). 

Let us consider the thickness of the boundary layer. Its value for an in- 
compressible medium is determined by the formula (12.3.1gf), which will be 
written in the form 

8jnc =4-64 d ,~ax/(Vspa) ; 

in which the parameters of a boundary layer in an incompressible medium are 
given with index 6. 

A similar formula will be obtained for a compressible gas if the values of 



FRICTION 593 

pa and pa are replaced by the corresponding characteristic parameters p* and 
p*: 

6,=4.64 ~ p * x / ( v 8 p * )  . (12.6.1) 

The thickness ratio 

GclGinc=d(pYlpa) (palp*). (12.6.2) 

A similar comparison may be made for frictional stress. 
According to (12.3.23), for an incompressible fluid 

(7w)inc =0.323~8 v i d p a / v a p 8 ~ ) 9  
and for a compressible gas 

0 . 3 2 3 ~ ~  Vi ./,u*/(v~ p*x) . (12.6.3) 

The ratio of frictional stresses will then be 

(zw)c/(rw)inc = d(p* /pa)  (,~*/~aus). (12.6.4) 
For local frictional coefficients on the basis of velocity head of free flow 

% = pa V 2 2  we have 

(cfx)inc=2 (7w)incI(~aVs2)=0.6 J b / ( ~ a p a x ) ;  

The ratio of these coefficients 

(C fx)c/(~fx)inc= (~w)c/(~w)inc 

= ~ ( P * / P S )  ( P * / P ~ )  . (12.6.6) 

According to (12.3.30) the frictional drag coefficient (or average frictional 
coefficient over the length of the plate) in an incompressible medium 

(cxf)inc = 1.292 d p a / ( ~ a p a ~ ) .  

The comparable relation for a compressible gas using (12.3.28') and (12.6.5) 
will be 

At constant wall temperature the quantities p* and p* are independent of 
coordinate x. Therefore 

(cxf)c= 1 .292dp*/(~ap*~)-(p*/pa). (12.6.8) 

Hence the ratio of frictional coefficients 
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Let us consider the case where dissociation takes place in the boundary 
layer as a result of high temperature during free flow at constant specific heat. 
Assuming here that the pressure does not change across the boundary layer 
section, it is possible to write the relation for the ratio of densities using the 
equation of state: 

where piv is the definitive average molecular weight of the gas. 
Next, applying the law of index (1.4.2) for the coefficient of dynamic vis- 

cosity, we have 

p*/,u8 = (TX/Ts)~. (12.6.11) 

Inserting (12.6.10) and (12.6.1 1) in (12.6.2) and (12.6.9), we get 

Formula (12.6.12) shows that the thickness of the laminar boundary layer 
depends closely on the quantity T*/Ts and hence, on Mach number Me (velo- 
city Ve) and ratio TWIT&. The boundary layer thickness increases with any 
increase in these parameters. The dependence of the frictional coefficient on 
the definitive temperature and consequently on Ma and TWIT& is comparative- 
ly loose and is of inverse character. The coefficient of friction decreases with 
a rise in temperature. 

Application of formulas (12.6.12), (1 2.6.13) is connected with the calcula- 
tion of T* and ,u:, for a dissociating gas in a boundary layer. First the cha- 
racteristic enthalpy i* is found and then T* and ,u;, are worked out with the 
help of tables or graphs of thermodynamic functions for a given pressure pa 
and the above value of i*. If dissociation is not taken into account T* can be 
obtained directly from (12.5.32) and the ratio ,u~,/,uaVa in (12.6.12), (12.6.13) 
is taken as unity, i.e. in this case 

6c/6inc = (T*/Ta)(n*')/2; (12.6.14) 

Comparing the values obtained from formulas (12.6.12), (12.6.14), 
(12.6.13) and (12.6.15) respectively, we can draw a conclusion as to the effect 
of dissociation on the thickness of the boundary layer and frictional force. 
From direct comparison of the relations (12.6.12) and (12.6.14), in which the 
ratios T*/Ts are assumed to be the same, it follows that dissociation results in 
reduction of the thickness of the boundary layer as ,uaV,/,u~,< 1. In fact, if 
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he ratio T*/To in the above equations is not equal the reduction in the thick- 
less of the boundary layer will be still larger because the temperature T* in a 
iissociating boundary layer [formula (12.6.1211 is less than that without dis- 
iociation [formula (12.6.1411. 

The frictional stress will be somewhat greater in a dissociating gas due to 
.he lower temperature. This reduction in temperature is responsible for a 
;tronger interaction than the rise in average molecular weight [see formula 
:12.6.13)]. This change in frictional stress may be physically explained by the 
Fact that the density of the gas increases and its viscosity decreases with an 
increase in dissociation and the consequent reduction in temperature. The 
zffect of dissociation on frictional force is the opposite: this force increases 
with an increase in density and decreases with a reduction in viscosity. How- 
ever, the increase in density is more intensive than the reduction in viscosity 
and hence frictional force increases. Here it should be noted that the above- 
mentioned rise in frictional forces will be somewhat higher due to the for- 
mation of additional molecules of gas during dissociation (average molecular 
weight increases) and due to the consequent rise in viscosity. 

As can be seen from the above discussion, the simple method of calculation 
of a boundary layer based on characteristic parameters is quite effective be- 
cause it helps to account for the effect owthe thickness of the boundary layer 
and frictional force of factors such as compressibility, variation in specific 
heats, dissociation and heat transfer. The last factor has its own expression 
in terms-of the relation of characteristic temperature T* on the temperature 
of recovery T, and the wall temperature T,#T, (with inflow or outflow of heat 
to or from the wall). 

6.2 Turbulent boundary layer 
The relations for the thickness of the boundary layer, frictional stress and 

coefficient of friction in the case of a turbulent flow can be obtained with the 
help of the characteristic parameters in the same way as for a laminar bound- 
ary layer. Here we will make use of the relations for the parameters of a 
turbulent boundary layer in an incompressible medium that were obtained 
withyhe help of the index law of velocity distribution over the section of the 
boundary layer (law of one-seventh power). 

The thickness of the boundary layer in an incompressible medium is 
determined by formula (12.4.58), which will be written in the form 

6in,=0.37 (m/Vg ~ 8 ) ~ ' ~  x4I5. 

Replacing ,u8 and pa here by their characteristic values p* and p*, we get the 
relation for boundary layer thickness in a compressible gas flow 

ac = 0.37 (p*/V8,0+)'/~ x4f5. (12.6.16) 

The ratio of thicknesses will be 



Let us consider how to find the frictional stress in a turbulent compres- 
sible boundary layer. For this purpose we write the expression for zw in a 
turbulent incompressible boundary layer using (12.4.59) as: 

115 -115. (zw)inc=O.O299~8 Vg (1u8IVa PO) x 

Introducing the definitive parameters here, we find the corresponding relation 
for a compressible gas 

The ratio of the frictional stresses 

(~w)c/(zw)inc = ( P * / P ~ ) " ~  ( P * I P B ) ~ / ~ .  (12.6.19) 

Similar relations will be obtained for the local frictional coefficient cfx and 
average frictional coefficient cxf: 

where (cfx)inc and (cxf)inc are determined by formulas (12.4.60) and (12.4.62) 
respectively. 

Taking the general case of a dissociating gas, we will calculate the ratios 
p*/pa and p"lpa by formulas (12.6.10) and (12.6.11) respectively. Then 

Sc/&inc = (T*ITa)(nf1)15 (1uav8/1u~v)~/~; (12.6.21) 

From these formulas it can be seen that the qualitative picture of variation in 
boundary layer thickness and frictional force in a turbulent flow is the same 
as for a laminar flow, namely the thickness of the layer increases and fric- 
tional force decreases with a rise in characteristic temperature. However, 
quantitative evaluation of this variation shows that according to (12.6.21) the 
thickness of a turbulent boundary layer increases more slowly with the rise in 
characteristic temperature than that of a laminar layer and the coefficient of 
friction falls more steeply [see (12.6.22)l. 

The effect of dissociation will be the same as for a laminar boundary 
layer. It will result in some reduction in the thickness of the boundary layer 
and an increase in frictional stress. 

The boundary layer thickness and coefficients of friction in the presence 
of dissociation will be determined by formulas (12.6.21) and (12.6.22) respec- 
tively using the method of successive iterations. First we find the characteris- 
tic enthalpy i* by formula (12.5.23) for a given wall temperature Tw and 
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:onditions of undisturbed flow (Ma, pa, pa, is etc.) taking r: = 0.84 or r; =0.89 
ts a first approximation. Next we find T* with the help of graphs or tables 
3f the thermodynamic and kinetic functions of air for given i* and pressure 
pa. The values of (c,)*, p* and A* can be obtained from the tables or graphs 
For this temperature and pressure pa and the Prandtl number Pr* can be 
improved by formula (12.5.28). Coefficient of recovery r* can be modified by 
formula (12.5.26) or (12.5.27). The enthalpy i* will be worked out from this 
value of r* as a second approximation. Temperature T* and the correspond- 
ing molecular weight ,uiv will be determined and their values will be substi- 
tuted in formulas (12.6.21) and (12.6.22). 

In the absence of dissociation the ratio of molecular weights p~v/p,va= 1, 
and hence 

aC/6inc = (T*/Ta)(n+')'5; (12.6.23) 

6.3 Friction on cone at supersonic speeds of flow-interaction 
Laminar boundary layer: The supersonic flow over a sharp cone has the 

property that the velocity Va= Vk is constant along the generator of the coni- 
cal surface and hence the lateral pressure gradient is equal to zero. The same 
property is observed with a flat plate in an inviscid flow: the boundary layer 
parameters at the external limit are constant along it. This similarity of flow- 
interaction helps us to use the 
resuIts of boundary layer calcu- 
lations for a flat plate to deter- 
mine the corresponding para- 
meters for a viscous flow over a 
conical surface. 

Let us use the integral relation 
(12.2.16) for this purpose. Consi- 
dering that the gas parameters at 
the external surface of the boun- 0 
dary layer all over the cone are 
the same (Va = Vk = const; pa =pk 
= const, etc.) and hence the pres- Fig. 12.6.1. Boundary layer on cone. 
sure gradient in x direction is 
equal to zero (dpaldx = 0), we can represent this relation in the form 

pro Vx( Vx - Vk)dy= - ~oZW, j6 (1 2.6.25) 
0 

where ro is the distance from the axis to a point on the surface of the cone 
with coordinate x (Fig. 12.6.1) and z, is frictional stress at this point. 



Let us apply relation (12.6.25) for calculation of a laminar boundary 
layer. At an arbitrary point of the section situated at a distance x from the 
nose the frictional stress can be obtained by the formula z =p(aVx/ay). The 
quantity dy=(p/z)dVx in equation (12.6.25) can be changed in accordance 
with this formula. Dividing both sides of this equation by P,V; pk, where 
pk and ,uk are density (pk= p8) and coefficient of dynamic viscosity (pk=,U8) 
respectively at the external limit of the boundary layer over the cone, we get 
the integral relation 

For the present case of a boundary layer without a pressure gradient the 
ratio of velocities Vx/Vk =fl (y/6) is solely the function of relative coordinate 
y/6 and does not depend on x. Consequently the ratio of tangential stresses in 
the boundary layer, according to the formulas z = p(a Vx/ay), zw = pk(dVx/dy)k, 
will also depend on the same relative coordinate, i.e. z/zw=f2(y/6). Let us 
introduce functions f,, fi in (12.6.26) and use the notation 

Keeping in view that with constant temperature all over the surface of the 
cone the ratio p/pk is independent of x and that the density ratio p/pk, being 
the function of VJVk, does not depend on these coordinates either, we find 
the relation 

Replacing ro by x sin P k  on the right side of this formula and separating the 
variables, we get 

After integration, this reduces to 

J ri 1 x3 sin2 Pk -. - = -. + const. 
7; pkv; pk 

Taking ratio rg1-r; = 0 at the beginning point (at x = 0) and consequently assum- 
ing the constant on the right side of (12.6.30) equal to zero and also taking 
into account the reverse relation x sin Pk=r0 with notation zw=rw.k for 
frictional stress on the cone, we get 
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A similar expression can be obtained for the frictional stress zw=zw., on 
a flat plate. Here we assume that the flat plate interacts with a hypothetical 
supersonic flow having the same parameters as the flow over the cone. Then 
the integration of equation (12.6.28), from which ro is dropped, leads to the 
relation 

From formulas (12.6.31) and (12.6.32) we have the important relation 

according to which the frictional stress on the cone is +f!f times larger than 
that on a flat plate, worked out on the basis of the parameters on the cone. 
The local and average values of coefficients of friction are determined by a 
formula similar to (1 2.6-33): 

Cfxk = 6 C h P ;  (12.6.34) 

These values are obtained with respect to the velocity head of undisturbed 
flow qk=pkVz/2. To calculate the coefficient of friction on the basis of the 
velocity head of undisturbed flow the following relations should be used: 

The frictional drag force can be worked out from the average frictional 
coefficient C X ~ O O ~  and the side surface area Sk of a cone: 

The frictional stress zw.p = (z& and the coefficient of friction c,f, = ( c ~ ~ ) ~ ,  
c ~ ~ = ( c ~ ~ ) ~  can be obtained from the relation (12.6.13) using definitive para- 
meters in a general case of dissociating air. 

The approximate relation between the thickness of the boundary layer on 
a cone and on a flat plate can also be established. Polhausen's method for 
calculating velocity distribution over the section of the boundary layer in an 
incompressible medium will be used here. According to this method the 
velocity is determined by equation (12.3.15). Replacing by y, qs by 6 and Va 
by Vk, we get 



Using Newton's formula the frictional stress on the surface of the cone will be 

where 6k is the thickness of the boundary layer over the cone. 
Similar expressions can be written for a flat plate: 

Tw-p = pkvk(3/26p), (12.6.41) 

where 6p is the thickness of the boundary layer over the flat plate. 
From relations (12.6.40) and (12.6.41) it follows that 

whence, according to (12.6.33), we have 

6k= ( ~ ~ . ~ / ~ ~ . k ) $ = ~ ~ / d ~ = 0 . 5 7 8 6 ~ .  (12.6.43) 

In this way, formula (12.6.43) shows that the thickness of the laminar bound- 
ary layer on a cone is dF times less than that on a flat plate. The thickness 
6p=6c for the plate in the general case of a dissociating gas may be worked 
out from the definitive parameters over a conical surface with the help of 
formula (12.6.12). 

Turbulent boundary layer: Use of the same integral relation (12.2.16) gives 
analogical relations in approximate form for a turbulent boundary layer. 
Changing to the definitive parameters in (12.6.25) and substituting expression 
(12.4.55) in place of z,, denoting Vs and 6 by Vk and 6k respectively, we get 

Keeping in mind that the surface temperature is the same everywhere and 
hence the characteristic parameters are constant, the density p* on the left 
and right sides can be reduced and after simplifications the following equa- 
tion can be obtained: 

If the one-seventh root law of velocity distribution is used the nondimen- 
sional velocity V X / V ~ = ( Y / ~ ~ ) ' ~ ~ ,  i.e. it happens to be the function of the rela- 
tive coordinate. Therefore 



4ccordingly equation (12.6.44) will be rewritten in the form 

Jl(roSk)'14 d(r0ak) = O.O233(p*/ Vk p*)'14 r;l4 dx. (12.6.45) 

Substituting ro =x sin P k  on the right side and integrating it with the condi- 
tion that the quantity rodk =O at x = 0, we have 

(4JllS) (r08k)~/~=0.0233(p*/vk p*)1I4 sin 514 Pk(4x9/4/9). 

Considering the reverse replacement (x  sin pk)5/4=r~5/4 and the appropriate 
reduction of this quantity on the right and left sides, we get 

(hk)514 = (419) J ~ x ,  

whence 

(Tk = (4/9)415 ( J ~ x ) ~ / ~ ,  (12.6.46) 

where 

Jz = (0.0292/J1) (p*/Vk P*) ' /~.  (12.6.47) 

Substituting 6k in (12.6.45) by 6, and dropping ro, we get similar expressions 
for boundary layer thickness on a flat plate. After integration we arrive at 

(4J1/5) (6p)514 = 0.0233 (p*/Vk p*)'I4 x,  

from which 

dP = ( J ~ x ) ~ / ~ .  

The relation between the thickness of a boundary layer on a cone and on 
a plate can be obtained from the expressions (12.6.46) and (12.6.48): 

The relation for frictional stress can be found from the relation (12.4.55) 
by introducing the definitive parameters and writing this relation for a cone 
and for a plate separately: 

~ ~ . ~ = 0 . 0 2 3 3 ~ *  vz (v*/ Vk)'l4 (1 /8;I4); 

z,., =0.0233p* vz (v*/Vk)li4 (1/(Tk14). 

Assuming that the definitive parameters are identical on a cone and on a flat 
-plate, the last two relations lead to 
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Inserting the value of 6k from (12.6.49) in (12.6.50), we get 

zw.k= (9/4)1/5 Z W . ~ =  1.17~,.,.~. (12.6.51) 

From comparison of formulas (12.6.33) and (12.6.51) it can be concluded 
that the difference between the frictional stress on a cone and its correspond- 
ing value on a plate is less for a turbulent boundary layer than for a laminar 
boundary layer. This is explained by the intensive effect of mixing of flow on 
frictional stress in a turbulent boundary layer in comparison to the interac- 
tion of the form of surface. So far as thickness is concerned [see (12.6.43) and 
(12.6.49)] its values on a cone differ by approximately 10% as between a 
turbulent and a laminar boundary layer. This small difference indicates that 
the form of the surface of a body has a stronger influence on the thickness of 
the boundary layer than the mixing of flow. 

The local and average coefficients of friction can be determined from the 
known frictional stress: 

~ f x k  = 1.1 7~fxp; (12.6.52) 
cxfk= 1.17cxfp. (12.6.53) 

These coefficients are worked out on the basis of velocity heat qk=pkVi/2. 
To recalculate them with respect to the velocity head of an undisturbed flow 
it is necessary to apply formulas similar to (12.6.36) and (12.6.37). 

The frictional drag force in a turbulent boundary layer is determined by 
an expression similar to (12.6.38): 

The frictional stress zWap = (z,), and the coefficients of friction cxfP = ( ~ ~ f ) ~ ,  
cf,=(cfX), for a flat plate can be obtained from the relation (12.6.22) and 
boundary layer thickness ap = 6, can be found from (12.6.17) using definitive 
parameters with allowance for dissociation. 

7. Effect of Axial Pressure Gradient on Friction 

In the previous section we examined the problem of the boundary layer 
on a flat plate and on a conical surface in a supersonic flow. For this kind of 
boundary layer the characteristic feature is that the pressure at all sections is 
identical (ps=const) and consequently the axial gradient of pressure dpe/ 
dx=O. However, during the flow-interaction of a curvilinear surface (for 
example, a wing profile or body of revolution with curvilinear generator) this 
gradient differs from zero because the pressure at the external limit of the 
boundary layer will be a variable quantity depending on the coordinate x. 
As may be seen from the integral equation (12.2.16), where dps/dx#O, this is 
followed by variation in the frictional stress and hence in the velocity distri- 
bution and thickness of the boundary layer in comparison with the case of 
the flow-interaction of a flat plate or a cone. 



If a wing profile with curved contour in a subsonic flow (Fig. 12.7.1, a) is 
considered the pressure gradient on the nose section (from point 0 of com- 
plete stagnation to some point B) will be a negative quantity (dp~/dx< 0) and 
on the region from point B to point C on the trailing edge it will be positive 
(dpaldx > 0). This kind of variation in the pressure gradient is demarcated by 
critical points of flow-interaction along the profile whereby the veIocity on 
the nose section from point 0 to point B increases and hence pressure falls, 
as shown by Bernoulli's equation; conversely, in the region around the trail- 
ing edge the velocity decreases and pressure increases. 

Fig. 12.7.1. Variation of axial pressure gradient over profile: 

a-subsonic flow-interaction; b--supersonic flow-interaction. 

In the case of a supersonic flow-interaction (Fig. 12.7.1, b) velocity v8 
going toward the trailing edge of the profile increases continuously and con- 
sequently the pressure pa and the derivative dp,ldx diminish, i.e. all over the 
surface the flow in the boundary layer will exhibit a negative pressure 
gradient. 

The integral'relation (12.2.16) will be used for qualitative evaluation of 
the variation in tangential stresses with the given distribution of axial pressure 
gradient. If the derivative dpa/dx<O the first term on the left side will be 
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positive and in the case of dpa/dx > 0 it will be negative. This indicates that 
under identical conditions the tangential stresses in the region of negative 
pressure gradient where the flow speeds up will be higher than those in a uni- 
form flow. On the other hand, on the part of the surface where pressure rises 
and the flow is slowed down the frictional stress will be reduced. It is possible 
to find the point on the surface in this region where the frictional stress be- 
comes zero and behind which its value becomes negative. 

This kind of variation in frictional stress is closely related to the velocity 
distribution Vx over the section of the boundary layer. If we take a laminar 
boundary layer for which zw=pw(aVX[ay), then, in the region of adverse 
pressure gradient where z ,  >0, the derivative (aVx/ay), >O. The picture of 
the corresponding velocity distribution is shown in Fig. 12.7.2, a where the 
velocity Vx near the wall has the same direction' as the velocity of free flow 
v8. 

Fig. 12.7.2. Variation of velocity profile over section of boundary 
layer and formation of vortex in zone of separation: 

I-stream line; 2-vortex; 3-zone of separation. 

At the point of the profile where z, = 0 and consequently (a VX/ay), = 0 
the distribution of velocities in the boundary layer tangential to the curve 
(see Fig. 12.7.2, b) coincides with the normal to the wall. The stress z, be- 
hind this point is negative and the derivative (aVX/ay), < 0. The correspond- 
ing flow pattern in the boundary layer is shown in Fig. 12.7.2, c. It is 
characterized by the fact that the velocities of particles situated near the wall 
take a direction opposite to that of the free flow. This phenomenon is explain- 
ed by the effect of viscosity leading to a reduction in the kinetic energy of the 
particles in a fluid. 

In the rear part of the profile this energy may not be enough to over- 
come the positive pressure gradient. For this reason the fluid in the vicinity 
of the surface first undergoes complete stagnation and then changes its direc- 
tion of motion. As a result of the formation of this opposite flow the stream 



FRICTION 605 

lines get closer and hence the boundary layer separates from the surface. The 
point where zw=O is known as the separation point. The separation of the 
boundary layer from the surface leads to a basic change in the conditions of 
its flow-interaction and has a definitive effect on the aerodynamic charac- 
teristics of a flight vehicle. The determination of frictional stress in the 
region of separation has no physical meaning because its effect on the motion 
of the fluid is infinitesimally small in comparison with normal pressure. The 
stress zw in this region in practice may be taken as equal to zero. So far as 
curved surfaces with unseparated flows are concerned the investigation of 
frictional stress in these regions can be carried out using the integral relation of 
the boundary layer along with the relations establishing velocity distribution 
over the section of the layer and the law of variation of tangential stresses. 

Let us see how to calculate the laminar boundary layer over the curved 
surface of an airfoil in a compressible gas flow, as worked out by Academi- 
cian A.A. Dorodnitsin [5]. The integral relation of this boundary layer will 
be obtained from (12.2.16') by eliminating ro and taking zw=pw (aVx/ay),,=o: 

Let us transform this equation to the variables in (12.3.4) and (12.3.6). We 
will then find 

Inserting here the value of 6 from (12.4.6') and the values of dt/dx and 
( a q l a ~ ) ~  in accordance with (12.3.6), (12.3.4), (12.3.5) and (12.4.5'), we get 

Keeping in view the equality in (12.2.17), which can be represented in the 
form 

we get the integral relation 



Dividing both sides of this equality by pw and changing the ratio p8/pw accord- 
ing to (12.7.3) to the value 

and the quantity pw/pw to the value obtained from (12.4.35), we find 

1 
-2 k T - "  ( f )  

=v8 (1-Vs) 
-0 

Now, following A.A. Dorodnitsin, we give the equation approximate 
velocity distribution V, at the sections of the boundary layer in the form of a 
polynomial of the fourth order of q: 

V, = aq + by2 + cq3 + dq4. (12.7.7) 

This expression is similar to Pohlausen's polynomial (12.3.9), differing only 
by the addition of a fourth term which is introduced to allow for peculiarities 
of flow in the boundary layer in the presence of an axial pressure gradient. 
The coefficients in equation (12.7.7), which are functions of 5, are determined 
by the use of boundary conditions and differential equations of the boundary 
layer as for solution of the problem of the boundary layer on a flat plate. 

On the surface in the flow (at q = 0) 

Vx=Vy=O. (12.7.8) 

At the external limit of the boundary layer (at q = q8) 

Vx= V.3- (12.7.9) 

Besides, as frictional stress on this boundary is equal to zero, we will have 

a vxlar =om (12.7.10) 

In addition, we will find the boundary conditions for the derivative a2V'/aq2. 
For this purpose we use the differential equation of motion in a boundary 
layer (12.1.14) and transform it into the variables in (12.3.4) and (1 2.3.6): 
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[nserting the values of the derivatives atlax and aq/ay from (12.3.4), (12.3.6) 
here, replacing the quantity dpa/d< taking into account (12.7.4) and carrying 
out differentiation on the right side, we get 

- _-.-._ pava dV6 pa pp a2Vz 
I avx a ( ~ P I ¶  f7.-+ -.-.- (12.7.11) 

P d t  Po po all2 pa2 a'l all 

where, according to (12.4.5), (1.4.2) and (12.5. I), the quantity 

Assuming q 
and keeping 
free surface, 

= se in equation (12.7.1 1) and correspondingly Vx= Va, p = pa, 
in mind that aVx/a~=O because frictional stress is absent at the 
we get the boundary condition 

If q = 0 is assumed the velocities at the wall will be V, = Vy  = 0, density p = p, 
and coefficient of dynamic viscosity p = ,vw =pa. Using these quantities in 
(12.7.1 1 ), we have 

Repla-ing pw/po in this expression by the quantity pa/po according to 
(12.3.5') and the ratio of densities pa/pw by the relation 

which is obtained from (12.3.5), and introducing coefficient of kinematic 
viscosity V O =  po/po, we get the boundary condition for the second derivative 
at q=O: 

In this way we can find all the boundary conditions with whose help we 
determine the coefficients of the polynomial (12.7.7). Here the boundary 
condition (12.7.8) on the surface under flow-interaction is taken into account 
by using the type of polynomial that determined the value of Vx=O at q=0. 
The second boundary condition is used on the surface (12.7.14). For this 



purpose we should differentiate (12.7.7): 

Assuming q = 0  here and comparing the second derivative (a2VJaq2),=o with 
its value in (12.7.14), we get the coefficient of polynomial 

Let us consider the boundary conditions at the external limit of the 
boundary layer. According to (12.7.9) the velocity Vn= V8 at q=q8. There- 
fore from (12.7.7) we have 

V8=aq8+by;+cq,3 + d y i .  (12.7.17) 

In this equation the coefficient b is already determined in the form of (12.7.16). 
To calculate it we have to combine two more independent equations to calcu- 
late the other three coefficients in equation (12.7.17). For this purpose we 
differentiate (12.7.7) with respect to q: 

According to the boundary condition (12.7.10) we have, at q=qs, the 
derivative 

(a vX/aq),-, = 0 .  
Hence 0=a+2bq8+3cqi+4dq~.  (12.7.19) 

Recalling the condition (12.7.12) for the second derivative, we get the follow- 
ing equation from (12.7.15): 

0=b+3cq8+6dqi. (12.7.20) 

Solving the system of equations (12.7.17), (12.7.19), (12.7.20) for the coeffi- 
cients a, c, d taking into account the value of b from (12.7.16), we get: 

where 

Using this value of I the coefficient b in (12.7.16) will be rewritten in the form 



With the help of the coefficients obtained the velocity in (12.7.7) can be ex- 
pressed in the following way: 

where i=qlvle. As may be seen from (12.7.24) and (12.7.22), the velocity pro- 
file at the sections of a boundary layer over a curved surface, unlike over a 
flat plate, will vary due to the effect of axial gradient of velocity Vg (or axial 
gradient of pressure ps). 

We now use the integral relation (12.7.6) and introduce in it the expres- 
sion (12.7.24) in place of Vx and the value of: 

for the derivative (aVx/aq),,o. As a result we have the relation 

where 
1 1 

v 2 -  , ( A )  ( )  $5 1 [ (2?-23+;;()+$ ( l - ; j 3 7 d ~  
0 

V' 
0 

According to (12.7.22) the thickness appearing in (12.7.26) will be express- 
ed in the form 
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where 

Inserting (12.7.29) and (12.7.30) m (12.7.26), we arrive at the following 
relation: 

where 

Taking this into account, we will have the following relation after simpli- 
fication: 

where Fa= Va/Vmax; F = ~ / L .  After differentiation the equation reduces to the 
form 

dAIdZ=Ml (1) N1 (5) +M2 (1) N.2 (c), (12.7.31) 

where 
A(213- 1.921-0.2A2) . 

M1 (A) = -----. 2 1 3 - 5 7 . 6 ~ - ~ ~  
1 
1 (12.7.32) 

7258- 1336A+37.92 A2+0.8A3 . I 
M2 (2) = 213-57.6A-A2 ' J 
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In the expressions (12.7.33) notations for the first and second derivatives of 
velocity in the form = dVa/dj and F; = d27,/dt2 have been introduced. 

According to the above discussion the analysis of the boundary layer over 
a curved surface will be conducted in the following way: First the velocity 
distribution Vdx) at the external limit of the boundary layer is obtained from 
study of the potential flow-interaction or by experiment. Then the derivatives 
Vi and are determined and the functions N,, N2 are calculated. Next the 
quantity 1 is determined by numerical integration of equation (12.7.31), which 
may be carried out on an electronic digital computer. This quantity must 
satisfy the boundary condition according to which the function 1 is equal to 
some final value 20 at the point of branching of the flow that coincides with 
the point of complete stagnation, i.e. at < = 0  (x=O). This quantity can be 
obtained with the help of equation (12.7.31) in the following way: The deriva- 
tive d i / d z  at a point of complete stagnation is expressed in the form dL/dF= 
[(A- A0)/f] g4, where the value of function 1 is determined at a small distance 
from this point. According to this 

[(A - ~0)1Z1&0 = Ml(2) N, (a + M2 (4 N2 (F), 
or 

(1 -no)-,,, = ([MI (4 NN, (29 + M2 (1) N2 (?)I z17+0. 
Here the left side is equal to zero and according to (12.7.32) the term on the 
right side 

[Ml (4 N, (TI & , o  = 07 
because 

[M1(1) PIgS3'0. 
Therefore 

rM2 (1) N2 (p) ? ] ~ o = o ,  

We will show that [N2 (r) FIz4#O. For this purpose we use the expression 
(12.7.33) for N, ( f ) .  The derivative 7; appearing in this expression can be 
expressed in the form ~ ~ = d i ? , / d ~ = ( F , / ~ ) Z 3 0 ,  where 7, is the velocity at a 
point with a small value of coordinate z. According to this 

Hence it follows from (12.7.34) that M2 (20) =O and 
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This calculation, being connected with determination of the characteristics of 
a boundary layer, can be used for the case of subsonic speeds of undisturbed 
flow and for a supersonic flow over a profile with a blunt leading edge. In the 
latter case it is necessary to take the values of density ph and stagnation 
pressure ph worked out for the flow conditions behind the linear part of a 
curved shock wave detached from the profile in place of po and po in formulas 
(12.3.4) and (12.3.6). For the supersonic flow-interaction of a sharp-nosed 
airfoil the values of and pi  must be worked out for Mach number M, > 1 
and for angle of inclination 8, of a shock wave near the leading edge. The 
initial value of I = l o  (at 5=0) is determined from the condition that at the 
sharp leading edge, as on a flat plate, the thickness of the boundary layer is 
equal to zero. According to (12.7.22) this value of 10 is also equal to zero. 

The values of 1 obtained from equation (12.7.31) help us to determine the 
parameters of the boundary layer. The frictional stress is worked out on the 
basis of (12.3.4), (12.3.6) and (12.7.25) with the help of the expression 

Taking into account that ys is determined by the expression (12.7.29) and the 
ratio pw/po by the relation (12.7.3), and assuming pw=po, we find the relation 

Here 
112 1 

Po - - = d ~ = ( " ~ " p ~ p a )  ~ v O  p8 PS =(p6fi) 

and the function f (Q is determined from fromula (12.7.30). Accordingly 

The local coefficient of friction will then be given by 

To find the thickness of the boundary layer we apply formula (12.4.6'), 
which will be rewritten in the form 



where qs and @,(A) are obtained as functions of h from the expressions 
(12.7.29) and (12.7.27) respectively. The corresponding values for the bound- 
ary layer parameters in an incompressible fluid can be found if 1 - p:= 1 - 
V,Z/V:,, = 1 is introduced in the relations obtained above [this follows from 
the formula i -f7:={1+ [(k- 1)/2] M:)-', in which the Mach number M,=O 
must be taken for an incompressible medium]. From (12.7.37) we will arrive 
at the relation for the coefficient of friction 

The thickness of the boundary layer, according to formula (12.7.38) with 
V =  0, will be equal to the value of 6=q,.  This value can be determined with 
the help of Newton's formula zw=,uw (aVr/aq)+~ in the following way: Let us 
write the above formula taking into account equation (12.7.25) in the form 

Keeping in mind (12.7.39), we get 

The quantity R appearing in (12.7.39) through (12.7.41) is determined by the 
solution of differential equation (12.7.31), in which 

are substituted in place of (12.7.33). 
For airfoils with small curvature of contour the method of characteristic 

parameters will be applied to determine the characteristics of an incompressi- 
ble boundary layer to their corresponding values taking into account the 
effects of compressibility and high temperatures. 

From the above relations for the boundary layer over a curved surface it 
is possible to get, as a particular case, the corresponding relations for a flat 
plate interacting with either a compressible or an incompressible flow if the 
axial velocity gradient is assumed to be zero in these relations. 

Effect of boundary layer separation on aerodynamic characteristics: The 
part of the boundary layer behind the point of separation is characterized by 
the presence of two mutually opposite flows: an external flow with the direc- 
tion of a free flow and an internal flow moving in the opposite direction. The 
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boundary layer is twisted to form a vortex in the flow (see Fig. 12.7.2). The 
appearance and shedding of vortices is accompanied by the accumulation of 
stagnant flow and formation of a region of stagnation. 

The vortices produce a higher velocity of particles in the tail section of 
the body lying in their path than during a flow-interaction without separation 
and obviously the pressure will be lower (Fig. 12.7.3). Therefore additional 
drag due to redistribution of pressure, known as form drag or vortex, will 
appear. The increase in drag may be explained by the fact that an additional 
part of the kinetic energy of the flow around the body is spent in formation of 
vortices and separation of flow. 

The position of the point of 
separation and hence the size of 
the region determining the value 
of additional drag depend on the 
value of the pressure gradient. 
For surfaces in a flow in the form 
of airfoils or elongated bodies of 
revolution with small curvatures 
and at small angles of attack the 

Fig. 12.7.3. Distribution of pressure over positive Pressure gradient is not 
profile surface ( M ~ ~ =  0): large, separation scarcely takes 

~ - ~ i ~ h ~ ~ ~  flow separation; 2-with flow place and vortex drag is infinitesi- 
separation. mally small. The pressure gradient 

dp~ldx increases with an increase 
in angle of attack and curvature of surface and separation takes place. Here 
the higher the derivative dpa/dx the closer the point of separation to the nose 
of the surface in the flow. 

All these phenomena are observed in laminar as well as turbulent bound- 
ary layers. However, in the case of a turbulent flow some specific peculiari- 
ties of the separated flow may be noted. A region of turbulent flow arises 
when the Reynolds number exceeds its critical value. The velocities are distri- 
buted more.uniformly over the section of a turbulent boundary layer and 
therefore the particles near the surface have a high velocity and hence more 
kinetic energy. For this reason they strongly resist the stagnating action of 
increasing pressure along the flow. This results in a less abrupt fall in tan- 
gential stress. The particles move over the surface to the point of separation 
where z,=0 farther than in a laminar flow. So crossing of the critical 
Reynolds number is associated with the movement of the separation point 
downstream. As a result the width and intensity of the vortex region behind 
the body is reduced and pressure drag (vortex drag) suddenly diminishes. In 
spite of some increase in drag based on turbulent friction total drag will be 
less than that in the case of a laminar boundary layer. This phenomenon of 
reduction in the total drag of blunt bodies (bodies with intensively separated 
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flow around them wl~ose drag is mainly based on pressure forces and to a 
lesser degree on friction are generally known as blunt bodies) upon appearance 
of a turbulent boundary layer is known as drag crisis. Further increase in the 
Reynolds number (beyond critical point) leads to some rise in drag because 
the point of separation shifts upstream on the body. 

We must note here that the above effect of "drag crisis" exists only in the 
case of blunt bodies such as, for example, a cylinder or sphere. For streamlin- 
ed surfaces, for example, wing profiles or the fuselages of airplanes, the 
reduction in the zone of separation in the rear section of the body and the 
reduction in pressure drag are overcompensated by the frictional drag due 
to formation of a turbulent boundary layer in this part of the body. 

Let us examine how compressibility affects the position of the point of 
separation and drag. It was established earlier that the thickness of the 
boundary layer for a flat plate increases with an increase in the Mach number 
and the frictional drag diminishes. These conditions remain valid even for 
curved surfaces [see (12.7.38) and (12.7.36)l. From this it follows that the 
point of separation shifts upstream with an increase in M,, i.e. it shifts 
toward the nose of the body. As a result the zone of separation extends and 
along with it the pressure drag and total drag increase. 

From the above discussion it follows that the calculation of flow-interac- 
tion and determination of aerodynamic drag are connected with finding the 
point of separation of the boundary layer from the surface under flow-interac- 
tion. An approximate value of the coordinate of the separation point for a 
laminar boundary layer in a subsonic flow can be determined by the method 
of Academician A.A. Dorodnitsin discussed in this section. For this purpose 
we have to use equation (12.7.36). Taking zw=O, we find the value of the 
parameter A= - 12 on the basis of which the solution of equation (12.7.22) 
gives the position of the point of separation for a given form of body. The 
method of calculation of separation for turbulent boundary layer has been 
discussed in the work [23]. 

The above methods are based on the solution of the differential equation 
of the boundary layer. On the lower limit the fluid parameters are determined 
from the equations of an inviscid unseparated flow-interaction with a given 
surface, i.e. these methods do not take into account the effects of a separating 
boundary Iayer on free flow. The data obtained on separation by these 
methods will be valid for sufficiently streamlined bodies where the separating 
free flow and the boundary layer are not very much displaced from the sur- 
face so that the flow differs insignificantly from a nonseparating inviscid 
flow. However, during the rather intensive separation generated by blunt 
bodies, when the external flow moves appreciably away from the wall, this 
difference seems to be quite considerable and the flow will have a significant 
effect on the boundary layer upstream as well as downstream and hence on 
the position of the separation point. 



The scheme of an approximate solution of the problem of the separation 
of an incompressible boundary layer under the above conditions was pro- 
posed in MVTU in the name of N.E. Bauman. It is based on the idea of an 
ideal model of flow-interaction according to which the existence of an exter- 
nal potential flow and of zones of "silence" (in place of the usually accepted 
steady vortex zone) is assumed. Here the jets happen to be the boundaries 
between the potential flow and the steady fluid. The point of separation of 
the boundary layer is taken as the point of origin of the free jets. Calcula- 
tion of the point of separation according to the usual model of flow-inter- 
action is carried out by the method of interaction. The coordinate of the 
point of separation is first worked out using the usual methods of the theory 
of the boundary layer with the help of the parameters of external ("inviscid") 
flow-interactions for a given form of body. Then, assuming that the free jets 
emerge from the separation points, the problem of the form of the jets is 
solved approximately on the assumption that the jets coincide with stream 
lines along which the velocities are constant. 

After determining the formula for the "semi-body" bounded by the 
contour of the surface in front (to the point of separation) and by the bound- 
ary of the free jets in back it is possible to work out the external potential 
flow as a second approximation and improve the position of the point of 
separation for this body. The results of calculations obtained by this scheme 
tally well with the experimental data. Here the effectiveness of the solution 
of problems of potential flow-interaction and determination of the boundaries 
of free jets was improved by use of a special calculating machine, the electro- 
integrator, which functions on the basis of the analogy between equations 
describing hydrodynamic and electro-dynamic processes (electro-hydrodyna- 
mic analogy). 

We have studied the separation of the boundary layer due to a positive 
pressure gradient that arises as a result of free flow over the rear part of a 
curved surface. It is not connected with the presence of projections or the 
roughness of this surface. This phenomenon of separation may be observ- 
ed in a compressible or an incompressible flow. Specific processes may take 
place in a compressible flow that establish the same effect of separation as 
we have already considered. As we know from the earlier discussion, local 
shock waves appear in a compressible medium at Mach numbers hl, higher 
than the critical Mach numbers. The increased pressure behind such shocks 
spreads not only downstream but also upstream. On the other hand the 
thickening of the boundary layer in front of the shock wave calls for com- 
pression of the stream lines from the body surface in the supersonic part of 
the boundary layer and also in the external flow. This leads to the fact that 
the supersonic flow during interaction with this part undergoes an additional 
turn which results in the formation of an oblique shock wave (I-type shock). 
As a result of this interaction between shock wave and boundary layer a 
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rise in pressure. takes place, leading to separation of the boundary layer. 
The rise in drag'at supercritical Mach numbers is attributed not only to the 
losses in local shock waves but also to the separation of the boundary layer 
under the impact of shocks. 

As shown by research, all these phenomena take place very intensively in 
the case of a laminar flow-interaction. Transition to a turbulent flow weakens 
the interaction between the shock waves and the boundary layer because 
thickening of the boundary layer is considerably less evident in a turbulent 
flow than in a laminar flow. Because there is Iess compression of stream lines 
in a turbulent flow ahead of the normal shock no additional oblique shock 
wave arises, as shown by experiment. 

8. Mixed Boundary Layer. Critical Reynolds Number 

In studying the calculation of the boundary layer over the surface in a 
flow we have to analyze its character. Observations show that the character 
of a boundary layer largely depends on the regime of flow-interaction, which 
can be determined by the Reynolds number. If the surface is assumed to take 
the form of a flat plate (Fig. 12.8.1) we find the formation of a laminar 
boundary layer on the front 
section at comparatively small 
Reynolds numbers Re = Vaxpel 
pa. Then there is a region of 
transition from laminar to tur- 
bulent boundary layer which 0 

eventually becomes a complete- 
ly turbulent flow at the rear. 
These regions correspond to 

high numbers Fig. 12.8.1. Mired boundary layer on Bat plate: 
Re. This kind of boundary layer 
on the surface in a flow is known I-laminar boundary layer; 2-transition region; 

3-turbulent boundary layer. 
as a mixed boundary layer. 

It should be noted that a laminar as well as a turbulent boundary layer 
may exist at any Reynolds number. However, in practice the flow regime in 
the boundary layer over the surface under flow-interaction is established that 
is stable under the given conditions. At low Reynolds numbers Re the laminar 
regime is stable. At high values of Re laminar boundary layers seem to be 
unstable. It is possible to achieve a laminar boundary layer even at quite high 
Reynolds numbers by using some artificial devices, for example, by setting 
up a smooth flow of fluid to a plate with a smooth surface. However, this 
regime of fluid is unstable and from any small disturbance it becomes a stable 
turbulent flow regime. The same thing is also true of the unstable turbu- 
lent boundary layer that may arise at the front of the plate (where Reynolds 



numbers are small) if some initial disturbance arises. But however intense 
this disturbance is it dies away near the leading edge if the local Reynolds 
number Re= Vsxps/ps does not exceed its critical value. 

This Reynolds number dividing the region of stable laminar flow from 
the rest of the surface where the transition region and stable turbulent flow 
obtain is known as the critical Reynolds number. It is denoted by 

Sometimes this number, determined on the basis of distance xl\, to the begin- 
ning of the transition region, is known as the first or minimum critical num- 
ber in contrast to the second critical Reynolds number Re:,= V ,X~ ,~ , / ,U~  
which separates the transition region from the zone of fully developed turbu- 
lence and is calculated on the basis of coordinate xi, of the end of this region. 

Cfx In experimental research the range 
0.007 of Reynolds numbers is usually found 

0.006 that is bounded by the first and second 
critical values and determines the 

0.005 size of the transition region. The 
0.004 approximate values of these num- 

0.003 bers can be found from the graph 
(Fig. 12.8.2) prepared on the basis of 

0.002 experiments with a flat plate in an 
incompressible flow. 

'04 ' lo' lo' Re =T "fl The first critical Reynolds number 

Fig. 12.8.2. Variation in local frictional is determined by the minimum value 

on plate and value of critical of the coefficient of friction corres- 
Reynolds numbers: ponding to the end of the region of 

I-laminar boundary layer; 2-transition laminar boundary layer. Usually 
region; 3-turbulent boundary layer. R&,% lo6. Behind the point of mini- 

mum cfx there is a sharp, almost 
abrupt, rise in the local frictional coefficient which reaches its maximum 
value at the limit of the transition region and corresponds to the second 
critical Reynolds number ~ < , % 5  x lo6. On the right side of this limit we will 
find the turbulent boundary layer. 

In approximate calculations it may be assumed that the laminar boundary 
layer is separated from the turbulent region by a transition zone of infinite- 
simally small size, i.e. by a point. The coordinate x,, of this transition point 
P (Fig. 12.8.3) is determined from the critical Reynolds number which in turn 
is taken as some value between the first and second critical numbers. 

In estimating the value of Reynolds number Re,, it is necessary to rely 
basically on experimental data. This helps in qualitative evaluation and in 
quantitative analysis of the phenomenon of a stabilizing laminar boundary 
layer, its transition into a turbulent boundary layer and the limitations on 



formation of flow in this layer. In particular it has been established that the 
presence of a laminar region and a transition region has no effect on the law 
of development of the turbulent boundary layer behind the transition point. 
Consequently for calculation of the boundary layer behind the transition 
point it is possible to use the usual relations obtained from the assumption 
that the flow in this region is completely turbulent. 

The position of the transition 
point (or region) on the surface 
in a flow depends on a series of Y 
factors; basically the degree of 
turbulence in the external flow, 
the condition of the surface, the 
wall temperature, Mach number 0 
Ma at the external limit of the 
boundary layer, the form of the 
surface and the axial pressure 
gradient. Fig. 12.8.3. Transition of laminar boundary 

The effect of the degree of layer to turbulent layer: 

of in- 1-laminar boundary Layer; ,?-fictitious region 
flow On the of turbulent boundary layer; 3-turbulent 

critical Reynolds number Re,, is boundary layer behind transition point. 
shown in Fig. 12.8.4. The 
degree of turbulence along the abscissa is measured in percentages and is 
equal to 

where v;, v;, Vz' are the perturbation components of velocity; V is the aver- 
age flow velocity. An increase 
in the degree of turbulence of 
the external flow leads to addi- 

-2 tional disturbances in the boun- 
dary layer, which results in 

1 earlier appearance of transition 
and hence in reduction of the 

0 1 2 A, % critical Reynolds number. 
Fig. 12.8.4. Effect of degree of turbulence in The same qualitative effect 
incompressible fluid on critical Reynolds num- reduction in the 

ber for flat plate in flow. the laminar boundary layer is 
observed with a rough surface. 

The roughness is also considered as a source of disturbances. If the surface 
condition is characterized by the relative roughness d = A/6* (A  is the grade of 
roughness; 6* is displacement thickness) the effect of this condition on the 



critioal Reynolds number for an incompressible fluid can be graphically 
represented by the curve shown in Fig. 12.8.5. 

Let us study the effect of all temperatures on the stability of the laminar 
boundary layer. It has been established that the cooling of the surface of the 
wall helps to stabilize the boundary layer and to increase the critical Reynolds 
number. This is explained by the fact that the temperature of the fluid is 
reduced due to this cooling and the density of gas increases near the wall, as a 
result of which the kinetic energy of the flow increases. It is clear that particles 
with large energy are less susceptible to the effect of disturbing pulsations. It 

Fig. 12.8.5. Effect of surface rough- Fig. 12.8.6. Empirical curve characteri- 
ness of plate on critical Reynolds zing variation in Re,= with temperature 

number. factor and Mach number Ms. 

is found that at very high speeds of flow-interaction the Reynolds number has 
an insignificant role as a stability criterion in comparison with parameters 
like relative wall temperature Tw/Ta (TWIT, or TWITr) and Mach number Ms. 
The results of experimental research on the relation of the critical Reynolds 
number to the temperature of the surface of the plate are shown in Fig. 
12.8.6. With the help of these results it is possible to find the relation of the 
quantity Rec,/(Re,,)~~_, [(R~,,)F~=, is the critical Reynolds number at 
T,= TWIT, = 11 with the parameter (T, - 1 ) / ~ 3  involving factor of temperature - 
T, and Mach number M,. 

In this way the above data help us to establish the effect of Mach num- 
ber Ma at the external limit of the layer on the stability of a laminar bound- 
ary layer. It can easily be seen that the critical Reynolds number decreases 
with an increase in Mach number Ms because the recovery temperature rises 
with an increase in Mach number Ms. As a result the density and kinetic 
energy of the gas near the wall diminish. 

It is natural that the effect of disturbances registers more strongly on gas 
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particles with less kinetic energy. This leads to earlier transition of the 
boundary layer: 

Let us establish the effect of a degree of turbulence of external flow and 
surface roughness on the stability of a laminar boundary layer at different 
Mach numbers Ma. Observations show that this effect diminishes with a rise 
in Ma and at RZg > 4 to 5 the critical Reynolds number is practically indepen- 
dent of the degree of turbulence and surface roughness. The physical nature 
of this phenomenon is as follows: It is well known that the thickness of the 
boundary layer increases with a rise in Mach number Ma and hence a larger 
part of the fluid mass becomes involved in a viscous flow. This is why a thick 
laminar boundary layer is less disturbed by turbulence in the external flow 
and surface roughness. The stabilizing effect of Mach number Ma does not 
follow from this. In a given case there may be a reduction in the role of such 
factors as turbulence and surface roughness in a change in the critical Rey- 
nolds number. But the value of this number will be reduced simultaneously 
with a rise in Me. 

The critical Reynolds number, worked out on the basis of the local para- 
meters of the boundary layer, depends on the form of the surface in the flow. 
Let us study this with the example of the flow-interaction of a cone. At one 
and the same value of Mach number Ma and wall temperature the thickness 
of the boundary layer over the cone is less than that on the flat plate at a cor- 
responding point. In this thin layer of viscous fluid the tendency of particles 

Fig. 12.8.7. Variation in critical Reynolds number for cone. 

to intermix becomes less marked and the critical value of the Reynolds num- 
ber increases. Experimental data on the variation of this number in relation 
to Mach number M, and temperature factor Tw=Tw/Tr are reproduced in 
Fig. 12.8.7. Analysis of these data shows that the qualitative picture of the 



effect of Mach number Ma and surface temperature on the stability of the 
boundary layer for a cone is the same as that for a flat plate. At the same 
time the peculiarity of flow-interaction may be noted whereby at Mach num- 
ber Ma >4 to 5 the critical Reynolds numbers for a conical surface remain 
practically constant for a given value of temperature factor Tw. Here, as 
shown by the calculations, the value of the critical Reynolds number is 
approximately inversely proportional to the relative wall temperature T,= 
TWITr which can be determined with the help of the expression (12.5.12) for 
Tr. 

In investigating the stability of a laminar boundary layer on a curved 
surface it is necessary to consider the effect of the axial pressure gradient 
along with the above factors. If it is positive the gas particle is slowed down 
and therefore its kinetic energy decreases. This results in less resistance to 
disturbing interactions, which leads to more intensive intermixing and hence 
to a reduction in the critical Reynolds number. 

The acceleration of particles induced by a negative pressure gradient helps 
to retard laminar motion up to very high Reynolds numbers. A curve 
obtained as a result of experimental research in a subsonic flow over a profile 
is shown in Fig. 12.8.8. This helps us to estimate the effect of the axial 
pressure gradient on the critical Reynolds number. This curve corresponds 
to an empirical formula: 

where A =  - 18xdp"G/dx is a parameter worked out on the basis of the value 

of pressure in boundary layer &,/dx; = 2pa/(p8~i ) is a nondimensional 
value of pressure in a boundary layer; (Recr),, and (Rec& are the critical 
Reynolds numbers corresponding to 1 # O  (pressure gradient different from 
zero) and A = O  (pressure gradient equal to zero). 

After determining the critical Rey- 
nolds number with adjustment for the 

1.2 above factors it is possible to calculate 
the parameters of a mixed boundary 

I. 0 layer taking these parameters separately 
for the regions of laminar and turbulent 

0.8 flows. Let us take as an example the 

0.6 
method of calculating this kind of boun- 

-6 -4 -2 O 2 h dary layer on a flat plate (see Fig. 12.8.3). 
Fig. 12.8.8. Effect of axial pressure In the region from the leading edge to 
gradient on critical Reynolds number point P (length of section xCr=xp) on 

of flow over plain curved surface. the plate the parameters of viscous flow- 
interaction (thickness of layer, coeffi- 

cient of friction) are worked out from the usual relations for a laminar boun- 



dary layer. However, for the calculation of turbulent flow beginning from 
point P the earlier relations for a turbulent boundary layer should not be 
applied because this layer begins not from zero thickness but from some finite 
thickness of layer. It has been proved by experiment that these relations can 
be used with fair accuracy if the coordinate x is taken from the conditional 
origin of the turbulent boundary layer, which can be determined by the point 
0' in Fig. 12.8.3. 

To determine this point we can use one of the following schemes: Accord- 
ing to the first scheme it is assumed that the distance OIP= Ax, which is equal 
to the length of imaginary plate with turbulent boundary layer dT at the point 
of transition, K is equal to the thickness of laminar boundary layer 61. at a 
distance Xcr=Xp. If an incompressible fluid is considered this leads to the con- ' 
dition 

Alxp (~e,,);~'~= 4 Ax (R€?~,)-"~, (12.8.3) 

where A1 =4.64; A2=0.37; 

(Recr)x, = va XP/V~, Redx = Ve Ax/va (12.8.4) 

according to (12.3.19') and (12.4.58). Here the critical number (Re,),, is 
taken as a known quantity equal to (1-5) x lo6. Knowing this quantity, the 
value of Ax can be found from (12.8.3). 

The characteristic parameters can be used to work out the effect of com- 
pressibility and high temperatures. For this purpose the expression for the 
Reynolds number will be written in the following way: 

(Re,,) xp= V8 x~/v*,  ReAx= V,Ax/v*. (12.8.5) 

In the case in question the critical Reynolds number (Re,,),, should be 
obtained taking into account the wall temperature and Mach number Ma. 
Inserting the values of (12.8.5) in (12.8.3), the length Ax can be worked out. 
This will be determined by the effect of high-speed flows. 

According to the second scheme it is assumed that the thicknesses of the 
layers at transition points are not equal but the momentum thicknesses S*" 
for laminar and turbulent boundary layers are equal, i.e. 

For an incompressible fluid the momentum thickness is found from equation 
(12.2.20) in which p=pe is assumed: 

a**= 1 %(I-2) dy. 
0 

Introducing the notation for integral 



we get 

6** =dB. 

Inserting this value in (12.8.6) and keeping in view the expression (12.8.3) for 
thickness, we have 

A~Blxp (~e,,);;'~ = A2 Bz Ax (Redx)-'I5, (12.8.9) 

where B1 is calculated from (12.8.7) with substitution of Vx/V8 by equation 
(12.3.15) in which q/ys= y/d is assumed, and B2 is found from the same ex- 
pression (12.8.7) with substitution of Vx/V8 according to (12.4.54). The 
quantity Ax, obtained from (12.8.9), will be somewhat higher than that from 
the formula (12.8.3). It may be assumed that a value somewhere between the 
values of Ax obtained from these formulas will be nearer to the actual value. 

The results of calculation of the coordinates of point 0' can be used to 
calculate thicknesses, distribution of local frictional coefficients and the aver- 
age values of these coefficients in the case of a mixed boundary layer. The 
average frictional coefficient for a plate of length L will be 

where (cfL)inc is the average coefficient of laminar friction over the region O'P 
worked out on the basis of the critical Reynolds number; (ctn)inc and (c"fi)inc 
are the average coefficients of turbulent friction corresponding to the regions 
of length x' = L- xp+ Ax and Ax. Here the coefficient (c1fi)inC is obtained for 
the Reynolds number worked out on the basis of length x' and the coefficient 
( ~ " ~ ~ ) i n c  is obtained for the Reynolds number Re worked out on the basis of 
distance Ax. 



HEAT TRANSFER 

1. Aerodynamic Heating 

1.1 Equation of heat balance 
During flight through the atmosphere there is a heat flow from the sur- 

rounding medium to the flight vehicle when the temperature of the gas com- 
ing into contact with the surface is higher than that of the body. Regions of 
high temperatures arise due to deceleration of the flow across shock waves 
and in the boundary layer, which increases the static enthalpy of the air. 

Calculation of heat transfer includes determination of the specific heat 
flow, which is the quantity of heat flowing to unit surface per unit time (kilo. 
cal/m2. sec [MKS] or watt/m2 [ST]), and aggregate heat flow to the surface un- 
der flow-interaction during a given interval of time. The solution of these 
problems allows us to work out a system of cooling or to select other devices 
to protect the surface against overheating. It also allows us to determine the 
regions where excessive thermal stresses occur, leading to possible destruc- 
tion of the surface, so that precautionary measures can be taken. 

Let us consider the equation of heat balance which, in its general form, 
determines the resultant specific heat flow contributing to heating of the wall. 
The value of this specific heat flow q, is equal to the difference between heat 
inflow gin and heat outflow go, i.e. 

qw =gin - 90. (13.1.1) 

The heat inflow to the wall arises due to conductivity and diffusion in the gas 
(qk = qc+ qd), radiation of the gas grad, solar and terrestrial radiation q, and q, 
and heat transfer from the machine q,. So 

The heat outflow consists of the heat qr radiated by the heated surface, 
the heat gab absorbed by the material of the wall and dispersed in the sur- 
rounding medium during mass transfer or ablation, the heat q, carried away 
by various cooling aids and the heat q,, consumed in heating of the machine. 

625 
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Hence 

In the thermal balance the heat flow qm from the machine or qmo to it and 
the heat qcacarried away by cooling have a greater effect. The problems con- 
nected with the permissible values of q,, q,, and the required values of q,, are 
of a technico-structural character. They are solved for each concrete case 
taking into account the specific peculiarities of the flight vehicle. Let us con- 
sider here only the processes of natural inflow and outflow of heat related to 
the heating of gas, radiation from the wall and thermal radiation from the 
sun and the earth. 

1.2 Heat inflow from heated gas 
Molecular thermal conductivity: During the radiation process the pheno- 

menon of a high-speed flow of gas over a body gives rise to nonuniform heat- 
ing of the gas, leading to a three-dimensional distribution of temperatures as 
well as of the constituents of the gas. The temperature gradients arising in 
this way result in a heat flow which is based on molecular thermal conducti- 
vity. This heat flow is determined by Fourier's law: 

where A,, (aT/a~)), are the coefficient of thermal conductivity and tempera- 
ture gradient for a heated gas near the wall. The minus sign on the right 
side reflects the fact that the value of q~ is positive and the temperature 
gradient (aT/ay), is negative because temperature is low in the direction of 
heat propagation. 

Heat flow due to diffusion: One of the peculiarities of the process of heat 
transfer in a boundary layer at very high speeds is that the atoms and ions 
produced by dissociation and ionization take part in the process of heat 
transfer by diffusing into the regions of low atomic and ionic concentration. 
The process of diffusion, associated with recombination of atoms and ions, 
leads to the separation of additional heat (see Chapter 3 Section 2 for a 
detailed account): 

where Q i d  is a diffusive flow of substance, i i  is an enthalpy of the i-th com- 
ponent of the mixture, these are determined by formulas (3.2.1) and (1.5.28) 
respectively. 

For the model of air representing the reacting atomic-molecular mixture, 
we have 



where 

In addition the transfer of substance in a given direction y can be taken as 

Q A ~ = - Q M ~ = - P D A M ( ~ C A / ~ Y ) , D A M = D M A = B ,  (13.1.7) 

where DAM(MA) = 5 is the coefficient of diffusion of atomized (molecular) 
component into molecular (atomized); CA [kg/kg] is the mass concentration of 
atoms. Obviously it is possible to come out of the given binary structure of 
dissociating air with some approximation because the coefficients of transfer 
which characterize the viscosity, thermal conductivity, diffusion and atomic 
weights of oxygen and nitrogen are close to one another. We assume that the 
concentration of nitrogen oxide is low and its effect on the energy transfer 
can be neglected. It is also possible to take into account the effect of ioniza- 
tion, which begins only at a Mach number Mm >20-25. 

Inserting (13.1.7) in (13.1.5') and taking into account the conditions on 
the wall, we get 

The enthalpies i~ and iM of the atomized and molecular components are 
expressed through the enthalpy i of the mixture: 

i= ~ A C A  + i M  (1 - CA). (13.1.9) 

According to (1 3.1.6) the difference \ 

T 

In actual cases the second term on the right side is considerably higher than 
the first term and hence we can take i~ - i ~ ~ i , h ~ ,  where ichem = ud [(see 1.5.9)]. 

Besides the transfer of material based on the varying concentration there 
occur diffusion flows due to the presence of temperature gradients (therino- 
diffusion) and pressure gradients (baro-diffusion). These two components of 
the diffusion flow are of little significance and therefore are not taken into 
account in the study of thermal conductivity in a gas flow over a body. The 
gas components diffusing as a result of the presence of the concentration gra- 
dient, transferring enthalpy, are the sources of an energy flow that may over- 
take the heat flow due to thermal conductivity under certain conditions. 

Total specific heat flow: The value of the total specific heat flow is deter- 
mined by the heat transfer due to the usual molecular heat conductivity and 
by the separation of energy as a result of recombination of the atoms parti- 
cipating in diffusion. From this the total specific heat flow to the wall, in 
accordance with (I 3.1.4) and (13.1.8), will be 



The derivative (aT/ay),  in this expression can be determined in the following 
way: Differentiating (13.1.9) with respect t o y ,  we get: 

Now we use formula (1.5.28) after simplifying it to the following form: 

dii = Cpi dT, 

keeping in view that d (ichem)j =O here because the enthalpy of its formation 
(ichem)i=const for each component. According to the expression for di; 
obtained we have 

Consequently equation (13.1.9') can be simplified to the form 

where according to (1.5.25) 

CPA ' CA + CPM (1 - CA) = (~p)av. 

From the above relation for ai/ay we find the derivative aT/ay on the wall 

where [ ( c ~ ) ~ ~ ] ,  is denoted by (c,),. 
Substituting the expressions obtained for (aT/ay),  in (1 3.1.1 I), we get 

qk = - [ (  - ( )  (i* - iM)W 
(CP)W W 

+ PW ('P'w Be (%) (iA - iM)w] (13.1.12) 
Aw 

c a c ~ i a ~ ) .  ( i ~  - iMIw 1 + Le t a ~ * / a ~ ) ~  ( i ~  - iMIw 
( a i ~ a ~ ) ~  ( a i ~ a ~ ) ~  , thermal conductivity (1)  , , diffusion (2) , 

The nondimensional parameter 

introduced in equation (1 3.1.127, is known as the Lewis-Semyenov number. 



This happens to be one of the important criteria of diffusive heat transfer. 
The physical meaning of this parameter is that it determines the ratio of 
intensity of heat transfer during mass transfer as a result of diffusion to the 
intensity of heat exchange by thermal conductivity. In a general case the 
value of Le > 1 and consequently the thermal conductivity is less intensive 
than the heat transfer by diffusion. 

Let us rewrite the Lewis-Semyenov number Le (13.1.13) in a different 
form: 

The first multiplier on the right side represents the Prandtl number Pr= 
p,., (c,),/L and the second term is a nondimensional quantity which can be 
taken as the characteristic of the diffusive heat transfer. The parameter inverse 
to this is introduced in the theory of heat transfer. This is known as Prandtl's 
number for diffusion or Schmidt's number: 

The physical meaning of the parameter Sc is that it determines the relation 
between the kinetic energy based on molecular transfer and the energy carri- 
ed away by diffusion. Like Prandtl's criteria Schmidt's number for gases is 
Sc< 1, where Sc< Pr. The relation between the Schmidt and Lewis-Semyenov 
numbers is as follows: 

Le = Pr/Sc. (13.1.13') 

The study of the numerical values of the above parameters is of great practi- 
cal importance. It has been established theoretically that Schmidt's number 
varies very little in a wide range of temperatures for a two-component 
atomic-molecular mixture. For example, if the value of Sc=0.495 at 
T=252"K its value will be Sc=0.482 at T=3360°K. The same can also be 
said of the nature of variation in Prandtl's number, the value of which is 
Pr%0.71. If Schmidt's number is taken as an average value Sc=0.49 the 
Lewis-Semyenov parameter will be 

From the data available this parameter depends only slightly on temperature 
up to values of T%9000°K. 

Analysis of possible cases of heat transfer: Let us consider equation . 
(13.1.12') and analyze different cases of heat transfer in a boundary layer. 
From (13.1.12') it follows that if the temperature near the wall is below the 
limit of dissociation the concentration of atoms is equal to zero and hence 
(acA/ay)w= 0 and the heat flow 
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In the above case of critical thermodynamic equilibrium the heat transfer 
is characterized by molecular thermal conductivity consisting of transfer of 
the kinetic energy of uniform motion of molecules and of their vibrational 
and rotational energies. 

The real Row in a dissociating boundary layer is characterized by the 
presence of a gradient of concentrations of atoms and molecules and by the 
disequilibrium of chemical reactions. In this case the mode of heat transfer 
in a boundary layer may be somewhat different from the process of pure mole- 
cular thermal conduction. Along with the molecular heat transfer exchange 
of heat takes place due to chemical energy being separated during recombina- 
tion. The following critical cases are typical for this process: 

In the first critical case when the number Le = 1 the heat flow, as can be 
seen from (13.1.12'), is exactly equal to (13.1.1 5). In this case the peculiarity 
of the heat transfer process is that the quantity of heat absorbed during 
dissociation [first term in (13.1.12')l is exactly equal to the heat flow due to 
dissociation [second term in (1 3.1.12')l. Obviously, the case in question is 
characterized by an infinitely high rate of recombination so that thermodyna- 
mic equilibrium is established at each point in the boundary layer. According 
to this the heat transferred by diffusion in a boundary layer is established by 
the presence of the profile of concentrations of equilibrium. 

In practical cases conditions of flow approximating to this hypothetical 
boundary layer in "equilibrium" will exist when the rate of diffusion is 
negligibly small in comparison with the rate of dissociation and recombina- 
tion (and in the case of ionization, in comparison with electronic reactions). 

In the second critical case, which comes about at very high speeds of flight 
when the gas in the boundary layer is highly dissociated, the parameter 

This can be proved with the help of the expression (13.1.9'). According to 
this assumption CA-, 1 at very high speeds, and hence 

Here the derivative 

1 

Assuming that the heat of formation in actual cases J cpAdT and is 
0 



a constant quantity we may take a i ~ / a y ~ O .  Consequently we have on the 
wall 

According to this 

In this way the whole of the heat in a given critical case is transferred by 
diffusion. Th'is process of heat-exchange is characterized by very low rates of 
recombination. As a result diffusion of atoms takes place but the energy in 
the boundary layer does not get separated. In practice this can happen in a 
flow where the period of chemical reaction is not high in comparison with the 
characteristic time of motion of particles. Such flows are kn0wn.a~ "frozen" 
flows. 

In a frozen flow the atoms formed during dissociation diffuse in the direc- 
tion of the cold wall, where they later recombine. The energy liberated 
depends on the catalytic properties of the wall arising at different values of 
rates of catalytic reaction of recombination. 

It is assumed that all the actual processes of heat transfer take place bet- 
ween these two critical cases. 

Newton's formula: The general heat flow from a heated gas to a wall qk= 
q~ + qd, determined by equation (1 3.1.1 I), can be represented as a convective 
heat exchange, known as the process of heat transfer, occurring between a 
solid wall and the gas around it. In practical cases the value of this heat 
transfer is usually expressed with the help of Newton's formula 

q k = a w  (T-Tw), (13.1.16) 

where Tw is the temperature of the wall; T is some characteristic temperature 
of the flow past the surface. The coefficient aw in (13.1.16), having the dimen- 
sions kilo .cal/m2.sec. degree in the MKS system or wt/m2.degree in the SI 
system, is known as the coefficient of heat transfer. Numerically it is equal to 
the quantity of heat accepted (or given) by a section of surface of unit area in 
unit time at a temperature difference of one degree between wall and gas. 

The temperature Tin  (13.1.16) is chosen in the following way: We know 
that if the wall is thermally isolated the temperature of the gas reaches its 
maximum value near the surface and is equal to the temperature of recovery 
T,.. This temperature is physically considered as the biggest participating 
factor determining heat transfer from the heated gas to the surface depending 
on the condition of the value of the temperature on this wall. Here it may be 
noted that the quantity Try under the given conditions, happens to be a weak 
function of the flow parameters. I t  is this characteristic temperature taken as 
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the temperature T in (1 3.1.16) that precludes uncertainty in understanding the 
temperature of the flow past a body. According to the above discussion New- 
ton's formula will be written in the form 

qk=aw (Tr-Tw). (13.1.16') 

This representation of the specific heat flow has the important peculiarity that 
the coefficient of heat transfer aw seems to be a weak function of the tempera- 
ture difference and therefore in practical calculations the effect of this 
difference can be neglected. However, we must bear in mind that the coeffici- 
ent of heat transfer is a parameter that is dependent on series of other factors 
such as velocity of the gas flow, form, size and position (angle of attack) of 
the body in the flow, type of boundary layer (laminar or turbulent), physical 
parameters of medium (thermal conductivity, viscosity, specific heat), etc. 

The equation of heat transfer in the form of (13.1.16') is applicable at 
speeds where there are no chemical reactions in the boundary layer. Under 
conditions of very high velocities chemical processes play an active part and 
it is necessary to take into account the variation of enthalpy during calcula- 
tion of heat transfer. This may be done according to the formula 

qk = [aw/(cp)w] (ir - iw), (13.1.17) 

where (c,), is the average specific heat under the conditions of the gas on the 
wall; ir, iw are the enthalpy of recovery and enthalpy of the gas on the surface 
of the wall respectively. It should be remembered that it was proposed to 
take the temperature of the wall and the temperature of the gas (or corres- 
ponding enthalpies) on its surface as equal. The results of calculations show 
that the ratio of a,/(c,), in (13.1.17) varies little in the case of dissociation (up 
to 10 to 15%) and it may be taken, as a first approximation, from the solu- 
tions for a boundary layer without chemical reaction. The enthalpies i,, iw 
are calculated here with allowance for dissociation. From the calculations by 
formula (13.1.17) it follows that the heat flows can differ appreciably from 
the values obtained by (1 3.1.16') without adjustment for dissociation even 
though the variation in a,/(c,), is small. 

For the characteristics of heat transfer it is convenient to apply nondi- 
mensional criteria in place of the slimensional coefficient of heat transfer. The 
Stanton number 

and Nusselt number 

Nu = aw I/Aw, 

where I is an arbitrary linear dimension; Aw is the coefficient of thermal 
conductivity of gas at the wall, are nondimensional criteria. 

The connection between these two numbers is established by the well- 
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known relation , 

where Reynolds number Re = V8pa I/,&; Prandtl number Pr = (c,), pall,. 
The basic problem of the theory of aerodynamic heat transfer is determina- 

tion of the coeEcient of heat transfer aw or the nondimensional criteria of 
heat transfer. For this purpose it must be borne in mind that since the addi- 
tional terms affecting heat flow are, separated in formulas (1 3.1.18) and 
(13.1.19) the numbers St and Nu depend on flow conditions weaker than 

In the general case the values of St and Nu happen to be the functions of non- 
dimensional criteria which determine the flow conditions: Reynolds number 
Re; Mach number M8=Va/aa; Prandtl number Pr; Schmidt's number Sc= 
,u,/(p8 5). They also depend on the nature of the boundary layer and the 
temperature of the wall. 

Radiational heat flow: As a result of the intensive rise in temperature 
behind the shock wave or in a boundary layer the degree of dissociation in- 
creases and consequently the amount of atomized oxygen and nitrogen in the 
air increases. This leads to a more intensive rate of reactions with formation 
of nitric oxide and to an increase in the concentration of the latter. 

The rise in pressure leads to acceleration of recombination following the 
reaction A+ A 2 A2 and results in an increase in the concentration of nitric 
oxide NO formed according to the equation 0 2  + N2 2N0. Nitric oxide, 
unlike oxygen and nitrogen, is optically opaque, i.e. it has the capacity of 
absorbing and radiating energy. Air comprising a higher percentage of nitric 
oxide has this property of opacity. Therefore at very high temperatures air 
becomes the source of radiational heat flow. 

The optical properties of air are characterized by a parameter E which 
represents the radiational capacity of unit length of radiating layer of dimen- 
sion 111. For a radiating layer of thickness so the quantity s-so, known as the 
effective radiating capacity of gas, will be the nondimensional characteristic 
radiational capacity. 

By the Stephan-Boltzman law the heat radiated by an absolutely black 
body is q,,d = a. T4, where a is Stephan-Boltzman' s constant or the coefficient 
of radiation of an absolutely black body (a = 5.85 x kg.m/m2.sec- 
degree4= 1.36 x 10-11 kilo .cal/m2.sec.degree4 = 5.67 x 10-8 t/m2.degree4); T 
is the temperature of a radiating gas. The function f (&.so), depending on the 
effective radiational capacity that characterizes the degree of blackness of a 
gas, must be introduced in this formula to take into account transparency. 
So the relation for determining the radiational heat flow to the wall will 
have the form 

&ad =.f (880) 0 T4. (13.1.21) 



This formula (13.1.21) deals with the case where the wall does not radiate and 
its temperature Tw< 3000°K. 
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Fig. 13.1.1. Function characterizing degree Fig. 13.1.2. Empirical data on radiating 
of blackness of radiating gas. capacity of gas (6, cm). 

The curve characterizing variation in function f (E .so) with the effective 
radiational capacity of the air is shown in Fig. 13.1.1. This curve may be 
approximated by the equation 

which gives an error of less than 20%. 
Figure 13.1.2 represents the results of experimental research. It may be 

seen that the parameter E depends on the temperature and the density of the 
air. In the range of temperature 8000°K G TG 16,000°K the family of curves 
can be approximately given by the formula 

E =0. 138 (~lpcoe)'.~' (T°K/104)6.54 [cm-'1, (1 3.1.23) 

where p,, is the density of atmospheric air near the earth's surface. 

1.3 Solar and earth radiation 
The radiational heat flow from the sun is given by 

where w is the angle between the direction of the solar rays and the normal - 
to the surface of the body; q is the radiational capacity of the sun, which 
mainly depends on the flight altitude and meteorological conditions. 

For average geographica1 conditions the values of q from the sun at 
zenith without allowance for absorption of rays by the atmosphere are shown 
in Fig. 13.1.3. 

The data on coefficient ~3~ taking into account the absorptive capacity of 
the material are shown in Table 13.1.1. 

The radiational capacity q during flight at low altitudes (Hz10-15 km) 
decreases due to the presence of cloud. For example, the actual value of 



- 
q for average cloudiness is 0.5-0.7 of the values corresponding to the data in 
Fin. 13.1.3 and 0.1-0.2 in the case of dense cloud. The radiational capacity - 
under night time conditions is equal to 

4, k cal /mZ - sec. 
zero. 

Formula (1 3.1.24) deals with the 
part of the surface of the flight vehicle 0.3 
facing the sun. The portions of this sur- 
face in shade also receive heat due to 
scattered solar radiation, about -one- 0.1 
third or one-fourth as much. 

The specific heat flow from the ra 30 50 H, km 
earth's radiation is very small; it can be Fig. 13.1.3. Radiational capacity of sun 
considered as the sum of qe=qe . s+  9 e . r ~  as function of altitude H in atmosphere 
where qe . ,  is self-originated radiation of earth. 
from the earth; qe., is the energy of soIar 
rays reflected from the earth's surface and clouds. Research shows that for 
flight conditions at an altitude of 500 km, 

where p is the angle between the normal to the surface and a line joining the 

TABLE 13.1.1 
---_------------------------------------ 

Type of radiation 
Materials ------------------- 

From earth (Pe) From sun (Bs) __________________--- -_-- - - - - - - - - - - - - - - -  
A1 0.04-0.10 0.10-0.49 
Fe 0.06-0.74 0.45 
Ni 0.04-0.39 0.40 
Alloys: 
type of duralumin 0.04-0.55 0.53 
mild steel 0.12-0.62 0.60 

Isolating materials: 
plexiglass 0.89 - 
glass 0.85 - 

Painted surfaces: 
dark 0.80-0.99 0.97 
bright 0.80-0.90 0.14-0.1 8 --___________---_---------------------_- 

Note: The data on fhe coefficients Pe and Bs are reproduced for the range of wall 
temperatures 200 to 600°C. 

body and earth. From the experimental data available the maximum value 
of the radiational flow of the earth is 



where ie is the radiational capacity of the earth. 
The values of i, and Be are given in Fig. 13.1.4 and in Table 13.1.1 

respectively. 
The data on specific heat flow q,., 

were also obtained experimentally 
under the condition that the body was 
situated at an altitude of 500 km on a 
line joining the earth and the sun. 
According to these data 

qe.r=0.016 (1 f 2  cos p) be. (13.1.27) 

20 H, km 1.4 Radial heat flow from wall surface 

Fig. 13.1.4. Radiational capacity of earth The heat radiated by unit sur- 
as function of altitude H in atmosphere. face is given by the Stephan-Boltzman 

law: 

9r = &gT:r, (13.1.28) 
where E is the degree of blackness of the surface depending on the material, 
finish of the surface and its temperature. The scale of blackness shows how 
much smaller the coefficient of radiation of the given surface is than the 
coefficient of radiation of an absolutely black body. The value of E increases 
with an increase in surface roughness. If the size of the grains of roughness 
exceeds by a few times the wavelength I of radiation of maximum intensity 
the quantity Er for a rough surface can be expressed with reference to the 
degree of blackness of a smooth surface in the following way: 

&r=& [l f2.8 (I-&)2], (13.1.29) 
in which the wavelength I in mk depends on the temperature and is equal to 

A = 2898/T. (1 3.1.30) 

2. Relation between Friction and Heat Transfer 

The problem of aerodynamic heat exchange, as noted earlier, leads to 
determination of the coefficient of heat transfer aw appearing in Newton's 
equation (1 3.1.16), (13.1.16') or of the corresponding nondimensional criteria 
St or Nu. Determination of the coefficient of heat transfer is related in the 
general case to the solution of a system of differential equations of the 
boundary layer consisting of equations of motion, energy, continuity and 
diffusion. By solving them the relation between the parameters of heat 
transfer and friction is established. With certain simplifying assumptions 
this relation takes the form of elementary relations allowing direct deter- 
mination of a,, St or Nu from the coefficient of friction for a given point on 
the surface. 

To obtain these relations we use the equation of a laminar gas flow 



(12.1.8) and the, equation of energy simplified to the form used in boundary 
layer theory. First we write it with the help of the general form of energy 
equation (3.2.14) in such a way that it includes the above numbers Le, Sc, 
Pr. The equation of energy obtained will be more convenient for the analysis 
of different phenomena and processes of heat transfer. Next this equation is 
transformed to the conditions of a viscous gas flow in a thin layer near the 
wall and is obtained in the simplified form of the equation of energy for the 
boundary layer. Keeping in view the expression (1.5.27) for enthalpy of a . 
mixture, we find that 

where dii=c,i.dT according to (1.5.28). Now, keeping in mind formula 
(1.5.25) for average heat capacity of a mixture, we get 

The temperature gradient can be written as 
1 grad T= - grad i - - 

(cplav 
Cii grad ~ i .  

(cP)~" 
i 

Substituting this value in equation (3.2.14) and introducing the notations for 
local values of Prandtl and Schmidt numbers 

Pr = p (cp)av/l, sc = p/pZ, 
we get the equation of energy 

where the ratio Sc/Pr may be replaced by 1/Le, i.e. the quantity that is the 
inverse of the Lewis-Semyenov number. 

The equation of energy written in the form of (13.2.1) and expressed by 
the enthalpy happens to the basic equation for study of the dynamics of 
dissociating gases. In the most general case the number Sc< Pr (Le > 1). The 
physical meaning of this is that the processes of diffusion take place more 
intensively than those of heat transfer and hence the chemical energy is not 
completely converted into heat energy. In the particular case where Pr=Sc 
equation (13.2.1) takes the form: 

di 1 dp -=-.- 
dr dr + v [(%I2 + (%)2 +% (div 7)2 + 4 4 1  

"rad i] + (13.2.1') 



By its form equation (13.2.1') represents the equation of energy for flows 
from which chemical reactions are absent. When S e P r  the intensity of 
heat transfer through heat conductivity is the same as that by diffusion. This 
condition corresponds to the fact that the part of the chemical energy on the 
external surface of the boundary layer in excess of the chemical energy at the 
temperature of the wall is completely transformed into heat. 

In further discussion we assume that the radiation is not taken into 
account, i.e. we use the value of E = O  in equation (13.2.1'). Now to transform 
this equation to the flow conditions in the boundary layer we determine the 
order of values of its terms in the same way as for the Navier-Stokes equation 
in Chapter 12 Section 1 [see the relations (12.1.3), (12.1.4), etc.]. 

Unlike the equation of motion, terms containing enthalpy i appear in the 
equation of energy. Therefore it is desirable to examine in addition the 
problem of the evaluation of the order of these terms. To do this we use the 
formula for stagnation enthalpy in the form 

From the above discussion it is clear that in the particular case where Pr = 1 
the quantity io=const. However, for real flow conditions this enthalpy 
happens to be a variable quantity due to the presence of thermodynamically 
irreversible processes created by chemical reactions and dissociation of gas in 
the boundary layer, i.e. io#Io (where I0 is stagnation enthalpy during an 
isentropic flow). But the order of these quantities is the same (io N Io=const). 
Taking this into account, we have 

when the order of derivatives will be determined as follows: 

These data are used to determine the order of the term on the right side of 
equation (13.2.1') containing enthalpy i. Evaluating the order of quantities of 
all the terms on the right side [except the first term (llp) (dpldt)] and assuming 
here that the order of Prandtl number Pr = p  (c,),,/l- 1, we wili write the 
results of this evaluation directly below each term of the equation in an 
opened-out form: 



Considering the right side of equation (13.2.3), it can be concluded that 
the terms 

have'a higher order than the remaining terms. Retaining the terms of higher 
order, we get an energy equation in the following form: 

Replacing the terms in (13.2.4) according to equation (12.1.8), i.e. 

we get 

The first two terms on the right side of the equation can be expressed in the 
form 

v,av.; v av; idv; - -. - - 2"'- = - -.- 
2 ax 2 ay 2 dt ' 

and the summation of the third and fourth terms in the form 

Taking these relations into account, we have 



Keeping the expression (13.2.2) for enthalpy io in view and expanding the 
total derivative on the left side of (13.2.5), we get 

Let us study the flow characterizing the quantity Pr = 1. For such a flow 
the equation of energy has the form 

aio aio a pvx - + p v y  -=- 
ax ay aY ( P  %) 

If the flow in question interacts with a flat plate for which dps/dx=O the 
equation of motion in a boundary layer according to (12.1.8) will have the 
following form: 

It may be seen that the equation of energy (13.2.6) and the equation of 
motion (13.2.7) are similar to one another. If we change over to the variables 

8 = GO - iw)/(ioa - iw), Fx = Vx/ V,, (13.2.8) 

where 

ioe = is + (Vi /2) ,  (13.2.9) 

equations (13.2.6) and (13.2.7) will be identical because 8 and V x  satisfy 
one and the same boundary conditions: at the wall 8 and ri7, are equal to zero 
since V,= 0 and io = i,; and at the external limit of the boundary layer where 
Vx= V, and io = io,, they are equal to unity. Consequently they function V x  and 
0 must coincide by the theorem of uniqueness of solution, i.e. 

(io - iW)/(ioe - iw) = Vx/Ve. (13.2.10) 

In this way the condition (Pr= 1) and other assumptions made above deter- 
mine the similarity of the velocity and enthalpy profiles in the boundary 
layer. If the velocity profile is known it is possible to determine the frictional 
stress 

Multiplying the numerator and denominator of the right side of this equation 
by Iw and assuming that qw = qk = I w  (aT/ay),, we find 

Substituting the value of qk from equation (13.1.17) here and replacing 
7 ,  = cf, (p,Vi/2), we get 



Since the Prandtl number Pr = 1 the coefficient of recovery r = 1 and 

In this way we get the relation between the coefficients of heat transfer and 
friction in the following form: 

From the expression (13.2.11) the formula for the local Nusselt number 
follows: 

where the Reynolds number Rex = p8Vfl/,uw. From (13.1.20), at the value of 
Prandtl number Pr = 1, we have 

Stw=St,= Nn,/Rex= cfx/2. (13.2.13) 

The relation established between the parameters of friction and heat transfer 
is approximate because the Pr and Sc numbers differ from unity in practice. 
The effect of these parameters can be taken into account if the expressions for 
the Nusselt and Stanton criteria are written in the form: 

St, = (cfx/2) f2 (Pr, Sc), (13.2.15) 

where f~ and f2 are some functions of Pr and Sc. The physical meaning of 
adjustment for values of these numbers different from unity is that the trans- 
formation of part of the chemical and kinetic energy into heat is taken into 
account. The concrete form of the relations fi, f2 is determined from the 
solutions of the boundary layer under the condition that Pr#l, Scf 1 
(Le# 1). 

Research shows that if the condition Le= 1 is considered ft =Pr1I3 and 
according to (13.1.20) f2=Pr-2/3. According to this we may write in parti- 
cular for the local Stanton number, 

The corresponding expression for the Nusselt number can be found from 
(13.1.20). From the local criterion of the Nusselt and Stanton numbers it is 
possible to change to the corresponding average quantities of a flat plate 



alol~g its length, dropping the index "x". Here it may be assumed that the 
local and average Prandtl numbers are equal. 

Formula (1 3.2.16) has great practical importance. It reflects the Reynolds 
analogy according to which the criterion of heat transfer depends basically on 
the same parameter as the coefficient of friction, i.e. on the Reynolds number 
Rex. According to this the quantity f ~ = P r - ~ l ~  in (13.2.16) is known as the 
Reynolds analogy factor. 

As shown by research, formula (1 3.2.15) is also convenient for a turbulent 
boundary layer but with the difference that the frictional coefficient cjx and 
parameter f2 must be calculated from the corresponding relations for a turbu- 
lent boundary layer. In particular, the quantity f2 can be determined by the 
formula 

&=[I +2.135Re;O.'(Pr- I)]-'. (13.2.17) 

In 'calculating the value of the Stanton number of a flat plate of average 
length the parameter 

f2= [1+2.2Re (Pr- I)]-', (1 3.2.18) 

where Re= Vapa LIP,. Here the calcuIations show that the value of f2 in the 
absence of diffusion in a turbulent layer can be taken as equal to Pr2I3 
within a known approximation in the same way as for a laminar boundary 
layer. 

The effect of physico-chemical changes on heat transfer in the boundary 
layer at high temperatures can be accounted for by using the definitive para- 
meters. In particular, using the Reynolds number we get the following ex- 
pression for the definitive value of the Stanton number according to (13.2.16): 

St: = (c;%/2) (Pr*)-*I3, (13.2.19) 

where the coefficient cL=(cf,), for a laminar boundary layer can be found 
from formula (12.6.15) and for a turbulent boundary layer from the relation 
(12.6.22); the definitive Prandtl number can be calculated from the definitive 
parameters Pr* = cJ, . p'/A*. 

According to this the heat flow to the wall is 

q: = (a:/ci) (i, - i,) = St: p, V, (i,. - i,), (13.2.20) 

where the definitive coefficient of heat transfer is 

a: = C; q:/(i, - i,) = St: ci p, V,. (13.2.21) 

From formula (13.2.16) or (13.2.19) it follows that the nondimensional para- 
meter of heat transfer varies along the plate in the same way as the local 
coefficient of friction. As may be seen from (13.2.20), the specific heat flow 
will vary correspondingly. Its average value over the length of the plate is 
obviously determined as the average integral of local heat flows. Performing 
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the calculation on,the basis of the definitive parameters [see (13.2.2011, we get 

where =x/L. Assuming i, to be constant along the plate and replacing St: 
from formula (13.2.19), we get 

1 

The integral on the right side of the equation determines the average frictional 
coefficient c:~=(c,~), over the length of the plate, which can be calculated 
from formula (12.6.15) and expression (12.6.22) for laminar and turbulent 
boundary layers respectively. Consequently the average heat flow 

* -213 4zv= (cZf/2) (Pr ) ~aV8  (ir - iw). (1 3.2.23) 

Introducing the concept of an average value of the Stanton number 

we have 

The parameters of heat transfer for a flat plate could be directly used to 
calculate the corresponding parameters for a cone in a supersonic flow. The 
calculation will be carried out with the help of formulas (12.6.34), (12.6.35), 
(12.6.52) and (12.6.53) connecting the frictional coefficients (local and aver- 
age) on the plate and on the cone. Multiplying the left and right sides of 
these formulas by (Pr*)-2/3, we get: 

for local frictional coefficient 

(c>,/2)  PI-*)-^/^ = A  (c&/2) (PT*)-~/~; 

and for the average value of this coefficient 

where A= for a laminar boundary layer and A = 1.17 for a turbulent 
boundary layer. 

According to (13.2.19) and (13.2.24) the left sides of these equalities deter- 
mine the local and average Stanton numbers on a cone and the right sides 
give the values on a flat plate. Thus 

St:, = A St:,,; (13.2.26) 
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According to formulas (1 3.2.26) and (13.2.27) the calculation of the Stanton 
number on the cone will be carried out on the basis of the corresponding 
value obtained for a plate from the boundary layer parameters on a conical 
surface. Inserting the values of St:, = St:, St:,., = St:, obtained from 
(13.2.19) and (13.2.24) respectively in the right sides of these formulas in place 
of the Stanton numbers, we get 

The resultant quantity of heat transferred by the gas to the wall in unit 
time for a cone with surface S, = n  ro x, (where ro and x, are the radius of the 
base section and length of the generator of the cone), according to (13.2.25) 
and (13.2.28), will be 

Qk=qIv n ro x,= (A/2) c:f.p (Pr*)-2/3psVs (ir- iw) n ro x,. (13.2.30) 

Formulas for the heat transfer parameters show the direct dependence of 
heat due to friction on the surface under interaction. The frictional stress 
and hence the heat transfer will be considerably higher in the case of a turbu- 
lent boundary layer. That is why it is necessary to maintain a laminar 
boundary layer to reduce the heat transfer from the heated gas to the surface, 
whereby a reduction in losses due to friction can be achieved. 

3. Heat Transfer in Laminar Boundary Layer over Curved Surface 

3.1 Arbitrary form of surface 
Let us examine the analysis of heat transfer to a curved surface in the case 

of a laminar flow in which balanced dissociation may take place. If we take 
Le= 1 for this flow condition, which is justified to some extent in the case of a 
hypersonic flow, the above analysis based on the application of formula 
(13.1.15) leads to the solution of the system of equations for a laminar bound- 
ary layer including the equations of continuity (2.4.48'), motion (12.1.8) 
and energy (13.2.5'): 

Here the continuity equation differs from (2.4.48') by the fact that the radial 
coordinate r of the point in the boundary layer is replaced by the coordinator 



ro of a point on a qontour situated at a corresponding section of the boundary 
layer. In this equation the value E = O  corresponds to the wing profile and 
c = 1 refers to the body of revolution. As shown earlier, the Prandtl number 
Pr = (c,),, ,u/A in the above energy equation. 

The energy equation appearing in the system (13.3.1) is obtained from the 
general equation (3.2.14) in which Sc=Pr (Le= 1) is assumed. However, in 
making this assumption we may fulfill the condition of grad cif 1. Therefore 
it seems to be necessary to add the equation of diffusion (3.2.4) to the system 
(13.3.1). This equation of diffusion relates concentration ci and rate of forma- 
tion of each element of the mixture of gases. But during thermodynamic 
equilibrium the concentration of each element is uniquely determined by the 
local values of pressure and temperature and the rate of formation of compo- 
nents (Wchem)i is high enough to compensate losses due to convection and 
diffusion. Therefore the equation of diffusion (3.2.4) in the case of equili- 
brium of heat transfer will be superfluous. 

The system of equations (13.3.1) is solved under the following boundary 
conditions: 

on the wall (at y =0) 

at the external limit of the layer (at y-+ co) 
V x  = Va, V y  = 0, io = im; 

p = pa, i= is, T= Ta. (13.3.3) 

In addition we have the functional relations 

for determination of coefficients p and A. 
Let us transform equation (13.3.1) by introducing some new independent 

variables and functions in question here. Following Liz [31], we introduce 
variables similar in form to Dorodnitsin's [see (12.3.2)]: 

whence 
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To change the coordinates x, y to y we have to use the well-known 
relations from the course in mathematical analysis: 

For further simplification we use the stream function ty, which is deter- 
mined by the relations (2.5.1). Let us replace v by ro therein and rewrite it in 
the form: 

Substituting these values in the continuity equation of the system (13.3.1), 
it can be seen that this equation leads to the identity (a2ty/axay)- 
(a2ty/ayax) 0 .  Thus the equation of continuity is automatically satisfied by 
introduction of the stream function ty. 

Let us see how to simplify two equations of the system (13.3.1) with the 
help of the stream function. Taking (1 3.3.7), we can write 

from which the derivative 

taking into account the relation (13.3.9). 
Integrating this, we get the stream function 

11 

According to (1 3.3.5) the quantity (2;)ll2 is independent of q. So, dropping 
the constant, we may write 

where 



According to this, expression 

Using the relations (13.3.7), (13.3.8), equations (13.3.9) and (13.3.1 1 )  for the 
stream function and the expressions (13.3.12) and (13.3.13) we transform the 
operator on the left side of the equations of motion and energy of the system 
(13.3.1): 

Here the derivatives at,v/aq and ay//az are determined from the differentiation 
of (13.3.11): 

After substitution of these values and replacement of the derivatives aq/ay 

and a> /ax by their values from (13.3.6) we get the operator 

The expressions of the type 

where h ( x ,  y )  is a function of coordinates x, y, appear on the right sides of the 
equations of motion and energy in (13.3.1). The operator (13.3.16) will be 
written in terms of the new parameters as follows: 

or, taking into account the value of (13.3.6) for the derivative aq/ay, it will be 



Let us apply the operators (13.3.15) and (13.3.17) to simplify the equation 
of motion: 

Here the derivative dpaldx can be determined from the equation: 

or, taking into account the value of (13.3.6) for dT/dx, it will be 

dva dp"= -/,; r: -. 
dx (1 3.3.18) 

dx" 

Keeping this in mind and also the value of Vx from (13.3.13), i.e. 

vx = v8 (afia~), (13.3.13') 

we get 

Considering that the derivative 

we get the simplified equation of motion in its final form: 



Now the energy equation may be rewritten with the help of these same 
operators (13.3.15), (13.3.17) and the expression (13.3.13'): 

For further simplification we introduce the nondimensional dependent 
variable 

g (47) = io/ios, (13.3.21) 

which determines the ratio of the stagnation enthalpy at a point on the 
section of a boundary layer io = i, + (V2/2) to its value io8= i8 + (V:/2) at the 
external limit of the layer. Bearing in mind that 

we get 

- af ag af ag),ag, a (G.ap) Z x  -.---.- a a a~ as R a t  

The functions f(q) and g(q) are the solutions of the system of equations 
(13.3.19), (13.3.22). They must satisfy the following boundary conditions: 

Onthe wall atq=O(y=O) 

On the external limit of the boundary layer at q+co (y+co) 

f (4 = 0, (af/as),+oo = 1 ,  g (03) = 1, ( a g l a ~ ) + + ~  = 0. (1 3.3.24) 

The above system of equations (13.3.19), (1 3.3.22) includes complex nonlinear 
partial differential equations. Although they are somewhat simpler in this 
form than the original equations (13.3.1) we encounter great difficulty in 
solving them. However, the system of equations in the above form is quite 
convenient due to the fact that it is possible to work out a large group of 
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problems of practical interest for which this system may be reduced to 
"similar" conventional differential equations on certain assumptions. 

Solutions of this kind, known as "similarity solutions," have the property 
that the functions f and g to be found will depend solely on one parameter q. 
This property of the solution helps in simplifying equations (13.3.19), 
(13.3.22) because their left sides are reduced to zero as a result of the condition: 

dg/di = df/dz= 0. Then the equations take the following form: 

(Z ,)I V: [- ( 1 ) 1' 2Tg dioa fgl+ -g +-r p,fc I-& f'f" --.- Pr 106 ios d; f'=o, (13.3.26) 

where strokes indicate differentiation with respect to q. This system has simi- 
larity solutions if the following conditions are satisfied: - . - 

x dV, x dios -.-- v: -const, .-- = const, -= const; 
108 & 106 

b) the ratio ps/p, Prandtl number Pr and the quantity are functions of 
11 or are constants; 

c) the function g is constant all over the wall, i.e. g (0)=g,v=const, which 
corresponds to constant wall temperature. 

These conditions of similarity solutions are never satisfied at one time even 
if the condition of constant wall temperature is observed except in some 
particular cases (uniform external flow around a flat plate, wedge, cone with 
formation of attached shock wave). The density ratio p,/p, Prandtl number 
and the quantity pT=pp/ps ,us happen to be functions not only of the enthalpy 
ratio ilia but also of the enthalpy is itself and of pressure pa so far as they 
affect the dissociation of gas. Actually we can point to one more particular 
case of flow-interaction for which the solution will be of the "similarity" 
type: the flow-interaction of a small section of blunt surface near the point of 
complete stagnation where enthalpy is and pressure p6 remain almost 
constant. 

It is natural to raise the question whether it is possible to find a similarity 
solution which could be extended to a large part of a curved surface. It can 
be had in the following two cases of practical interest: 1) during small varia- 
tions in the parameters of the external flow; 2) during marked cooling of the 
surface in a flow, i.e. when g, = iW./io,4 1. 

In the first case the velocity gradient 
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and the quantity V:/io, are assumed to remain constant all over the surface. 

At the same time dios/d.;=0 is assumed, which corresponds to the condition 
of conservation of total energy in the external flow [im = is + (Vi/2) = const]. 
In addition the quantity and Prandtl number Pr are assumed constant and 
the density ratio ps/p= T/Ta=i/ig is considered as the function of q only. 

The second case is characterized by the fact that the wall temperature is 
very low, i.e. Tw/Ta g 1 and hence pw/ps> 1. Here the density near the wall 
increases with the decrease in the temperature of the walI not only because 
of heat carried away (with the help of special cooling aids) but also because of 
the rise in the degree of dissociation at liypersonic speeds. 

Since the axial pressure gradient depends on density pa at the external limit 
(dpg/dx= -pa VB dVg/dx) and happens to be constant for a given section of 
boundary layer the velocity profile near the wall at p,B pg is much less sensi- 
tive to the pressure gradient than in the case of a small difference in pressure 
across the boundary layer. This is explained by the low conductivity of a 
highly compressed gas for variations in the character of the flow during the 
interaction of differential pressure. Therefore it is possible to neglect the 
term in equation (1 3.3.25) in which pressure gradient f i  (13.3.27) participates. 
This equation will then be written in the form 

ff" (G f")' = 0. (13.3.28) 

From a comparison of equations (13.3.25) and (13.3.26) it follows that 
the velocity gradient has a weaker effect on the distribution of stagnation 
enthalpy. Actually it can be established from (13.3.25) that the function f, 
which can be determined from this condition, depends (at least to some extent) 
on the gradient p, which appears in the equation very clearly. At the same 
time the function g= iolioa is found from equation (13.3.26) from which the 
quantity is clearly missing. Here the dependence of g on the gradient 
appears through the insignificant dependence of function f on ,8. In this-way 
the system of equations (13.3.25) and (13.3.26), simplified according to the 
condition p,/ps% I, is better employed for calculation of the parameters of 
heat transfer, determining the derivative g', than for calculation of friction 
parameters (function f'). 

Equation (13.3.26) can be simplified keeping in view that the total 
enthalpy of a free flow is constant (dio,/dx=O). The quantity V,$iog over blunt 
bodies varies from zero at a stagnation point wit11 V6=0 to the value of 
V:/[ig + (V:/2)] w2 (over regions where velocity V, is such that i,g V,2/2). Tak- 
ing this into account and recalling that the Prandtl number Prw0.7-1.0, we 
arrive at the conclusion that the third term in (13.3.26) is numerically small. 
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Neglecting the third and fourth terms in this equation, we get 

(13.3.29) 

The function ~ = p p / p 8 C c s  can be evaluated with the help of the equations 
of state p = RopT/pav and p =Pa = RopaTa/(~av)a (where Ro is the universal gas 
constant): 

PP -T8 Pav --_-.-. 
Pp -Pa Pa T (p=v)a 

Let us replace T and pav by their definitive values T* and plV 

From (12.5.32) and (12.5.31) it follows that 

For the boundary layer in the neighborhood of the point of complete stag- 
nation where Ms=O, the definitive temperature T* = 0.5 (Tw + Ta). 

For evaluation of T* at any other section of boundary layer over a blunt 
surface in a highly heated gas flow we use the quantities k*= 1.3, M8=2, 
r* = 60.71 x0.84: 

T"z0.5 (Tw+Ta)+O.ll (1.3- 1) 0.84 x 4Ta=0.5Tw+0.6T'. (13.3.31) 

In this way the definitive temperature for this layer is approximately the 
same as that in the vicinity of the point of complete stagnation. 

Using the value of T* from (13.3.31) in (13.3.30), we get 

From this expression it follows that the quantity Fp is nearly unity at 
Tw/Ta<l and nw0.75-0.8. 

- Let us now study the relation between the heat flow and the quantity 
pp. Applying Fourier's law and using expression (13.3.6) for the derivative 
a ~ / a ~ ,  we find 

where according to (13.3.5) we have 
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The quantity z = ( z ) w  appears with the square root sign in the expression 
(13.3.33) which determines the value of specific heat flow. This reduces the 
general increment resulting from the approximate selection of this quantity. 
Therefore it is sufficient to take z= 1 in our calculations, i.e. 

p p e p a  h z p w  & a  (13.3.34) 

In this way we get the system of equations of the boundary layer: 
f.f"+f"'=o; ( 1  3.3.35) 

These equations reflect local similarity, which should be taken in the sense 
that in the case where Pr=const, the nondimensional velocity VJVa and 
enthalpy io/ioa are the same at those points of various flows where the parameter 
q is identical, happening to be thereby the parameter of similarity. 

Integrating the system of ordinary differential equations (13.3.35) and 
(13.3.36) under the boundary conditions given earlier, it is possible to find 
similarity solutions for the functions f (q)  and g (q)  and, in particular, for the 
derivative g' (q). Integrating (13.3.36) twice, we get 

Numerical calculation showed that for q+co the value of the integral is 
approximately equal to (0.5 Pr1'3)-I. SO keeping in view that g (q)  =(io/ioa)-, 1 
for q+0, we have 

where g (0) =gw = iw/ioa; Prandtl number Pr = (cP), . p,/Aw. Inserting the value 
obtained for g' ( 0 )  in (13.3.32) and noting that g (0)=gw= iw/ioa we get 

Substituting the value of A,/(c,),=p,/Pr and replacing pwpw by papa and 
ios by enthalpy of recovery i, [keeping in view the use of this enthalpy in 
equation (13.1.15) for heat flow], we have 

This equation in this form, as shown by research, helps us to determine heat 
transfer with sufficient accuracy for the case where cooling does not produce 
a low enough wall temperature. 



Using the equation of state in (13.3.39) it is easy to go to the nondimen- 
sional parameter 

Introducing the following notations: 

the above nondimensional parameter will be 

Here the parameters pi, pi, Lo, (pav),, [see (13.3.40)] refer to the external 
limit of the boundary layer at a point of complete stagnation over a blunt 
surface. Inserting the value of po from (13.3.42) in (13.3.39) and taking into 
account relation (13.3.5), we arrive at 

where the function 

Let us consider the change in quantity m,/mb according to (13.3.40): 

This ratio varies from unity at a stagnation point (where T~=T,) to its value 
at a point on the surface given by 

During intensive heating of the gas behind the shock wave the Mach number- 
Ma in the external flow is not high. Consequently the temperature Ts, as may 

be seen from expression T,=T~ k* - Mi)-', differs insignificantly 



from the temperatufe T; at the point of complete stagnation. For example, 
for M8=2 

Taking r* =0.84 and k* = 1.3, we get T,= Ti11.5. According to this 

At n=0.75-0.80 this quantity is about 10% higher than unity. 
If we assume that the ratio m,/ob appears under the square root sign in the 

expression (13.3.44) for determination of heat transfer the change due to 
substitution of o,/ob= 1 will be of the order of a few per cent. Accordingly 
the function (13.3.44) will be rewritten in the form 

So it is necessary to know the distribution of velocity and pressure all over 
the surface between the point of complete stagnation and the point in ques- 
tion in order to determine the specific heat flow at any point on a surface of 
a given form. In particular, for calculation of heat transfer at the points on 
the surface near stagnation point we may take 

p,/p' z 1, rOzx (13.3.45) 

and 

according to equation (9.4.74) if we replace V x  by Vs. Here the velocity 

gradient will be found with the help of one of the expressions (9.4.72) or 
(9.4.78). Taking (13.3.45) and (13.3.46) into account, the function 

After integration it will be reduced to 

F = F ~ =  J(~/v,)(e+l). (13.3.47) 

Inserting this in (13.3.43) and introducing the notation q,=qo for the heat 
flow at a point of complete stagnation and its'vicinity, we get 



The value of heat transfer q, at an arbitrary point on the surface can be 
conveniently worked out with the help of a nondimensional parameter which 
can be determined from (13.3.43) and (13.3.48) in the form 

3.2 Hemisphere 
Let us consider the application of (13.3.49) as an example for calculation 

of heat flow over the surface of a hemisphere. Taking 

& = I ,  d x = R ~ d p ,  r ~ = R ~ s i n  p, (13.3.50) 

in formula (13.3.44) and noting that 

in accordance with (9.4.74') and (9.4.76) over the larger part of a spherical 
nose, we get 

Substituting this expression in formula (13.3.49) in which e = 1 is assumed, 
we get 

Introducing the notation 

p dp = ( 1  -2) (49 cos p - sin p) sin3 p 
0 

we get 

(13.3.54) 
90 



Here we recall that the calculation of distribution of heat flows by for- 
mula (13.3.54), like similar relations, should be carried out for high superso- 
nic flow conditions. Under these circumstances the inequality p , / ~ i <  0.03 to 
0.04 should be satisfied. Approximately similar relations are obtained if the 
following empirical relation is made use of: 

3.3 BIunt cone 
Let us study the analysis of the heat flow on the surface of the fruston of 

a cone with spherical nose (Fig. 13.3.1). We assume that the "inviscid" gas 
parameters over a conical surface are constant and are equal to the corres- 
ponding values at the end of the spherical nose. In particular, the velocity 
will be given by 

where P k  is the angle of inclination of the cone generator. The pressure ratio 
will be: 

Fig. 13.3.1. Cone with blunt spherical nose. 

For one of the geometrical parameters, namely the radial component at 
an arbitrary point A on the surface of the cone (see Fig. 13.3.1), we can 
write 

YO = xk cos qk = xk sin Pk, (13.3.57) 

where xk is the distance along the surface measured from the imaginary apex 
of a sharp-nosed cone to the given point. This is determined by the relation 
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or, considering that pk = (742) - pk,  it will be 

Let us find the values of function F(x). It is obvious that the integral in 
(13.3.44'), calculated in the interval from 0 to x (x is a curvilinear coordinate 
of point A), is obtained as the sum of two integrals: the first integral with 
limits from 0 to x = RT pk= RT [(z/2) - pk] (or for angles from 0 to pk) and the 
second with limits from pkRT to x. Obviously the first integral corresponds 
tothe value of the heat flow at the end of the spherical region (at the junction 
with the conical surface). It is clear that the distribution of heat flow over 
this region is like that obtained earlier for a hemisphere. Taking this into 
account, we find the function F(x) (13.3.44') in the following form: 

The second integral calculated for the region of tbe linear generator of the 
cone taking (13.3.58) into account will be written in the form 

( o 2  p + i n 2  p 

RT 'Pk 

Let us introduce the notation 

where 5, = x,/R,. Taking this into account, the substitution of (13.3.59) and 
(13.3.49) at 6 = 1 leads to the relation 

PC- ) sin2 pk pk cos pk Xk 
4.- - 

9 (13.3.62) 
40 'D(P~> + ~ ( 2 k )  



where the function D (pk) is determined from formula (1 3.3.53) for y, = pk. 
It should be noted here that equation (13.3.62) is convenient only for a 

conical surface, i.e. for values of Xk = x ~ / R T  3 tan pk. At the joint of the spheri- 
cal nose and the cone, i.e. at xk=tan pk the expression (13.3,62) agrees with 
equation (13.3.54). For parts of the conical surface situated at a distance 
from this point (& I), 

From formula (13.3.63) it may be seen that for a very long cone the effect of 
a blunt nose is small. This cone can be treated as a sharp-nosed cone for 
which the pressure at nose pb =p ,  and consequently, palpi= cos2 p, + (p,/pd) 
sin2 p k ~  1. According to this condition the replacement of pb by p,=p,, pi 
by pg = pk and assumption of E = 1 change equation (1 3.3.48) to the form 

- 
qa = ( 4 1 1 2 )  pr2/' d p k  ,uk 1 (ir - id .  

Therefore the heat flow at distant points on this "equivalent" sharp nosed 
conical surface will be 

where pk, pk are the density and coefficient of dynamic viscosity on a sharp 
cone. 

The distribution of heat flows, calculated from formulas (13.3.54), 
(13.3.62) and (13.3.63), is shown in Fig. 13.3.2. From this figure it is seen 
that at P k  angles of between 30 and 40" the distribution of heat flow over 

Fig. 13.3.2. Distribution of heat flow over surface of blunt cone in 
supersonic flow (with laminar boundary layer): 

-- . by formula (13.3.54); --by formula (13.3.62); - - -by formula (13.363). 
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blunt and equivalent cones is practically identical. At the same time the heat 
flows over the surface of thin blunt bodies are less than those over the surface 
of "equivalent" cones. 

It is possible to switch from the "equivalent" cone to the usual sharp cone 
if we replace 

;2" qk RT = (a V B I ~ X ) ~ ~  x = VB 

by the value of velocity Vk over a conical surface in the formula (13.3.64) in 
which Tk = xk/RT. According to this we have, for a conventional sharp cone, 

A similar equation can be obtained directly from the relations (13.3.43) and 
(13.3.44') by inserting the following values: 

pa =pi, V, = Vk = const; 

Po & = ~ k ~ k ,  rO=~s~nfik .  

4. Heat Transfer by Diffusion 

For quantitative evaluation of heat transfer by diffusion it is necessary, in 
general, to solve the system of equations of the boundary layer including the 
equations of motion and energy (13.3.1) and the equation of diffusion (3.2.4). 

The equations of motion and energy in terms of the variables 11,; (13.3.5) on 
the assumptions made in the previous section have the form of (13.3.35) and 
(13.3.36). Let us take the equation of diffusion under the flow conditions of 
a "frozen" boundary layer. This kind of flow, as noted earlier, is characteriz- 
ed by low rates of recombination which can be neglected in comparison with 
the rate of diffusion across stream lines. The concentration of atoms in this 
"frozen" boundary layer is determined by the diffusion of substance to the 
wall where the recombination also takes place. In this case the concentration 
is not balanced. It can be determined by local values of temperature and pres- 
sure. The distribution of concentrations and temperatures is mutually almost 
independent. 

Assuming ( Wchem)i = 0, r = ro, Vr = Vy in equation (3.2.4) and referring 
this equation to the flow conditions in the boundary layer by replacing the 
derivative a/ar by slay, we will have 

Expanding the derivative on the left side and replacing Qi in accordance with 
(1 3.1.7), we get 

[a (pVX r01.a (pV r 
ax 8~ O ~ ] c i + P r o ( ~ x ~ + ~ y - ~  ax. ) =- aay(p~  ro$). 



According to the'continuity equation (2.4.48) the two terms in square brackets 
are equal to zero. Then, keeping in mind that ro for a given section of bound- 
ary layer happens to be a constant value, we find 

For the atomic component equation (13.4.1) will have the following form: 

For the molecular component the equation of diffusion will be similar in 
form with replacement of CA by c ~ ,  which follows from the condition 
C A = ~  -CM. 

Let us transform equation (13.4.2) to the variables r, x" keeping in view 
the values of operators (13.3.1 5) and (13.3.17): 

Assuming that the concentration and the velocity profile are functions of 
only (we recall the similarity solution), we get 

Let us introduce the nondimensional dependent variable 

Transforming the equation of diffusion to this variable on the assumption 
that pp= p a b  and the Schmidt number Sc=plpD is constant and equal to 
its value at the wall, we can write 

S C . ~ . Z ~ + Z ' ~ = ~ ,  (13.4.4) 

where "prime" indicates differentiation with respect to r. 
Equation (13.4.4) is similar in form to equation (13.3.36) with the differ- 

ence that the Prandtl number Pr is replaced by the Schmidt number Sc. The 
boundary conditions for the function z to solve equation (13.4.4) will be 
similar to the boundary conditions for functiong [see (13.3.23) and (13.3.24)], 
i.e. at q=0 (y =0) the quantity z (0) = z, = CAW/CA~ and at q - +  oo (y+ a) the 
function z (a)-+ 1 and the derivative az/aq-+O. 

The double integration (13.4.4) leads to an equation similar to (13.3.37): 
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z (q)  - z (0) = 2,' (0)  
0 

Taking this analogy into account, the integral at q+co will be 

d~ = ( O . ~ S C ' / ~ ) - ~ .  
0 

Keeping in mind that the function z (y)+ 1 as q+co, we will have 

It is possible to find the derivative z' ( O ) = ( a ~ / a q ) ~  simultaneously by using 
the relation from chemical kinetics to determine the quantity of substance 
being separated at the wall due to catalytic reactions: 

where k ,  is the constant for the rate of catalytic reaction. This quantity of 
substance is equal to the diffusion flow (in absolute value) 

Consequently 

- 
or according to (13.3.5), in terms of variables q, x it will be 

Let us solve the system of equations (13.4.6) and (13.4.8) for z (0) and 
zr  (0): 

The value of the specific heat flow separated during recombination at the wall 
can be obtained from formula (13.1.8). After determining the heat flow in its 
absolute magnitude we can find its runningyalue 

q ~ , =  P,  Zj (ac,lar), ( a d a ~ ) ,  (ia-iM) - 
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or, keeping in mifid that 

( a c ~ ~ a r t ) ~  = CAB ~'(0) 

and using (13.3.6) for (aqlay),, we get the following relation: 

From the relations obtained it follows that the value of z (0) = O  in the limiting 
case corresponding to an infinitely high rate of recombination (the wall being 
a catalyst and the coefficient of catalytic reaction k,+co) and hence the con- 
centration at the wall is equal to zero. According to (1 3.4.11) the heat flow 
during this infinitely fast catalysis will be 

So in the limiting case in question the atoms reach the wall even under the 
condition of zero concentration over the surface. Meantime the maximum 
amount of heat is separated as a result of the recombination of these atoms 
into molecules. In the second limiting case of an infinitely low catalytic reac- 
tion (wall non-catalytic, k,dO) the concentration at the wall remains the same 
as at the external limit of the boundary layer, i.e. z (0)= 1. In this case the 
flow of atoms due to diffusion will be zero and consequently additional heat 
will not be liberated, i.e. q ~ ,  =O. 

This result foIIows from (13.4.11) if the coeEcient of catalytic reaction 
k,+O. 

Let us carry out some simplifications in equation (13.4.1 1). 
Assuming that p,p, =p,p6 and introducing the ratio of ps ,u~ /p~p~ according 

to formula (13.3.42) in which w,/ob= 1, we will have 

or according to the formula for function F(x) we will have the expression 

A=0.5 ~ ~ - ~ / ~ q ~ b  pb Vm F (x), (13.4.13') 

in which the Schmidt number Sc=pw/pw 3. 
Considering (1 3.4.13') and keeping in mind that 

and introducing the enthalpy of dissociation 
i~ = CA8 i c h e r n = ~ A ~  Ud, 
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where u d  is the characteristic energy of dissociation [see (1.5.9)], we can write 
the following relation in place of (13.4.1 1): 

qD, = 0.5 S C - ~ / ~ ~ ~ ;  pb V, ~ ( x )  iD Q), (13.4.16) 

where the catalytic coefficient 

is introduced. 
This coefficient takes care of the effect of a finite rate of recombination 

because the parameter kw appears in the expression. Obviously as k,-+oo the 
value of q-+ 1 (case of infinitely fast catalysis) and as k,+O the value of q-+O 
(wall is not catalytic). 

For the flow conditions near the point of complete stagnation we get the 
following expression from (13.4.13') taking into account (13.3.47): 

and from the expression (13.4.17), we have 

According to this the heat flow in the neighborhood of the point of complete 
stagnation will be 

In these expressions e = l  for bodies of revolution and e=O for a wing 
profile. 

The total specific heat flow to the wall will be obtained if the heat due to 
diffusion q ~ ,  is added to the heat due to molecular heat conductivity ~ T X .  In 
general, the value of this heat flow is determined by equation (13.1.12), which 
can be rewritten in the form 

Taking into account formulas (1 3.1.8) and (13.1.13), we write 



where ( q k ) ~ e = ~  is the specific heat flow corresponding to the value of Le= 
pw B (cP), / tw equal to unity. 

Taking into account (13.3.43) and (13.4.16), it will be 

Let us work out the values of derivatives ( a ~ ~ / a y ) w  and (ailay),, assuming 
that the concentration caw = 0 on a cold wall: 

where 6 is the boundary layer thickness; i,= i+ ( ~ : / 2 ) .  
Considering this evaluation of derivatives and keeping in mind that Le= 

Pr/Sc and CAa ( i ~  - i ~ )  = i ~ ,  we get 

The heat flow ( q k ) ~ ~ = ~  for any arbitrary point on this surface under flow- 
interaction is obtained from formula (13.3.43) and for the point of complete 
stagnation it is found from the expression (13.3.48). The coefficients are 
determined from (1 3.4.17) and ( 1  3.4.19) respectively. The value of i~ is also 
calculated from the position of a given point on the surface: iD = ud [CA& - ( C A ) ~ ] .  
For a binary mixture we may take C A ~  = a8 and ( c A ) ~  =aw and consequently 

The relations (1.5.21) through (1.5.24) may be used to calculate i~ for 
dissociating air which is considered as a binary mixture of atoms and mole- 
cules. 

The number Le is determined for the conditions at a point of complete 
stagnation and is assumed to be constant over the whole surface. The relations 
corresponding to the two limiting cases of heat transfer follow from formula 
(13.4.22). In the first of these cases'where the surface in the flow is not cata- 
lytic (kw-+O, q-+O), heat transfer by diffusion is absent and the heat flow to 
the surface occurs only due to heat conduction: 

In the second case where the wall is catalytic and recombination on it takes 
place at an infinitely high rate (kw+m, p+l) ,  the total heat flow will be 



The 'ratio of the quantity of heat qk (13.4.22) separated during a finite process 
of recombination to tfie heat flow qk(kw-) in the case of an infinitely fast 
catalysis will be 

- 
where iD = io/(ir - i,). 

The variation in the ratio of heat flows (13.4.26), calculated for the point 
of complete stagnation depending on the free stream velocity Vm and the 
constant of catalytic reaction k,, is graphically shown in Fig. 13.4.1. These 
results indicate how important it is to consider the finite rate of recombina- 
tion. They also suggest the possibility of reducing heat transfer by use of a 
cowling made of non-catalytic materials. 

Fig. 13.4.1. Variation in heat transfer as function of flight velocity 
Vm and rate of recombination k,: 

I-non-catalytic wall (glass); 11-intermediate surface (oxides); 
III--catalysts (metals). 

Let us study some data on the constant kw for the rate of catalytic reaction. 
Its value can be characterized by a nondimensional parameter 

Y = NrIN, (13.4.27) 

where Nr is the proportion of atoms participating in recombination and N is 
the total number of atoms striking unit surface area in unit time; the para- 
meter y is known as the criterion of recombination (or catalytic) capability. 

According to equation (13.4.7) the number of recombining atoms 
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The total numberof atoms striking the wall is 
N = p ~ / ( 2 n  m~ k TW)lt2. 

Since the partial pressure P A = Y ~ A ~  Tw and cawpw = n ~ m ~ ,  we have 

y = hTr/N= kw (2n r n ~ / k T , ) ' / ~ .  (1 3.4.28) 
The empirical values of the criterion of catalytic capability of a glass-based 

substance (81% SiO2, 12% Bz03,7% aluminum oxide, nitric oxide andcalcium 
oxide) and of some other materials are shown in Fig. 13.4.2. The variation 
in y as a function of Tw at different fixed values of kw is shown in the same 
figure. 

Glass tvDe substance 

Fig. 13.4.2. ~ata l i t i c  capability of some materials. 

A study of the recombination of oxygen showed that the catalytic capa- 
bility of glass-based substances is low and is determined by the values k,< 10 
cmjsec. The use of these materials as a heat-resistant cowling may appreciably 
reduce heat transfer. The lowest effect is achieved with the use of chlorides 
(LiCI, KCl) baving high values of kw in comparison with glass and with the 
same property that these values increase with a rise in temperature. 

The recombination of atomized nitrogen has been studied for different 
metallic and non-metallic surfaces. It was found that most materials seem to 
have a strong catalytic reaction on atomized nitrogen. Nonmetallic materials 
have the opposite property and are characterized by low values of the criterion 
of catalytic capability. In particular measurements on glass-type materials at 
a partial pressure of nitrogen equal to 10-3 atmosphere showed that the 
quantity y = 3 x 1 0-5. 

Research on the recombination of pure nitrogen and oxygen has impor- 
tant practical significance because it helps in evaluating cooling catalytic 
effects during the study of heat transfer from heated air to the surface under 
flow-interaction. Hence it may be assumed that the recombination of the air 
mixture is accelerated due to intermediate reactions between oxygen and 



nitrogen. The resultant catalytic capability is increased and hence heat trans- 
fer is increased. 

In this section we have been considering heat transfer in two limiting cases 
of balanced and "frozen" flows in a boundary layer. However, the mechanism 
of heat transfer characterized by the condition that the concentration of each 
chemical component in a boundary layer is determined by a finite rate of 
chemical reaction (Wchem)i according to equation (3.2.4) happens to be the 
most general mode of heat transfer. Knowing the data on heat transfer in 
these limiting cases it is possible to study its mechanism in the more general 
case where (Wchem) i#O. For this purpose it is necessary to use the system of 
equations (3.2.4), (3.2.14), (12.1.8). Some of the methods and results of solu- 
tion of this system are presented in the works 121, 31,351. 

About the calculation of heat transfer in a turbulent boundary layer: Earlier 
we discussed problems connected with the determination of heat transfer in a 
laminar boundary layer over a curved surface. The solution of these problems 
was based on the application of a system of boundary layer equations with 
given velocity profiles and the necessary thermodynamic parameters across 
the section. 

Many problems connected with the calculation of a turbulent boundary 
layer can be similarly solved. In particular, the equation of motion in the 
integral form for a boundary layer was used in studying a turbulent boundary 
layer (see Chapter 12). To study the heat transfer in a turbulent layer this 
equation should be connected with the equation of energy in an integral form 
as shown in work [23]. This solution consists of the integral method in the 
theory of a boundary layer. 

The application of integral relations and the equations of a turbulent 
boundary layer in differential form gives appreciably lower accuracy than in 
the case of a laminar flow. This is primarily due to the still imperfect relations 
describing the mechanism for a turbulent heat flow and momentum and the 
correspondingly approximate nature of the equations of motion and energy. 
Inaccurate representation of the velocity profile across the boundary layer 
thickness also leads to low accuracy, which indicates that the gas dynamic 
properties of the flow at each point across the boundary layer are not pro- 
perly catered for in using the integral method. However, it has been experi- 
mentally established that the universal nature of variation of velocity with a 
given profile is not fully confirmed and consequently the presence of pressure 
gradients along the boundary layer leads to additional loss of accuracy. 

Modern rocket and aviation technology requires high accuracy in the 
calculation of friction and heat transfer, which can be achieved only by per- 
fecting the methods of solution of boundary layer equations. In the last few 
years the method of direct solution of boundary layer equations, as applied 
to each of the above problems, has gained currency. Here the conditions on 
the wall and at the free surface of the boundary layer happen to be the boun- 



dary conditions and the velocity profiles and thermodynamic characteristics 
of the gas across the boundary layer section are the result of calculation. The 
velocity profiles so worked out help to find the frictional stress and specific 
heat flow to the wall. 

Direct integration of the system of boundary layer equations requires the 
introduction of some assumptions without which calculation with the help of 
integral methods is impossible. These involve in the first place deviation 
from given velocity profiles and other thermodynamic parameters, from the 
use of the Reynolds analogy (see Section 2) and from some empirical formula 
for heat transfer. 

One way to improve the accuracy of investigation of a turbulent boundary 
layer is based on a more accurate description of the mechanism of turbulent 
heat transfer and momentum. The huality of the results obtained depends 
mainly on its correct mathematical formulation. Therefore special attention 
has been devoted recently to study of the processes of turbulent mixing on 
the basis of static formulation of the mechanism of small-scale movements of 
gas. The result of this study is a modification of the concept of intermixing 
(see Chapter 1 Section 1) which is related to the attempt to make this method 
universal. It is a purely qualitative and entirely approximate description of 
oscillatory motion. 

The method of direct solution of boundary layer equations has become 
more attractive for investigators due to the enhanced possibility of perform- 
ing calculations with the help of numerical mathematics and modern high- 
speed electronic computers. The technique of complex calculation of the 
boundary layer is gaining popularity in engineering practice thanks to com- 
puters. The results of research on the motion of a viscous gaseous medium 
with the help of the method of direct solution of the boundary layer are repro- 
duced in the series of scientific articles 155, 56, 41 (1965, No. 411. 

5. Wall Temperature 

5.1 Radiational equilibrium temperature 
The heat regime over the surface during the steady motion of a flight 

vehicle is characterized by the equilibrium of heat flows to and from the sur- 
face. In this case the equation of heat balance (13.1 .l) will have the form 
qin-qo=O or, taking the expression (13.1.2) for inflow of heat gin and out- 
flow of heat g o  (13.1.3), it will be 

q k + q r a d + q s + q e + q m = q r f  qab+qca+qmo. (13.5.1) 

The wall temperature determined from the condition of equilibrium of heat 
flows (13.5.1) and corresponding to a steady flow over the surface is known as 
equilibrium temperature. 

Let us assume that the heat transfer is characterized only by a convective 



heat inflow to the wall (qi, = qk) and radiational heat outflow from it (go = 9,). 
  ere equation (13.5. I), taking into account the expression (13.1.17) for qk 
and (13.1.28) for q,, takes the form 

[aW/(cp),l (ir - iw) =eoT:. (13.5.2) 

The wall temperature determined by equation (13.5.2) is known as the radia- 
tional equilibrium temperature and is denoted by Tw= T,. This temperature 
differs from the temperature of recovery T, which, as we know from earlier 
discussion, is the temperature of the gas on the wall in the absence of heat 
transfer, i.e. on a thermally isolated surface. 

The temperature T, represents some upper limit for a radiating surface 
which is achieved in the case where the heated wall exhaustively radiates all 
the energy received. This temperature is not real at very high heat flows be- 
cause it is so high that it cannot be achieved: the covering material would be 
destroyed (melting, sublimation or burning). However, in some cases the 
radiational equilibrium temperature may be realized, for example, on the 
surface of melting flight vehicles. During melting the kinetic energy changes 
to heat energy gradually and the intensity of the convective heat flow may be 
comparatively moderate so that there is a possibility of radiating all the 
energy absorbed at the equilibrium temperature permissible for construction. 

The coefficient of radiation a and the degree of blackness e in equation 
(13.5.2) may be assumed to be known and of constant value (see Section 1). 
The coefficient of heat transfer a,, sp. heat (c,), and the enthalpies ir and i, 
happen to be functions of the temperature to be determined, T, = T,, and the 
given pressure pa for a dissociating gas. So the total number of unknown 
variables will be five and hence equation (13.5.2) must be supplemented by 
four independent equations to determine aw, (cp),, ir and i,. 

In the case of a laminar boundary layer the equation for a,, according to 
(13.1.17) and (13.4.22), will be written in the form 

The equation for (c,),., and i, may be expressed in a general form: 

(cp)w=fl ( ~ 8 ,  rw); (13.5.4) 

iw =fi (~69 T W ) ,  (13.5.5) 

wherefi and f2 are calculated with the help of tables or graphs of the thermo- 
dynamic functions of air at high temperatures. 

The enthalpy of recovery 

ir=is+r (Vz/2), (13.5.6) 

where the coefficient of recovery r=f3 (pa, T,) is found as some other fun& 
tionf3 of pressurepa and temperature Tw with the help of formulas (12.5.19) 
through (12.5.21). 
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The solution.of the system of equilibrium (13.5.2) through (13.5.6) helps 
us to find the radiational equilibrium temperature of the surface under flow- 
interaction in the presence of a laminar boundary layer in a dissociating 
gaseous medium. Using the equation for turbulent heat transfer in place of 
(13.5.3) it is possible to find the temperature T, =Te for a turbulent boundary 
layer. This equation in particular was obtained above for the conditions of 
flow-interaction of a flat plate. 

The solution of the system of equations (13.5.2) through (13.5.6) will be 
carried out by the method of successive iterations. Here the flight velocity 
V,  (or Mach number M,) and altitude H are the given parameters from 
which the "inviscid" flow-interaction of the surface (pressure pa, density pa, 
temperature T6, etc.) can be worked out. 

Taking r = r ~ =  0.84 according to (1 2.5.22) (laminar boundary layer) or 
r=r~=0.89 (turbulent boundary layer), the enthalpy ir (13.5.6) is worked 
out as a first approximation to find the temperature Tw= Te at some point on 
this surface. Then the corresponding value of Tr as a function of ir and pa is 
found. Next, the temperature Tw < Tr and the corresponding quantities iw < ir 
are given some values. For each of these values of Tw(iw), a, and (c,), are 
worked out as a first approximation and the difference in heat flows is 
determined: 

[a,/(c,)d (4 - i,) - &aT: = 4,. (13.5.7) 
From the data so obtained a table can be made or a curve q, versus Tw can 
be drawn. Assuming q, =O, the temperature Tw=Te is determined with the 
help of interpolation of tabulated data or a graph. The coefficient r and 
enthalpy ir can be modified from this value of the wall temperature and the 
coefficient of heat transfer ax and specific heat (c,), can be determined as a 
next approximation. Then the calculations are repeated using equation 
(13.5.7) until the value of temperature Tw=Te is obtained with the required 
accuracy. 

Simpler operations for calculation of temperature Tw= T, are carried out 
for a flat plate and a cone, whose flow-interactions are characterized by cons- 
tant values of the "inviscid" gas parameters on the surface. The calculation 
of the radiational equilibrium temperature may be carried out by the method 
of deciding enthalpy (temperature). It can also be calculated starting with a 
mixed boundary layer on the surface in the flow using the relations for 
determination of the parameters of friction and heat transfer. 

For low speeds of flow-interactions, during which dissociation need not 
be taken into account and the thermodynamic and kinetic characteristics of 
air may be considered constant, the calculation of temperature Tw=Te is fur- 
ther simplified. In this case the corresponding system of equations takes the 
following form: 

ax(Tr - T,) = eoT$ (13.5.8) 



a, = h (T,), (13.5.9) 
where h is some function of temperature Tw that determines the coefficient of 
heat transfer. 

The results of calculation of the radiational equilibrium temperature based 
on the system of equations (13.5.8), (13.5.9) for a parabolic profile in a 
supersonic flow are shown in Fig. 13.5.1. This calculation was carried out 
using the relations for ax for a flat plate in which the local parameters of an 

fe,'K 
"inviscid" flow over the profile 
were used. Here the effect of 
the axial gradient of pressure is 

800 not considered and the fixed 
values of r ~ = 0 . 8 4  and r ~ = 0 . 8 9  

700 corresponding to Prandtl num- 
ber Pr= 0.71 are taken. 

In constructing a graph like 
600 that in Fig. 13.5.1 we have to 

consider the transition region 
500 
0 because the heat flows change 

gradually along some curve in 
this region. This curve should 

Fig. 13.5.1. Nature of distribution of radia- not have discontinuities because 
tional equilibrium temperature over profile heat which 

surface in supersonic flow: out the temperature, occur in 
I-laminar layer; 11-turbulent layer; actual situations. 

IZI-transition region. The system of equations 
(13.5.8), (13.5.9) can be used 

with the required accuracy for calculation of radiational equilibrium tem- 
perature at very high speeds when it becomes necessary to account for the 
effect of compressibility, dissociation or variation in specific heats if we use 
the definitive parameters in these equations: 

where TZ is determined with adjustment for dissociation from definitive en- 
thalpy (12.5.23); a: is the quantity obtained from expression (13.2.21). 

In calculating heat transfer on a flat plate or a cone the Stanton number 
St: appearing in the expression for a; found from the corresponding rela- 
tions (13.2.19) or (13.2.27), which include the parameters of friction and heat 
transfer. 

The analysis called for determination of the radiational equilibrium tem- 
perature and the results of calculations lead to the conclusion that the basic 
way to reduce it is to decrease the ratio ax/&. For this purpose it is possible, 



first of all, to reduce the coefficient of heat transfer a, by maintaining a 
laminar boundary layer. Reduction in a, is also achieved by taking the flight 
vehicle to a higher altitude where heating is reduced due to the reduction in 
the density of the atmosphere. Secondly, it is possible to increase the degree 
of blackness e of the surface. A special covering may be used for this pur- 
pose to increase e to 0.7 or 0.8 and thereby enhance the cooling effect due to 
radiation. An increase in degree of blackness to a value nearer unity has 
been observed in cases where a metallic wall is thin and is heated to high 
temperatures. 

5.2 Equilibrium temperature in presence of 
additional sources of input and output of heat 

The calculation of equilibrium temperature in the presence of types of 
heat transfer other than convective and radiational heat flows will be carried 
out in a similar way to the determination of radiational equilibrium temper- 
ature. We have to use equation (13.5.1) for this calculation which, taking the 
values of q, = a,(T, - T,) and q, = eaT$ will be written in the form 

where the modified temperature of recovery 

The sum of specific heat flows is 

z q i = q r a d  + q s  + q e  +qm-gab-qca-qmo.  (1 3.5.14) 

Among the many components of (13.5.14) there are the radiational flow grad 
to the wall from overheated gas and the heat qab carried away by ablation 
of the mass of the cowling as functions of wall temperature. The remaining 
components may be taken as given quantities. 

From (13.5.12) it follows that the problem of determining Tw=Te is 
solved in principle in the same way as in the presence of heat outflow by 
radiation only. The difference lies in the fact that a modified temperature of 
recovery T'r  is determined in place of temperature of recovery Tr. 

The analysis of relations (13.5.12) through (13.5.14) shows that the wall 
temperature T, = Te can be lowered by applying artificial cooling qca and using 
ablation of material during which some quantity of heat gab is carried away 
along with the destroyed part of the cowling. 

At low supersonic speeds of flow-interaction it is not necessary to con- 
sider radiational heat flow q,,d and heat gab absorbed during ablation. In this 
case 



and ,the calculation of T," = T, becomes simple as the components of heat 
transfer in (13.5.15) do not depend on the wall temperature and are given 
in advance. 

At high altitudes (100-500 km and above) the aerodynamic heat flow is 
insignificant in comparison with ray energy. Neglecting dispersion of heat 
over the surface, it may be assumed that the equation of heat balance during 
a stationary process will have the form 

where q, is solar energy reflected from the earth. 
At high altitudes the heat radiation from the earth qe and the energy go 

in practice need not be taken into account and hence 

4s = qr. 

Inserting the values of q, and qr here according to (13.1.24) and (13.1.28), we 
get 

- 
q /Ic COSY/ =EcT:, 

whence 

The maximum temperature will be attained at Y/; 0. In practice g=0.332 
kilo-cal/m2.sec as the constant quantity in formula (13.5.17). Then, assum- 
ing 0 = 1.36 x 10-1' kilo .cal/m2 e sec. degree4, we get the following relation: 

T, = 395 (P,/E)'~~ ["K]. (13.5.18) 



THERMAL PROTECTION FOR FLIGHT VEHICLES 

1. Methods of Thermal Protection 

Space vehicles undergo considerable aerodynamic heating on re-entering 
the dense layers of the atmosphere because they are surrounded by high- 
temperature gas flows. To avert the destructive effect of aerodynamic heating 
on the structure of the vehicle to be launched into space various methods of 
thermal protection are used in rocketry. Here the salient features of the 
structure of the vehicle and the specific conditions of re-entry determine the 
particular type of heat protection. 

The right selection of the mode of thermal protection provides considera- 
ble economy in the weight of a space vehicle, which is an important factor in 
determining this choice. 

The following main methods of protection against aerodynamic heating 
are used in modern rocket construction: 1) heat absorption by heat sink; 2) 
forced cooling; 3) radiation and 4) use 
of a protective shield. 

In protection of the vehicle by 
means of a heat sink the aerodynamic 
heatflow (q) is absorbed by a thick 
layer of indestructible material which 
covers the wall of the flight vehicle 
(Fig. 14.1.1). Graphite, copper and 
other materials with high heat con- 
ductivity are used for this purpose. A 
thin layer of material of low heat 
conductivity may be used on the Fig. 14.1.1. Use of heat sink for pro- 

external surface of the heat-absorbing tection of flight vehicle from heating: 

layer. The presence of a coating of I-attached shield; 2-heat-absorbing 
material; 3-wall of main body of 

this material appreciably increases flight vehicle; 4-temperature profile; 
radiation from the surface (grad). How- q-heat flow to body surface; grad is heat 
ever, the heat-absorptive capacity of flow radiated from surface. 
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676 AERODYNAMICS 

available materials is not that high and therefore the weight of such heat-pro- 
tection systems is excessive. For example, one kg of copper can absorb only 
110 kilo-cal before melting. Therefore the technique of the heat sink may 
be used for thermal protection of flight vehicles encountering only moderately 
high heat flows in flight. 

Fig. 14.1.2. Scheme of forced cooling: 

a--cooling by gas blast; b-cooling by evaporaticn; c-evaporation of film; I-porous 
material; 2-gas blast; 3-wall of flight vehicle; 4-zone of evaporation; 5-fluid; 

6-fluid film; 7-boundary layer; 8-temperature profile without gas blast; 
9-temperature profile with gas blast. 

The method of forced cooling (Fig. 14.1.2) works like this: Gas under 
pressure is blown through a perforated or porous wall of the flight vehicle to 
the boundary layer, absorbs part of the heat and in the process heats up. It is 
better to use a light gas of low molecular weight for this purpose, for exam- 
ple helium. Air, nitrogen and other gases can also be used in practice. Other 
types of forced cooling include evaporation and film cooling in which a fluid 
is blown through a porous wall and evaporates either in the wall (evaporation 
cooling) or on its surface (film cooling). The fluid must have a maximum heat 

Fig. 14.1.3. Scheme of radiational heat protection of flight vehicle: 

I-radiational cover; 2-heat insulation layer; 3-wall of flight vehicle; 
4-structural strengthening member; q-heat flow to surface; 

qr,a--heat flow radiated from surface. 

" of evaporation at a comparatively low temperature. Due to the required 
weight characteristics for a fluid or gas flow this device is very complicated 
from the point of view of manufacture. 

The radiational method of heat protection differs by the marked simplicity 
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of its constructicln. The basic element of this device is a radiational screen 
which is a thin plate of metal (molybdenum, tungsten, etc.) or a film of oxides 
(for example: ZrOa, SiOz). The screen is located either over the structure to be 
protected (Fig. 14.1.3, a) or directly on it (Fig. 14.1.3, b). In the latter case 
material of low heat conductivity, for example porous ceramic or glass, is 
spread between the structure and the screen to reduce heat flow q inside the 
apparatus. During heating part of the heat q,,d is spent on radiation and 
over-heating of the structure of the vehicle does not take place. 

Experiments show that the strength of the heat-resistant materials and 
oxides known at the present time is not maintained at temperatures exceeding 
2600°K. Hence the method of radiational thermal protection can be used only 
under the impact of heat flows not exceeding about 200 kilo.cal/m2.sec. 
Thus the range of application of this method of heat-protection is limited 
to comparatively low heat Rows. However, their endurance is fairly high, 
100 seconds or more. 

We must also note that films of oxides or ceramic happen to be very fragile 
and easily peel off during heating and impact loading. Therefore the use of 
oxide or ceramic isolation is still out of the question in cases where such im- 
pact loads are expected, for example, during redistribution or variation of 
the strength of shock waves depending on the value of the angle of attack. 

Heat-protection shield: The use of heat-protection shields is quite effective 
for vehicles undergoing the action of intense heat flows of short duration 
(ballistic launching) and for vehicles undergoing the impact of comparatively 
low heat flows of long duration (launching with aerodynamic effectiveness). 
The application of this device is quite simple. A layer of material of low heat 
conductivity is attached, fixed or built up on the surface of the flight vehicle 
structure. This is heated up or begins to erode under the action of the heat 
flow. The detached particles are carried away from the surface by gas flow 
past it, thereby absorbing and dissipating to surrounding space a large part 
of the heat created by this flow. Thus erosion of the mass of the shield mate- 
rial should be considered as an important mode of thermal protection of a 
vehicle to be launched. As a result of erosion the thickness of the heat- 
protection material diminishes. Estimating the appropriate value of this 
thickness, it is possible to design a structure for the required temperature 
range. 

The materials of thermal-protection shields are subdivided into the follow- 
ing three main groups depending on the type of erosion: sublimating, melting 
and carbonizing. All these processes of erosion are grouped under the general 
terminology of ablation or mass transfer which, as follows from the above 
discussion, plays an important part in solving the problems of thermal 
protection for flight vehicles. This method, along with high effectiveness, has 
high reliability. Here the selection of the minimum thickness of heat protec- 
tion shield depends on the mode of its erosion. 



The sublimating materials for thermal shields are the ones that are destroy- 
ed by heating and reduced to the gaseous state. The most typical case in this 
group is floroplast, graphite (heating to temperatures above 3,000"K). The 
gaseous products formed by erosion flow into the boundary layer, reducing 
the heat flow (Fig. 14.1.4). 

The group of sublimating heat protection coverings include the ones that 
turn to fluid during heating. Materials based on glass or quartz and also poly- 
mers, for example, organic glass, polyethylene, etc., are examples of this 
group. The fluid film formed as a result of heat flows under the action of the 
forces of aerodynamic friction and is carried away from the surface, reducing 
the heating effect. Meanwhile part of this melt evaporates (Fig. 14.1.5). This 

evaporation increases the effectiveness of 
such coverings because a considerable part 
of the heat is dissipated in the form of the 
latent heat of evaporation which, for exam- 
ple, is 2,400 kilo. callkg for quartz. 

A shield that is eroded by heating in a 
process similar to the transition to the gase- 
ous state in carbonization is called a carbo- 
nizing shield. The materials of this group 
also form a gaseous product during the 

~ i ~ ,  14.1.4. Scheme of sublim- process of pyrolysis. Carbonizing (pyrolyz- 
ating heat protection shield: ing) shields are composed of filler and bond- 

ing material. An example of a carbonizing 
I-boundary layer; 2-gaseous 
product due to destruction; 3- material is phenyl nylon consisting of nylon 
sublimating 4-stren- cloth soaked in liquid phenyl. The liquid 
gthening member (wall) of flight phenyl is hardened as a result of polymeri- 
vehicle; 5-temperature profile zation and layers of plate are formed. Glass, 
wit'? allowance for products abestos, graphite, polymers and other 
destruction; 6-temperature pro- 
file without allowance for pro- 

materials in the form of cloth, separate 
ducts of destruction. fibers or grains can be used as a filler 

material. Epoxides and liquid phenyl and 
other polymers are used as bonding materials. A picture of erosion of this 
kind of shield is shown in Fig. 14.1.6. The gaseous products of carboniza- 
tion (pyrolysis), entering the boundary layer, reduce the heat flow to the 
structure. The application of carbonizing materials is an effective method of 
thermal protection. 

The above division of heat protection shields is quite provisional because, 
for example, part of the material that melts, as noted above, evaporates and 
thereby increases the cooling effect. If in the meantime the heat flows are - 
very high and the forces due to aerodynamic friction are insignificant the 
whole of the melt will evaporate and th'e melting material virtually becomes 
sublimating material by its transfer behavior. On the other hand, given 



minor heat flows and high frictional stress a sublimating material may con- 
dense and flow like a melting material. 

Fig. 14.1.5. Scheme of cooling with Fig. 14.1.6. Scheme of destruction of 
melting heat protection shield: carbonizing heat protection shield: 

I-vapor of molten mass; 2-fluid I-boundary layer; 2-carbonized 
film; 3-melting surface; 4-melt- layer; 3-rone of melting of filler; 
ing heat protection shield; 5- 4-zone of decomposition of tar; 
strengthening member (wall) of 5-basic heat protection material; 
flight vehicle; 6-velocity profile 6-strengthening structure (wall) 

. for motion of fluid film. of flight vehicle. 

For practically all heat protection materials in use the process of ablation 
begins with melting of the structural surface as a result of which a thin film 
of molten material is formed. This is called the liquid phase of the boundary 
layer. The second phase is represented by the gas flow surrounding the sur- 
face under ablation (Fig. 14.1.7). At this stage the heat flow to the structure 
is not sufficient to cause evaporation and to affect the gaseous medium. On 
the other hand, since the viscosity of the melted mass is high the molten layer 
will have very small tangential velocities in comparison with those of the gas. 
For example, calculations show that the ratio of local velocities at the external 
boundary of the liquid phase and the gaseous phase under normal conditions 
of high flight velocities is Vxi/Vxam5 x 10-4. Consequently it may be assumed 
that the flow in the gaseous phase is independent of the presence of the molten 
layer. In other words, the gaseoup phase behaves as a normal boundary layer. 
The rise in heat flow and increase in temperature lead to evaporation of 
some part of the molten substance. It is then that the vapor enters the gaseous 
phase. 

While the vapor enters the gaseous phase the interaction between the 
liquid .film of molten substance and the gaseous bouddary layer has its own 
expression which leads to a reduction in aerodynamic heat flow to the surface 
and as a result to a lower heatingeffect. If the surface temperature approaches 
boiling point practically the whole of the molten layer evaporates and the 
maximum quantity of gas enters the gaseous phase. 

This is the simplified physical scheme of the process of ablation in the 



L Shock wave 

Fig. 14.1.7. Scheme of two-phase boundary layer on melting blunt surface: 

I-boundary layer of gas; 2-fluid layer; 3-surface of separation; 4-solid medium; 
y=6-thickness of gaseous phase of boundary layer; y= -&-thickness of fluid 
phase of boundary layer, rn -total specific mass transfer of destroyed materiaI; 

q-aerodynamic heat flow; Ti-surface temperature. 

form of a two-phase boundary layer. The ablation process in reality has a very 
complex nature. Since the basic function of ablation is absorption of heat by 
mass being carried away it is important to know what this heat ablation is. 
As we will see, the quantity of substance carried away can be worked out for 
the value of the heat of ablation. 

2. Determination of Heat of Ablation 

2.1 Sublimation, complete evaporation or carbonization (pyrolysis) 
Complete evaporation of the molten mass and sublimation (for materials 

that evaporate without passing through the liquid phase) are related to the 
particular case of ablation characterized by very high viscosity of the heat 
protection substance. The value of the heat of ablation so obtained will be 
maximum and independent of viscosity. 

The physical processes during sublimation and evaporation are similar to 
the phenomenon of ablation with carbonization because in both cases there 
occurs an interaction of the gaseous products of erosion of the shield with 
the boundary layer. Therefore it should be possible to obtain general relations 
for calculation of the heat of ablation and mass transfer of heat protection 
shields. 

Let us consider the equation of heat balance during steady ablation to find 
the general expression for heat ablation. The equation of heat balance 
characterizing an ablating mass represents the condition that the aerodyna- 
mic heat flow qi to this mass is spent on heating and evaporating it except 

- 

for the part that is radiated (qr). Consequently 

qi=mv (~~.Z' iTi=t . i , )+q~,  (14.2.1) 
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where m, is the specific mass flow of material under erosion in kg/m2-sec, 
known as the rate of transfer (ablation); Ti is the temperature of the surface 
in OK; c, is the specific heat of the material in kilo.cal/kg .degree. The quantity 
iv may be considered as the enthalpy of sublimation. In the case of complete 
evaporation it will be the enthalpy of evaporation (latent heat of evaporation). 
In the case of carbonization the quantity iv represents the enthalpy of the gas. 

The aerodynamic heat flow qi participating in and absorbed during abla- 
tion, as we saw above, is less than the quantity of heat q applied to the mass 
in question in the absence of ablation. The effect of this heat, determining 
reduction in heat transfer by the quantity 

is expressed by this reduced heating based on injection of vapor into the 
boundary layer. As is shown by experiment, the quantity 

where parameter y/ dep;nds on the type of boundary layer, specific flow of 
mass mvy velocity of motion of body (Mach number M,) and molecular 
weight of vapor iv. 

It has been found by experiment that 

where io is the enthalpy of the air during isentropic stagnation; j3 is the coeffi- 
cient of heat lost during ablation. Its values for laminar and turbulent bound- 
ary layers are determined from the expressions 

where 

according to empirical data depending on the type of shield. In particular, 
N =0.68, a =0.26 may be assumed for glass-type materials. 

In applying formula (14.2.4) it should be kept in mind that it gives satis- 
factory results in the interval 0.2 < P ~ 4 .  

The molecular weight of vapors jv of some materials like plastic and glass 
approximately coincide with the molecular weight of air. If we assume that 
EV%29 and N =  0.68 the coefficients determined by the expressions (14.2.5) 
will be B ~ x 0 . 7  and P~=0.23 respectively. 

In equation (14.2.1) where the temperature Ti can be approximately taken 
as equal to the temperature of evaporation the term in round brackets rep=- 
sents the heat of ablation. If it is determined by some means and if the quan- 
tity 41 is known the mass transfer m, can obviously be calculated. 



It is convenient in practice to use the concept of effective heat of ablation 
determined by the expression 

qx =q/mv File. callkg1 (14.2.7) 
According to this expression the quantity of heat qt applied to unit surface in 
some time t through a conventional gaseous boundary layer during steady 
heating is equal to the heat flow qX.mv-t absorbed by the mass of material 
destroyed and carried away from this surface. 

Having obtained relation (14.2.4) for I,Y it is possible to obtain the formula 
for the effective heat of ablation with the help of equations (14.2.1) through 
(14.2.3). For this purpose, keeping (14.2.7) in view, we will write equation 
(14.2.1) in the form 

In addition we will obtain the following relation from (14.2.2) through 
(14.2.4): 

Y i  - - . -v=l-J .  (s-i,,,). (14.2.9) 
4 9" 

From the above relations we will have 

where the specific heat flow due to radiation, in accordance with (13.1.28), 
will be 

q,=&a T f .  (14.2.1 1) 

Experimental data facilitating the evaluation of some characteristics and of 
the heat of ablation have been obtained for a series of materials. Specifically, 
data have been obtained for such carbonizing polymerized materials as teflon 
(CZF~),. This polymer results in pyrolysis during thermal interaction as a 
result of which the solid mass takes on the gaseous form of monomer CzF2. 
The basic physical and thermodynamic parameters for teflon are as follows: 
temperature of ablation during laminar heating Ti = 445°K; enthalpy iv= 416 
kilo-cal/kg; molecular weight of vapor iv= 100; specific heat cp=0.25 kilo. 
callkg. degree. Substituting these data in formula (14.2. lo), we find (assum- 
ing j? = 0.5) 

The following formula, similar to (14.2.12), has been found for phenyl nylon 
which is used as a carbonizing thermal protection shield: 

The peculiarity of this plastic is that the carbon sediment remaining after 



evaporation in the form of finely spread solid particles radiates intensively 
due to overheating. 

For some materials the heat flow to the surface of the wall may increase 
due to combustion of the vapor diffusing in the gas layer in the oxygen of the 
air. As shown by experiment, this increase in the case of combustion in a 
laminar boundary layer will be 

Aqi = 0.21 ib (qilio) [kilo .caI/m" s~c],  (14.2.14) 
where ib, kilo. callkg is the heat due to combustion for unit mass of oxygen. 
According to this the new quantity qi + Aqi appears in (14.2.1) in place of qi 
and the new equation of balance of heat takes the following form: 

qi + Aqi =m, (cpTi + iv) + qr, (14.2.15) 
or 

Substituting here the value of qi/q from (14.2.9), we get 

where according to (14.2.14) 

(Ib = Aqi/qi= 0.21 (ib/io). (14.2.14') 

Experiments have shown that under ablation teflon has the property of 
diffusion of vapor which burns in the boundary layer. As a result the mono- 
mer CzF2 becomes the compound COF2. Combustion leads to a rise in the 
heat flow to the wall and consequently to a decrease in the effective heat of 
ablation. According to experimental data the combustion temperature for 
teflon is ib = 5,550 kilo. callkg and the corresponding expression for effective 
heat of ablation (14.2.16) will have the form 

q* = 527+0.5 [I +(1165/io)] (io- i,) 
1 + (1 1651i0) - (qrlq) 

(14.2.17) 

2.2 Simultaneous melting and sublimation (evaporation) 
It is desirable to use a composite fire-resistant material for the thermal 

protection shield with high effectiveness for heat of ablation and low thermal 
conductivity. Plastics in combination with glass, having high viscosity and 
low thermal conductivity, is an example of this kind of material. The special 
property of such glass-plastics and similar composite materials is that they 
first act as heat absorbing agents when exposed to a high-temperature interac- 
tion. Then the temperature of the surface rises quickly, due to the low coeffi- 
cient of heat conduction, to the level at which melting and sublimation of 
different constituents take place simultaneously. Experiments have shown 
that with fiberglass one of its components, glass, melts and the other compo- 
nent, plastic, sublimates. 



The evaporation of part of the molten mass is typical for most materials, 
including glass-based materials, at surface temperatures exceeding melting 
point. Evaporation is followed by pyrolysis of the surface layer of molten 
material, as a result of which an additional quantity of gas diffuses in the 
' gaseous boundary layer. So ablation, in the most general case, is charac- 
terized by simultaneous melting and sublimation (evaporation). This peculia- 
rity must be taken into account when determining the effective heat of abla- 
tion. If the total specific mass transfer is denoted by m the degree of 
sublimation (evaporation), known as the coefficient of evaporation, can be 
determined as the ratio i =mv/m. Accordingly the equation of heat balance, 
similar to (14.2.1), will be rewritten in the form 

qi=mcp Ti +mv iv+qr=m (c, Ti+G.iv)+qr. (14.2.18) 

The effective heat of ablation will be determined by the relation 

4* = qlm, (14.2.19) - 
and the coefficient cy of (14.2.4), taking into account (14.2.19) and mv=mm, 
will be written in the form 

cy = 1 - (P%m/q) (i, - i,) = 1 - (P%/q*) (i, - i,) . (14.2.20) 

Dividing (14.2.18) by q, we get 

Combining (14.2.2), (14.2.3) and (14.2.20), we have 

From (14.2.21) and (14.2.22) the effective heat of ablation will be 

Here the temperature of ablation Ti, enthalpy of evaporation iv and coefficient - 
m are the unknowns. The temperature Ti can be taken as equal to the melting 
point of known constant value, to simplify calculations, with sufficient 
accuracy. For example, the melting point for glass is about 1,700°K. The 
enthalpy of evaporation iv is usually determined experimentally. For approxi- 
mate calculations of the ablation of glass-based materials it is possible to use, 
for example, the quantity iv= 2,470 kilo callkg obtained for silicon. Accord- 
ing to experimental data the value of iv= 3,000 kilo. callkg for pure quartz. 
The value of the coefficient G is mainly determined by the elasticity of the 
vapor and the viscosity of the molten component which depend on the 
temperature and conditions of flow-interaction. 

There are other data available on the nature of variation of m. For exam- 
ple, the coefficient % decreases with a rise in pressure or decrease in stagnation 



enthalpy. As a rough estimate this coefficient can be determined as the ratio 
of the mass of the sublimating component to the total mass of the heat 
protection material. Considering "pure" sublimation, i.e. assuming m = 1 
we have, from (14.2.23), 

where "q ii, + (io - i,). 
Accordingly for any arbitrary value m# 1 we have 

From experimental data for fiberglass consisting of 30% plastic and 70% 
glass we have 

;= 0.554 (7430+ 5.38 x VL) kilo.cal/kg; (14.2.25) 

(q*),,, =0.554 (8580+ 5.38 x V z )  kilo .cal/kg, (14.2.26) 

where V ,  is the velocity in m/sec. 

- If the value of 6 is not known in advance, the series of possible values of 
m < 1 is assumed in evaluating the process of ablation and the corresponding 
effective heat of ablation for different points on the trajectory can be determin- 
ed. For example, the following values of ;may be assumed: 1; 0.5; 0.25. 

It should be borne in mind that the case of sublimation represented by 
formula (14.2.26) for refractory and similar materials like quartz is not 
realistic, i.e. it is impossible in practice to create conditions at which the equa- 
lity ii= l could be achieved. The peculiarity of quartz, like other refractory 
material, is the high surface temperature of about 2,200-2,300°K. Con- 
sequently the effcet of radiation on the effective heat of ablation will be consi- 
derable. The rate of radiation of heat may be increased by making the 
material less transparent. For example, quartz becomes almost completely 
opaque (8x1) if carbon elements are added to it. Given a considerable 
amount of radiation of heat from the surface the effective heat of ablation, 
according to the formula (14.2.24), attains a somewhat higher value and mass 
transfer is negligibly small. In this case the surface undergoes intensive cool- 
ing by radiation and the heat transfer approaches the state of radiational 
equilibrium. Under these conditions the material behaves as a heat sink. 

The phenomenon of complete radiational equilibrium may arise with 
gradual variation in a smalLspecific heat flow (for example,for a gradually 
descending satellite) when equilibrium of radiational heat and heat inflow to 
the body is possible. In this limiting case q*+m and the mass transfer tends 
to zero. So under the conditions of radiational equilibrium applicable to a 
gliding flight vehicle this material takes the role of a heat protection shield. 



For the nose section of a rocket, exposed to the interaction of appreci- ' 

ably high heat flows for a short period of time in which the temperature does 
not achieve its equilibrium value, the use of an ablating material as a thermal 
protection shield seems to be more appropriate than the usual thermal 
isolation. 

Along with formulas (14.2.24) through (14.2.26) we can use the empirical 
relation for q* obtained from research on the ablation of a glass-based subs- 
tance (containing 30% plastic and 70% glass) in the neighborhood of the point 
of complete stagnation under laminar flow conditions 

(1 -:)-I [kilo callkg], (14.2.27) 

where RT,,= 18.8 kilo .callkg for atmospheric air near sea level and the value 
of n for flight conditions at very high speeds may be taken as equal to 10. 

2.3 Melting 
Melting, like sublimation, is a limiting case of the ablation process. If the 

material melts but does not evaporate the boundary layer does not undergo 
the impact of ablating substance during mass transfer. In this case the coeffi- 
cient of gas formation must be taken as K=O when determining the effec- 
tive heat of ablation (14.2.23); then 

where c, is the specific heat of the molten material. 
According to the expression (14.2.28) the heat flow, determined by the 

difference q-q,, should be completely absorbed by the fluid having specific 
heat c,, i.e. 

q-qr=q.~,Ti/q*=m.~,.Ti. 
Comparing expression (14.2.28) with formulas (14.2.10) and (14.2.23), we see 
that the effective heat of melting is less than that during simultaneous melt- 
ing and evaporation and more than that during complete evaporation 
(sublimation). This is supported by experimental research on the ablation of 
a glass-based substance. The corresponding relation for q*, which is obtained 
from the empirical relation (14.2.27), maintaining the last term for the charac- 
teristic of ablation by melting, will have the following form: 

P o o ~  1/(3=n) 3.64/(3-i-n) 
q* = 178 (-) (&) x (1 -;)-I [kilo. cal/kg]. (14.2.29) 

P=g 

Metals also act as ablation materials by melting. Experimental data 
facilitating evaluation of the effective heat of ablation have been obtained 
for some of them like steel and aluminum (see specialized literature). 
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3. Mass Transfer and mectiveness of Thermal Protection Shield 

If the effectiveness of the heat of ablation q* is known the quantity of 
mass carried away in unit time, as follows from (14.2.19), will be 

m = q/q* [kg/m2 sec] - (14.3.1) 

Here the specific heat flow q is calculated by the aerodynamic methods set 
out in Chapter 13 and the effective heat of ablation q* can be determined 
from experimental datausing formulas (14.2.13), (14.2.17), (14.2.241, (14.2.27), 
(14.2.29) for various types of Iocal ablation, namely: melting, simultaneous 
melting and evaporation and sublimation (gasification). 

The calculation of the average value of heat flow will be carried out on 
the basis of the value of q depending on the given form of blunt nose 
surface: 

where RT is the maximum diameter of the blunt nose section; S is the area of 
the surface of this section. 

Mass transfer from the surface S during heating time t is 

Qav = mav t .  S [kg], (14.3.3) 

where inav =qav/q* [kg/m2 - sec]. 
Of course the calculations do not yield identical values of the quantity 

mav for different materials. As is shown by calculation, the mass transfer for 
fiberglass and quartz at high speeds is less than that for a glass-based subs- 
tance or teflon. However, for any final concIusion as to the effectiveness of a 
shield it is necessary to take into account the thickness of the layer and the 
corresponding weight of the heat-protection device. This calculation will be 
carried out by the methods of the theory of heat transfer where the tempera- 
ture for destruction of the surface and the maximum permissible temperature 
on the inner side of the shield are taken as given. It can be seen from such 
calculations that the mass of the substance of a heat protection shield neces- 
sary for absorption of heat with minimum mass transfer is greater, due to the 
high temperature of the surface, than that for a substance exhibiting high 
ablation. The weight of the heat protection material is correspondingly 
greater. For this reason heat protection materials like fiberglass and quartz 
having small mass transfer have been considered in some cases of flow- 
interaction. 

This analysis must be carried out taking into account the time variation 
in the flow of heat to the surface. If this change takes place fast and the 
process of ablation is steady the heat flow into a refractory material will be 
slow in comparison with the rate of ablation due to the low coefficient of 



heat conductivity. From this it follows that insulation of the ablative mate- 
rial on the inside may not be necessary. The other case, where the heat flow 
to the surface takes place over a considerable period and mass transfer plays 
a less important part, additional refractory material may be used to perform 
the function of heat insulation. 

The mechanical properties of the material also must be kept in view in 
selecting a thermal protection material. Let us take some relations facilitat- 
ing, to some extent, correct evaluation for the purpose of selection [58]. The 
solution of this problem is connected with the determination of the required 
thickness of insulation to provide the desired difference in temperature 
between the external and internal walls. For this purpose we may use the 
formula 

where 6j is the thickness of the insulator, a = l/(cy) is the coefficient of tem- 
perature flow (1 is the coefficient of heat conductivity, y is the specific weight, 
c is the thermal capacity of the resistant material), z is the time of heating, y, 
is Fourier's criterion. The weight per m2 of the protective sheet for the 
required thermal insulation can be determined from the thickness and speci- 
fic weight of the resistant material: 

- 
Gi = 6i y =  dazly,. (14.3.5) 

Since a = 1/(cy) the formula for Gi can be expressed in the form 

Here the quantity dm, depending on the physical properties of the protec- 
tive material, can be regarded as the criterion determining the required 
weight of thermal insulator under given external conditions of flow-inter- 
action and the corresponding value of parameter dG.  The values of this 
criterion for some heat protection materials are given in Table 14.3.1. The 
limiting temperatures at which the use of a given thermal insulator is permis- 
sible are shown in the same table. 

Table 14.3.1 lists two groups of materials: laminated plastics and porous 
insulations. The second group of materials have comparatively low mechani- 
cal properties and they are easily destroyed under the impact of quite weak 
loads. Though this group of materials have the lowest value of weight criterion 
it is therefore not advisable to use them as heat protection shields. From the 
table it may be seen that the most promising material for heat protection in 
the group of laminated plastic is asbestos carton, for which the weight 
criterion will be the lowest. 

The limiting temperature for use of laminated plastics given in Table 
14.3.1 corresponds to long periods of action of high temperatures (many 
hours). For once only short-period work (a few minutes) they can be used at 



TABLE 14.3.1 
........................................ 

Limiting a.  lo4, YY c, 
k.cd 

' tempera- 
Material k . cal kg - - kg ture of use, 

m. sec. degree ma kg.deg - 
mg. secll2 "K 

........................................ 
Laminated plastics: 
Textolite 0.7 1,350 0.35 0.52 520 
Glass textolite 0.7 1,600 0.24 0.69 570 
Asbestos carton 0.44 INN 0.20 0.47 720 
Ftoroplast 0.59 2,200 0.25 0.72 670 

Porous insulations: 
Porous asbestos 0.22 100 0.20 0.10 870 
Mineral strap 0.18 1 50 0.22 0.1 1 870 
Fiberglass (mats) 0.26 120 0.20 0.12 720 
Foam glass 0.26 200 0.20 0.16 770 ........................................ 

very high temperatures of flow of the order of thousands of degrees. The 
external layer will then be damaged by erosion and sublimation with reduction 
in the thickness of the plate. 

4. Example for Calculation of Thickness of Heat-Protection Shield 

Let us perform the approximate calculation of the required thickness of a 
heat-resistant covering under an unsteady regime of flow over a vehicle to be 
launched in the form of a sphere of diameter? m and weight 1,250 kg intend- 
ed to re-enter the earth's atmosphere at the second cosmic speed at an angle 
of 30" [57]. 

This kind of calculation is connected with determination of some para- 
meters of the external flow during motion along the trajectory of the lofted 
vehicle. In particular, the stagnation temperature Ti behind the shock wave 
and the equilibrium radiational temperature T, of the air over the external 
surface will have to be found. The Mach number M, and flight altitude H 
are the given parameters for these calculations. Here the adiabatic wall tem- 
perature T, achieved along the trajectory is approximately equal to TA (ex- 
cluding the initial layer of atmosphere of high rarefaction). The data for the 
calculation are illustrated by the curves in Fig. 14.4.1. 

According to these data the flight time z during which the heat flow acts 
on the lofted vehicle is 26 seconds. The equilibrium wall temperature aver- 
aged over this period of time, according to the data from Fig. 14.4.1, is 

TW = ST..; (dzi jz)  = l60OQK. 
i=l 
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Fig. 14.4.1. Graph of temperature worked out for conditions of 
entry of flight vehicle in dense layers of atmosphere. 

Assuming atmospheric temperature equal to 293"K, the rise in tempera- 
ture on the surface of the wall will be 

Let us assume that the temperature on the inside surface of a heat protection 
shield should not exceed 373°K. Then the rise in temperature on this surface 

From these data we will find the relative temperature gradient across the 
thickness of the covering 

Let us take the average adiabatic wall temperature with time (see Fig. 
14.4.1): 

A z ~  Tmv= 2 Tri =5870°K. 
Z 

i=l  

Now, using formula (13.5.8) we get the average value of the coefficient of 
heat transfer 

EC T:av 0.8 x 13.6 x 10-*~'x 16004 = k . cal 
aav = 5870 - 1600 

= 0.0168 
Trav - Tmv m2. sec .degree ' 

where the coefficient of radiation of the surface is taken to be equal to e =0.8. . 

Having the values of ep and (ilav, it is now-possible to calculate the thick- 
ness of the heat-resistant shield, Let us take glass-textolite as the material 
of the shield (see Table 14.3.1). This problem is solved by the method of 



iterations. A value of thickness 61 = 10 mm is first assumed and the quantity 
known as Bio's criterion in the theory of heat conductivity is worked out: 

B=a, 61/1=0.0168 x 0.01/7 x 10-5=2.4. 
From the curves in Fig. 14.4.2 we have @=2.4 and e,=0.94 and 

Fourier's criterion p = 0.125. Then from formula (14.3.4) the thickness will be 

61 = 42 x lo-' x 26/0.125=6.45 mm. 

According to Table 14.3.1 the coefficient of temperature flow a=l/cy% 
2 x 10-7 m2/sec. After obtaining the value of 61 Bio's criterion can be worked 
out as a second approximation: 

@=0.0168 x 0.00645/7 x = 1.55. 
From the values of B= 1.55 and e,=0.94 Fourier's criterion is improved 

from the curve in Fig. 14.4.2: y~=0.127. According to this value the new 
thickness of covering 

6, = J 2  x 10-7 x 2610.127 = 6.4 mm. 

In final selection of the thickness a margin is usually allowed over the 
calculated value. Here the excess thickness is given by the coefficient f z 1.3 
to 1.6. Taking f= 1.5, we get 1.5 x 6.4=9.6 qm. From the calculation 
it may be seen that the effect of @ on the cp 
final result is insignificant. Therefore we 0.28 
are completely justified in determining the 
value of a, with less accuracy. According- 

0.24 
ly the quantity a,, was determined approx- 
imately on the basis of an assumed 
equality between the aerodynamic and 0.20 

.80 
radiational heat flows which does not exist 
in practice. So the above calculation of 0.16 
the thickness of a heat protection shield is 
based on the assumption that the tempera- 
ture of the surface is equal to the instan- Qr2 

taneous radiational temperature. Actually 95 
the temperature of this surface and thick- 0.08 
ness 61 will be higher than their calculated 
values. However, experiments show that Fig. 14.4.2 Graph for determina- 
this difference is small-about 5%. tion of Fourier's criterion. 

The thickness of the shield has been 
calculated without allowance for ablation of the heat protection material and 
mechanical destruction of the thermal insulating structure. To determine the 
thickness of the part that will be carried away as a result of the ablation of 
glass-textolite the following procedure may be adapted: After calculating the 
heat of ablation q* from formula (14.2.13) for the actual values of q and q, the 
mass of the heat protection substance carried away can be obtained from 



(14.3.2). Then its thickness can be determined on the basis of the value of m, 
(14.3.1). In these calculations q may be replaced by qa, specific weight and 
surface area of the shield. 

Fig. 14.4.3. Graph of rate of transfer of (carbon monoxide) 
heat protection material. 

The thickness of the shield and its weight can also be determined with the 
help of the curves in Fig. .14.4.3, which represent the empirical relation bet- 
ween the rate of mass transfer of glass-textolite and the temperature [59]. 
Using this relation the thickness of the destructible layer of heat protection 
material at different points of trajectory can be determined. We use the 
adiabatic temperature of the wall T, in place of temperature T $0 determine 
the rate of erosion ue. The restlts for calculation of the thickness of destructi- 
ble material are presented in Table 14.4.1. 

From Table 14.4.1 it may be seen that the erosion of the heat protection 
shield goes on diminishing during the given flight time (26 sec), which can be 
understood from the reduction in the speed of the lofted vehicle during motion 
through the dense layers of atmosphere. As a result the temperature T, falls 
to 950°K, at which ablation does not occur. 

According to the data in Table 14.4.1 the thickness of ablating shield 
reaches the following value by the end of the flight: 

11 

6. = 6.. =4.92 mm. 
n = l  

As shown by experiment, mechanical destruction of the shield takes place 
along with the ablation. According to experimental data [59] the thickness 
of the layer lost by mechanical destruction 6md~30 to 40% of the thickness 
of the material eroded due to-ablation 6e. Taking 6md=O.46e%2 mm for the 
case in question, we get the thickness for the destructible part of the shield 
6e +dmd= 6.92 mm. Adjusting for the accepted safety factor f = 1.5, this thick- - 
ness will be d2 = 1.5 x 6.92 = 10.4 mm. 

Therefore the total thickness of heat protection material will be 
+82=9.6 mm+ 10.4 mm=20 mm. 



TABLE 14.4.1 ........................................ 
Number of 
points on Ar, Tr, Uer Se, 
trajectory, sec OK mmlsec mm 

n 

Let us assume that protective material of this thickness is used on the lead- 
ing part of the spherical vehicle, whose surface is S= (1/2)4nr2=6.28 m2. 
Then the weight of the shield is 

WC=dc yS=20 x 1.6 x x 6.28 x 106=201 kg, 

which is about 16% of the weight of the vehicle. 
The calculated results obtained here should be taken as an estimate for 

approximate determination of the thickness and weight of a heat protection 
shield. These results could be improved with the help of more accurate 
calculations and experimental aids. 



AERODYNAMICS OF RAREFIED MEDIUM 

1. Limits of Applicability of Theory of Motion of a Continuous Medium 

Experimental data on the flow-interaction of bodies obtained for the 
conditions of a rarefied medium differ considerably from the values of force 
and moment characteristics and the parameters of friction and heat transfer 
calculated from the gas dynamic relations for a continuous medium. This 
difference is explained by the structure of these relations, whicli correspond 
to the hypothesis of a dense medium. 

For rarefied atmosphere this hypothesis is not valid and we have to use 
the kinetic theory, investigating the dynamics of gas with the help of mole- 
cular mechanics. 

The principal conclusions of this theory are based on the concept of a 
discrete system of structure according to which the medium consists of mole- 
cules moving along fairly long free paths and colliding among themselves. 
We will not examine the kinetic theory of gases in detail but will discuss the 
data necessary for an understanding of the physical phenomena and aero- 
dynamic calculations related to flights in a rarefied medium. 

1.1 Molecular free path length 
First we must consider the question of the limits of applicability of the 

theoretical relations based on the assumption of a continuous gaseous medium. 
Here we must note the limits of applicability are conditional because it is not 
possible to cite the exact altitude in the atmosphere above which only mole- 
cular theory can be applied. 

To establish these limits it is necessary to determine the length of the 
molecular free path. From physical observations it is clear that the shorter 
this length the closer the medium is to the hypothetical continuous one. The 
flow of such a medium is characterized by a large number of collisions bet- 
ween molecules resulting in a shorter relaxation time in the presence of dis-- 
turbances, i.e. the time taken to establish an equilibrium of energy level of 
the colliding molecules. 

694 



The methods, of statistical physics establish some mean path traveled by 
a molecule until it collides. This is known as the mean length of free path. 
This length 

E=c. t, (15.1.1) 

where i is the average velocity of chaotic motion of molecules [sde (15.2.4)], 
t is the time interval between two collisions of a molecule determined by the 
expression t =  i / n  in which n is the number of collisions in unit time given by 
n= NA i (where N is the number of molecules per unit volume, A is the area 
of the cross section of a molecule). In this way 

1- l /NA.  (15.1.1') 

From example, N=2.69 x lOI9 ~ m - ~ ,  A =  10-l5 cm2 for air under normal 
conditions and consequently free path length Z =  4 x cm. From formula 
(1 5.1 .I1) it follows that the mean length of free path increases with a reduc- 
tion in density. Therefore it increases with an increase in altitude and may 
be considerably greater than the size uf the Bight vehiclc. 

Formula (1 5.1.1 ') is not convenient for practical application because the 
area of the cross section of a molecule cannot be determined by direct 
measurement. It is better to use the relation for Z which can be obtained from 
formula (1.1.2) for the kinetic theory of gases determining the coefficient of 
dynamic viscosity. Putting the value from relation (15.2.8') in place of < 
which gives the average velocity through sonic velocity, we get 

1= 1.255 v a ,  (15.1.2) 

where k is the adiabatic index; v is the coefficient of kinematic viscosity. 

1.2 Regimes of gas flow 
Flow regimes are determined on the basis of the degree of rarefaction of 

the gas, which is understood as the ratio of mean length of free path of the 
moIecule to some characteristic length of the flow region in question. 

The formulation of the above regimes and the parameters used to estimate 
them can be obtained if the flow between two plates at a small distance 6 is 
studied. The space between these plates is filled with gas and one of them 
moves parallel to the other at some velocity V. In estimating the degree of 
rarefaction and the corresponding flow regime it is useful to compare the 
mean molecular length of free path 1 and the distance 6 between the prates, 
i.e. to find the ratio 

where Re = Vs/v is the Reynolds number. 
The parameter 116 is called the Knudsen number. It is denoted by Kn=1/6. 

If Kn ,< 0.01 the gas is taken as a continuous medim. In such a mediuma dis- 
turbance due to collision with the wall is transferred to all the molecules 



practically instantaneously as a result of the small mean length of free path. 
Therefore the assumption of a continuous medium is valid during investiga- 
tion of such flows. If the mean length of free path is larger than the distance 
between the walls and the Knudsen number K n a  10 the gas has to be consi- 
dered as highly rarefied and the assumption of a continuous medium seems 
to be invalid. In such a medium the usual concept of the Reynolds number 
Re as a parameter reflecting the ratio of inertial force to viscous force does not 
make sense because collisions of particles are rare and hence viscosity does 
not exist. In line with the above discussion it is necessary to consider the 
impact reaction of particles on a body together with the flow-interaction of a 
continuous medium in determining the forces acting and the heat flows. Both 
of these cases reflect two characteristic flow regimes. The first represents a 
regime of continuous flow and the second a regime of free molecular flow. 

It is accepted that the number of molecules in an elementary volume of free 
molecular flow is sufficient to determine the macroscopic gas properties in 
spite of high rarefaction and a negligibly small number of collisions. For exam- 
ple, at an altitude of more than 150 km the molecular length of free path is 
equal to 3 m, which indicates a highly rarefied condition of air. The number 
of molecules in a cubic centimeter is even then quite large, about 1.5 x loi2. 
For this rarefied medium the pressure and mass density may be worked out 
as the average values in a given volume. The flow properties of this medium 
are determined on the basis of Maxwell's law for distribution of velocities of 
molecules. Hence the forces of interaction of molecules on the surface of a 
moving body can be obtained by application of this law. 

We also have the intermediate regime (1 <Ku< 10) and the flow regime 
with slip (0.01 < Kn < 1) between the regimes of continuous and free molecular 
flows. The intermediate regime is characterized by the condition that there 
are the same number of collisions of molecules with the wall and with one 
another. Conditions corresponding to this regime arise during flight at alti- 
tudes of about 100 km. Collisions between molecules play an important part 
in a regime with the gradient found at altitudes a little less than 100 km. But 
the molecular mean length of path should not be neglected in spite of being 
small compared to the linear dimension 6. 

The difference between the two flow regimes is reflected in the unequal 
velocity profiles between the two parallel plates. In a continuous flow the 

Fig. 15.1.1. Effect of flow regime on nature of variation of gas velocity past wall: 
a-continuous flow; &-free molecular flow; c-flow with slip. 
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gas particles attain the speed of plate V and the corresponding momentum 
after colliding with it (Fig. 15.1.1, a). Here the momentum transferred to the 
neighboring particles is reduced due to friction, as a result of which their 
speed is also reduced, becoming zero on the surface of the fixed plate. 

In a free molecular flow (Fig. 15.1.1, b) the particles do not change momen- 
tum across the thickness after colliding with the wall because they do not 
collide with other molecules during their movement. As a result the velocity 
component perpendicular to the plates remains "zero". In the case of the 
diffusion phenomenon the velocity of a molecule near the upper moving plate 
is V and that of a molecule near the lower immovable plate is equal to zero. 
Consequently the average velocity of molecules between the plates is equal 
to V/2. 

From the above discussion it is clear that the concept of a boundary layer 
is lost in a free molecular flow over a body because the flow near the surface 
has the same velocity as at some distance from it (it is the same as the condi- 
tion at the external surface of the boundary layer in the usual sense). 

The velocity profile with slip (Fig. 15.1.1, c) is found in the intermediate 
regime. The moving plate transfers momentum to the particles corresponding 
to the velocity of motion V as in the case of a continuous medium. Here the 
particles reflected from the plate collide with other particles without reaching 
the opposite wall and in the process change velocity. This is explained by the 
condition that the molecular length of free path is of the order of distance 6.  
The variation in this speed will be continuous between the plates and the velo- 
city profile, in this form, seems to fall between that for a continuous flow and 
that for a molecular free flow. On the lower plate the molecules kind of crawl 
around relative to the surface at a speed v and their speed near the upper plate 
will obviously be equal to the difference V - v. 

The name of "flow with slip" can be understood from this discussion. For 
this kind of flow over a body the gas does not "adhere" to the surface and 
achieves some velocity other than zero but less than that at the external limit 
of the boundary layer. 

Hence there exists discontinuity in velocity between the gas and the wall 
in the presence of slip near the boundary. The velocity gradient across the 
layer will be different from zero near the wall. This shows that there still 
exists a boundary layer in a somewhat rarefied gas moving with slip. For this 
reason motion near the surface is not given by Maxwell's law and it is possible 
to use the general equations of a viscous compressible gas with heat conduct- 
ivity. However, these equations must be modified to account for more general 
boundary conditions taking into account possible discontinuity in velocity, 
temperature and pressure on the surface. Here what kind of flow regime we 
have is determined from the relation between the local values of M and Re 
according to eq. (15.1.3). If the distance between the plates is of the order 
of the thickness of a laminar boundary layer the Reynolds number Re= V6/v 



can ,be changed to the parameter R ~ L = R ~  (L/6). Replacing the ratio 6/L 
therein by formula (12.3.19") in which x= 1 (the trailing edge of a plate, 
for example) and inserting this in expression (15.1.3), we get the relation for 
Knudsen's parameter 

Kn = 1/6=0.264dE (~1dReL). (15.1.4) 
This relation is represented graphically in Fig. 15.1.2 for different flow re- 
gimes, where the curves are drawn without allowance for the effect of possible 
physico-chemical changes in the air on the molecular mean length of path. 
Here it should be borne in mind that dissociation is accompanied by an 
increase in the number of particles resulting in reduction of their molecular 
mean Iength of path. 

Fig. 15.1.2. Corves characterizing various regimes of gas flow. 

The curves in Fig. 15.1.2, strictly speaking, are for flows of undisturbed 
gas. However, as shown by experiment, they can be used to study the flow 
past the body under flow-interaction if the local values of M and Re are used. 
It is found that at a distance from the nose of a body of revolution, where the 
effect of a shock wave is small, there may exist a flow with slip or free mole- 
cular flow even at low altitudes due to expansion _of the flow. At the same 
time the compression near the nose behind the shock wave may result in the 
formation of a continuous medium even when the flight is at high altitudes. 
This explains why we must take the Knudsen's number based on local gas 
parameters when using the formula (1 5.1.4). In determining this number it is 
necessary to select the characteristic linear dimension 6. Since the evaluation- 
of an expected flow regime is of approximate nature the quantity 6 may be 
conditionally t a k ~ n  as the boundary layer thickness calculated on the basis of 
the formulas for a continuous medium. 



2. Pressure and ,Friction in Free Molecular Flow 

2.1 Scheme of interaction of molecules with wall 
Investigation of the motion of a gas near a surface is connected with the 

solution of equations of motion under given boundary conditions imposed on 
this motion. In particular, the condition of unseparated flow, as the form of 
interaction of this surface and the gas medium, is the boundary condition 
when we are studying the flow-interaction of a surface and a continuous 
medium. The flow-interaction is found to be more complicated during free 
molecular flow. As a result its mechanism is not yet completely understood 
and it happens to be the subject of intensive research. 

A series of hypothetical schemes of interaction between the molecules and 
the wall are proposed in the theory of free molecular flow. Let us consider the 
schemes of two criticaI types of interaction, namely "mirror reflection" and 
"reflection by diffusion." We will also touch on intermediate schemes, assum- 
ing that an interaction representing the combination cf the above two limit- 
ing types of reflection will be nearer to reality. 

Mirror reflection: The scheme of mirror molecular reflection is realized if 
the surface is very smooth and is inclined at a small angle of attack. Accord- 
ing to this scheme the particles arriving at the wall are reflected from it at an 
angle equal to the angle of attack after collision (Fig. 15.2.1, a). The molecules 
in this scheme behave like absolutely elastic balls. During mirror reflections 
the absolute values of velocity components are not changed. Here the com- 
ponent tangential to the surface does not change its sign while the normal 
component changes its sign. During this ideal interaction of particles with a 
wall frictional forces in the conventional sense are absent. Experiments have 
shown that even carefully planed surfaces are not smooth enough for the 
scheme of mirror reflection to be completely realized. In practice at least a 
small fraction of the molecules of the order of a few per cent are reflected 
according to this scheme. 

Reflection by diffusion: In reflection by diffusion (Fig. 15.2.1, b) it is assumed 

Fig. 1-5.2.1. Schemeof intefaction of molecules with wall: 

a-mirror reflectiori; 6-diffus-ed reflection. 



that the surface is rough and full of cracks. The depth of the rough projections 
and width of the cracks must be of the same dimensions as the cross section 
of the molecules. After collision the molecules falling into cracks or between 
the projections are not in practice completely absorbed by the wall so that 
their impulse and energy are transferred to the wall. They are reflected from 
it in some arbitrary direction with some velocity after a lapse of some time 
interval. Here each direction followed by the particles may have equal proba- 
bility. If none of the molecules reflected by diffusion attains the direction of 
motion we have a condition where they do not create tangential stress. Since 
the real surface always differs from an ideally smooth surface the majority of 
molecules interact according to the scheme of diffused reflection. 

2.2 Mass transfer 
Let us study some characteristics of free molecular flow past a body [34]. 

We will assume that the molecules are reflected by diffusion, where the temper- 
ature of the reflected particles is equal to some value T,, differing in general 
from the wall temperature T, and from the gas temperature Ti. 

First of all let us take the expression for mass transfer. Let the velocity 
components of a molecule be 

u=u+ u, v=;+ v, w=w+ w. 
The first terms on the right side of these expressions are the velocity compo- 
nents of 7, of the mass (uniform) motion of a gas against the wall, which 
can be determined from the expression 

j7k,,2+;2+w2. 

The second terms are the components of velocity c for heat flow (velocity of 
molecules against uniform motion of gas). The square of this velocity will be 

c2= U2+ V2+ W2. (15.2.1) 

We assume that the y axis, to which component v corresponds, is directed 
along the normal to the surface at a given point. 

We are interested in the transfer of molecules to the surface of the body, 
which depends on the number of colliding molecules contained in unit volume. 
If the molecules are moving with a velocity whose magnitude lies within the 
intervals of 

U, ufdu; v, v f  dv; w, wfdw, 

respectively, the number of these molecules is then equal to the product 

nr.f.du.dv.dw, 
in which ni is the number of colliding molecules in unit volume (hereinafter - 
the index "i" corresponds to the particles of undisturbed flow, the parameters 
of which are T,, p,, p,, etc.]; f is the function for the distribution of mole- 
cules known as Maxwell's distribution function. 
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In kinetic the6ry this distribution function is determined by the exponen- 
tial relation 

where the quantity c, is related to the average velocity i of chaotic motion by 
the equation 

cm=cl/n/4. (15.2.3) 

It is known as the maximum possible velocity of a morecule. According to 
the kinetic theory of gases 

This value represents the average velocity of the chaotic motion of molecules. 
The distribution function f deals only with the disorderly motion of mole- 

cules. It depends on the velocity of motion c and, as can be seen from (1 5.2.3), 
on the average velocity. which determines the internal energy of unit mass 
gas by the formula (1 /2)c2 .  In the general case both ;and c depend on the 
coordinates and time. However, if we take the case of uniform distribution of 
velocities, which is often found in practice, the distribution function f will be 
independent of time t. Here the number of gas molecules that belong to the 
elementary velocity space dudvdw in each given element of volume z = dxdydz 
does not change as a result of collisions. This state of a gas is defined as the 
state of local Maxwell equilibrium. 

Let us consider the concept of mean square velocity :2 for disorderly 
motion, determined from the condition 

C 2 -  - - -- ~ 2 "  y2= w2, 
3-  

(15.2.5) 

where U, F, W are average values of components of velocity for disorderly 
motion. According to the kinetic theory of gases the quantity c2 is found 
from the expression 

'2- c - 3RT. (15.2.6) 

Hence, using formula (15.2.4) for c we obtain 

i.e. 
d7= 11086 C =  1.225 &. (15.2.8) 

The expression governing the relation between 7, 47 and sonic velocity a 
is given by 
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From this it follows that average molecular velocities are of the same order as 
the speed of sound. 

The distribution function f can be determined with the help of the graph 
(Fig. 15.2.2), which shows the relation of the quantity 

2 312 2 -2 B = f (c /c ) 

as a function of parameter c/d-3. The relative quantities crn/f i2  and ~/1/? 
are also shown. 

The proportion of the colliding molecules in unit volume that collide with 
the unit surface in one second is equal to 

0 ni v f du dv dw. 
So in this case we are considering 

0.24 the molecules crossing the surface 
and lying in the demarcated 

0. is volume with unit base area and 
height equal to the vertical com- 

0.08 ponent of velocity v. This vertical 
component of velocity lies in the 
range of co > v > 0. The particles 

0 0.4 0.8 1.2 1.6 c / o  with velocity component v < 0 will 

Fig. 15.2.2. Function of Maxwell's 
not reach this elemental area. The 

distribution. total number of molecules Ni 
colliding with the unit surface in 

one second can be obtained by integrating with respect to all possible velo- 
cities -oo<u<oo,O<v<oo, -co<wcoo,i.e. 

m m 00 

N{ = I du Jvdv /ni  f dw. (15.2.9) 
-00 0 -0a 

Using the expressions (15.2.2) for f and (15.2.1) for cZ in the above equation, 
we get - 

: H :  
1 -- 
2 ~2 CQ 1 2  

Ni = ni (nckiy' e -- du J ve 2 3 
dv LkH dw, (15.2.9') 

- CQ 0 -m 

where 



We will write the first integral in t15.2.9') using (15.2.10) (the third integral 
will be similar) in the following way: 

-- fn: m --H 1 2  

j e  d ~ = c , , , i l e . ~  Id(%)-  
-03 -m 

The integral on the right side of this expression is the well-known Eiiler- 
Puasson integral: 

Consequently 
-- " ; H! m 1 

-7 

2 ~ 3 2  
l e  d u = { e  dw=cmi 4;. (15.2.11') 

-m -m 

The second integral in (15.2.9') can be expressed in the form 
-LH; 00 -- 1 

I ve 

2 2 HZ dv 
0 -v  

1 -- HZ 2 
( i + s c m i ) e  d ( 5 )  

- 
-vlc,; 

m 

(1 5.2.12) 

-X 

where we substituted 
x = i /cmI, Y = HzldZ. (15.2.13) 

Integrating (1 5.2.12), we find 

The integral on the right side of (15.2.12') will be represented in the form 
, - 

According to (15.2.1 1) the second integral of the last expression will be 

Let us introduce the new variable y = -z  to determine the first integral of the 
same expression, so that 
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The integral on the right side of this expression can be calculated with the 
help of the special function 

- 
x 

- 2 
erf x = - JR l e - 2  dz, 

0 

known as the error function, for which mathematical tables have been drawn 
UP- 

Taking into account (1 5.2.14) and (1 5.2.15), the relation (1 5.2.12') will be 
written in the form 

Now keeping (15.2.11') and (15.2.16) in mind the following relation can be 
written for the total number of molecules (15.2.9'): 

Since 
cmi = 

according to (15.2.7), we have 

The product RTj appearing in formula (15.2.18) is connected with sonic velo- 
city by the relation - 

a, = I ~ ~ R T ~ .  (15.2.19) 
As may be seen from (15.2.17'), the number of colliding molecules is 

determined by the value of parameter 2 which corresponds to the given point 
on the surface. If c,, in this para- 
meter 2 is expressed through sonic 
velocity we get 2 = (;/ai) 4k-i-2. Then, 
taking j3 as the angle between the 
velocity vector V ,  and the tangent 
to the surface at a given point (Fig. 
15.2.3), we get 

- x i s i n  /j Y",JE=;,,, sin 8, 
X ai 

Fig. 15.2.3. Free molecular flow near 
plane surface: 

1-upper surface; 2-lower surface. (1 5.2.20) 
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Formula (15.2.17') is obtained for the conditions of flow on the lower 
part of the surface. The limits of variation in the second integral of (15.2.9'), 
i.e. O< vc co, correspond to these conditions. If the upper side of the surface 
is examined the equation of mass transfer will be different because the limits 
of variation in the given integral will be - oo< v <  0 according to Fig. 15.2.3. 
Keeping this in view, we can write the following expression for the upper 
surface: 

1 2  -7 --H, 2 du j 2 1 2  1 2  H3 

N, = - n, (mi,) e v e --.,re dw. 
-00 -m -00 

(15.2.21) 
Here the first and third integrals are determined by the value of (15.2,1l1). 
The second integral may be expressed in the following form by analogy with 
(15.2.12): 

- - 
1 2  j .. -y H z  2 

9. e-"+ 4,; 7 e-.v2 dy. dv=ci, (;+y) e y  dy= -- 
-00 -00 

2 
- m  

The integral on the right side of this expression will be 

G - G G  - dy = -- erfx+-= - (1 - erf x ) .  
2 2 2 

- m  0 -00 

In this wav 

Keeping in view the values of integrals obtained in (15.2.21), we get by 
analogy with (1 5.2.17') the following relation for determinatioil of the num- 
ber of colliding molecules on the upper surface: 

~ , = n ,  dz [e-" - 2  4, (1 -erf ;)I. (15.2.22) 

If a free molecular flow past a curved surface (Fig. 15.2.4) is studied for- 
mula (15.2.17') is used to calculate the number of colliding molecules on the 
front side of this surface and formula (15.2.22) is applicable to the back. 

Fig. 15.2.4. Free molecular flow near curved surface: 
I-front; 2-back. 



706 AERODYNAMICS 

Formulas (15.2.17') and (15.2.22) can be simplified for high speeds by using 
the condition that even for i 2 2 the quantity e-X2 is smaller than unity by at 
least two orders and the integral erf x differs insignificantly from unity. For - 
example, at i= 2 the quantity 0.018 and erf ;= 0.995. For each value 
of i there exists a relation 

In particular, for x = 2 and at sin B=0.2, k = 1.4 the Mach number M, = 12. 
At p =9O0 the smallest possible Mach number 1 ~ ,  for 2 = 2  comes down to 
2.4. So the simplified formula X15.2.17') can be written in the following way: 

- 
Nif =x n, 4 2 ~ ~ ~  =ni V, sin P. (15.2.23) 

Here the index "f" shows that the front of a curved surface is in question. If 
the rear surface is considered (index 9") it can easily be seen that formula 
(1 5.2.22) on these assumptions turns into the equality 

Nib = 0 (1 5.2.24) 
because the molecules do not reach the rear surface of the body at high flight 
speeds. 

Let us consider the transfer of reflected molecules. The reflection by 
diffusion is governed by Maxwell distribution, so it is possible to use the 
relations (15.2.17') and (15.2.22) by taking 2 =O as the particles lose mass 
velocity after colliding. Since the reflected particles have different tempera- 
ture Try the number 

Nr=nr dRT,I2x, (1 5.2.25) 
where n, is the number of reflected molecules per unit volume. If it is assumed 
that the total number of colliding particles is equal to the number of reflected 
particles, i.e. Ni = Nr, the relation between the concentration n, and ni for the 
frontal surface under the flow-interaction will be obtained by equating the 
right sides of expressions (15.2.17') and (15.2.25): 

A similar expression for the back will be obtained by equating the right sides 
of (15.2.22) and (15.2.25): 

2.3 Pressure 
Pressure is determined as the loss of momentum on the part of a group of - 

molecules in the direction normal to the surface as a result of collisions with 
it, i.e. it is equal to the sum of the momentum of these molecules per unit 
time before colliding. The general expression for determination of pressure 



will be obtained in the following way: Numerically the pressure created by a 
molecule is equal to its momentum mv and the pressure due to a group of 
molecules colliding with unit area of surface in unit time will be 

Consequently the pressure created by all the molecules colliding with the fron- 
tal surface will be given by 

3 0 0  1 2  -- -3 H1 H z  O0 -- 
2 J e  du Iv ze  : H :  Piy"Pi ( 7 4 )  dv 1 e  dw, (15.2.28) 

-00 0 -00 

where density pf=mni. The values of the first and third integrals are deter- 
mined in (15.2.11'). The second integral will be written in the same way as 
(1 5.2.12): 

We obtained the first and second integrals on the right side earlier. Let us 
determine the third integral by taking it in parts: 

0 m 

+ k"dy- yevy2 l:+I eY2dy]=; (  - x e -  - ,2 +- 4; 2 erfx - 
-x 

In this way 

Keeping in mind this relation and the values of the first and third integrals 
(15.2.28), each of which is equal to cm,&, and noting the expression 
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the following formula will be obtained for the nondimensional value of pres- 
sure on a frontal surface after appropriate substitutions in (15.2.28): 

To determine the pressure on the rear surface we have to use the same rela- 
tion (15.2.28) with replacement of the limits of integration by - m< v< 0. 
According to this 

where 

Taking this value of the integral, we get the following relation for the non- 
dimensional value of pressure on the rear surface: 

It can easily be seen that the relations deterqining the flow of gas on the 
rear surface can be obtained from the corresponding expressions for the front 
by changing 5 to - 5. 

The pressure, which is equal to the sum of the momentum of molecules 
normal to the surface bombarding the wall, is created by the particles being 
reflected along with the colliding particles. Since the process of reflection of 
particles is governed by the Maxwell distribution of velocity corresponding 
to temperature Tr and zero velocity of orderly mass motion (reflection takes 
place from a relatively fixed surface), it is necessary to use expression (15.2.28) - - -  
taking u= v = w =0, and to change to the parameters with 9". According to 
this we have for the frontal area 

which, after solving the integrals, results in 



Since the density,of reflected particles pr =mnr and their number per unit vol- 
ume n, is determined by the condition of steady flow N, = Ni, from formula 
(15.2.26) we get following equation for the pressure arising due to diffusive 
reflection: 

The corresponding formula for the rear surface will be 

The resultant value of relative pressure is equal to the sum of correspond- 
ing values pi andp,. For the frontal surface 

and for the rear surface 

where the values of relative pressure jif and pry will be found from the expres- 
sions (15.2.29) and (15.2.33), and sb and jrb will be obtained from (15.2.31) 
and (15.2.34). 

The generalized expression for relative pressure obtained after corres- 
ponding summation can be used in place of the relations (15.2.35), (15.2.36): 

where the upper sign (plus) refers to the frontal surface and the lower sign 
(minus) to the rear surface. 

From the expression (15.2.37) it follows that the pressure depends on the 
orientation of the surface with respect to the velocity vector 7, (i.e. on 
angle P), the Mach number M, and the temperature ratio Tr/Ti. 

At high speeds corresponding to the condition x 3 2, the formulas for 
relative pressure can be simplified. From (15.2.29) and (15.2.31) we get the 
following approximate relations: 

~ i b  = O m  (15.2.39) 
The corresponding formulas describing the process of reflection can be writ- 
ten according to (15.2.33) and (15.2.34) as: 



- 
prb = O. (1 5.2.41) 

Taking these expressions into account, the simplified relations for the result- 
ant value of relative pressure can be written as follows: 

2.4 Frictional stress 
Frictional stress is the result of total loss of the tangential component of 

the momentum of molecules in collision. This loss of momentum for one 
molecule is equal to mu and for all the molecules that collide with the unit 
area of surface in unit time it is equal to 

nimfuvdudvdw. 
Consequently the frictional stress due to the collisions of all the molecules 
with the frontal surface will be 

3 -  1 2  m 1 2  m 1 2  - - --HI 
2 

--Hz 
2 --B3 2 

r i=pi (n~:,~) ue du Jv e dv J e d ~ .  (15.2.44) 
-m 0 -00 

The relation (15.2.44) can be transformed with the help of (15.2.10) to the 
following form: 

The integrals on the right side of the equation have the following values: 

3) 4;. J 
The friction on the rear surfiee will be determined by the same expression 
(15.2.44') with a change in the limits of the second integral to --a< v<O. 
According to this the second integral will be 

1 -;2 - 
2) ?crni[e -x&(l-erf;)]. (15.2.46) 

Keeping these values of integrals in mind and recalling that 
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- 
u= v, cos 8; 
i = (V,/cmi) sin 8, 

equation (15.2.44') leads to the following relation for the frictional coeffi- 
cient: 

2 ~ i  + 
-sin cOs [% + (1 i erf i)] (15-2.48) 

'fii=-- 
pi VL 

where the sign "plus" refers to the frontal area as before and the "minus" 
sign to the back. 

Since any directions of motion are equally possible for reflected molecules 
their resultant interaction does not create frictional stress, i.e. z,=0, and 
hence 

cfr=O. (1 5.2.49) 
It can easily be seen that the coefficient of friction for a non-inclined surface 
(8  = 0) will be 

The relations for the case where i 2 2 are also simplified. Accordingly the 
relations for the conditions of the front and rear areas will have the form 

(c i) = sin 28; 

(cfi)b=O. 

2.5 Transfer of kinetic energy 
As we mentioned earlier, it is necessary to know the ratio of temperature 

T,/Ti to determine normal pressure. The calculation of this ratio is connected 
with determination of the energy of uniform motion of molecules, which is 
brought to the surface during the collision of molecules and carried away when 
they are reflected. Each of the molecules transfers the following amount of 
energy on colliding: 

(112) mc2 = (112) in (U2+ V2+ W2). (15.2.53) 
The energy brought by all the molecules striking unit area in unit time is 
determined by theexpression 

(112) mnic2fvdudvdw. 
The resultant quantity of transferable energy Ei during collision can be ob- 
tained by integrating this expression within the limits of variation of u and 
w from - co to co and of v from 0 to bc for the frontal area (or from - co to 
0 for v for the back). Taking into account the value of (15.2.2) forf, we have .' -- 

3 * t g w  
1 -- 'mi 

- - - -  & = %(mni (ndi) ' I - I 1 c2 e vdudvdw, (15.2.54) 
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where t ~  = 0, t ~  = co for the frontal area and t ~ =  - co and tB =O for the back. 
Keeping in view the expression (15.2.53) for (1/2)mc2, and the relation 
(15.2. lo), further integration leads to 

where Ni is determined by formula (15.2.17') for the frontal area and by 
(15.2.22) for the back; the function 

The reflected particles carry away the elementary energy 
(112) mnrczfUdUdVd W 

from the unit surface area. Integrating this within the limits of U and Wfrom 
- co to co and that of V from - oo to 0, we get the total value of energy car- 
ried away: 

c2 

VdUd Vd W. 

The solution of this triple integral results in 
Er = pr (RTr)3/2 (2/n)'J2. (15.2.58) 

Let us substitute p, =mnr and the value of nr from equation (15.2.25) in this 
expression. The energy Er will then be given by 

Er = 2mNrRTr. (1 5.2.59) 
Inserting the value of Nr =Ni in view of (15.2.17') and (15.2.22) and keeping 
in mind that m = pilni, we get 

E,=2mNiRTr= 62/n pi RTrdRT, [e-z2 f i d ;  (1 f erf ;)I, 
(1 5.2.60) 

where Boltzman's constant mR= 1.38 x 10-l6 ergldegree. 
The resultant flow of kinetic energy of molecules is equal to the differ- 

ence between the energies brought to and carried away from the surface: 
E=EI-Er. 

At high speeds (;lr22) it may be assumed that qfeqbeO for front as well as 
rear surfaces. Keeping in view formulas (15.2.17'), (15.2.22), (15.2.55) and 
(15.2.56) and carrying out the necessary simplifications, we get 

1 -  - 
E if =- 2 x P ~  J ~ R T ~  (VL+ 5RTi) ; (15.2.61) 

Eib = 0. (15.2.62) 
The corresponding relations for the energy of reflected particles, after sim-. 

plification of (15.2.60), will be written in the following form: 

Erf= 26Tpi RT,; dRTi ; (15.2.63) 
Erb = 0. (1 5.2.64) 



3. Adaptability 

3.1 Exchange of momentum 
In the previous section we studied the processes of transfer and considered 

the hypothesis of completely diffused reflection. Here we assume that the 
molecules fully adapt to the conditions at the wall and the contact arising bet- 
ween the wall and the molecules is sufficient to transfer the momentum of all 
the molecules to the wall. 

Experimental research shows that the real process of interaction between 
the molecules and the surface differs from the phenomenon of diffused reflec- 
tion and is characterized by reflection of a more general type. Only part of the 
colliding molecules transfer the tangential component of impulse to the wall. 
The contact of the colliding molecules does not last long enough for them to 
achieve average energy corresponding to wall temperature Tw. 

It is assumed that the normal and tangential components of the force cre- 
ated by a reflected flow are determined by the coefficient of adjustability 
("adaptation") for the normal component of momentum 

and the coefficient of adjustability for the tangential component of momen- 
tum 

respectively. This idea forms the basis of the concept of reflection considered 
here. 

According to this concept, only part of the colliding molecules fn transfer 
the normal component of momentum to the wall. The fraction of molecules 
transferring the tangential component of momentum to the wall is determined 
by the coefficient f,. Obviously f, =f ,=O (pi =p,; t i  =zr) for perfect mirror 
reflection of molecules and f n = f 7 =  1 (p,=pw; Tr=O) for totally diffused 
reflection. 

Pressure pw in (15.3.1) can be considered as a normal component of the 
momentum of molecules reflected following the Maxwell distribution of velo- 
city corresponding to thermodynamic equilibrium at surface temperature Tw 
in a steady state condition (Vm=O). According to (15.2.32) we have 

pw=(1/2) Rpw Tw, 

or, keeping in mind that p, =mnw, 
pw =(1/2) mRnw Tw. 

We use the relation pi=mni to go back to the density of undisturbed flow, 
which gives 

PW = (112) Rpi Tw (nwlni). 



The relation Nw = Ni, determining the equality of the number of reflected 
molecules Nw and colliding molecules, is used to determine the ratio nw/ni: 

n , d ~ ~ , / 2 n  = Ni=(NiInb n,, 
where Ni is determined from formulas (1 5.2.17') and (1 5.2.22). After calculat- 
ing the ratio of nW/ni we get the formula for pressure - -22 - pw.-=-=sin2~ 2pw J$ re * i d R ( 1  ~f: erf %)I, (15.3.3) 

pi V;f, 2x2 

where the "plus" sign corresponds to the frontal area and the "minus" sign 
to the back. 

Strictly speaking, the coefficients fn and f, are not identical because they 
characterize different processes of momentum transfer during reflection. How- 
ever, Maxwell's hypothesis can be used for approximate calculations, accord- 
ing to which the process of reflection is characterized by the same coefficient 
of adjustability momentum f =fn =f,. This indicates that fraction f of all mole- 
cules is reflected by diffusion and fraction (1 - f )  is mirror reflected. 

From the above discussion pressure p, during reflection is determined 
from the expression (15.3.1) in the following way: 

~r =pi(l -f) +fPw. 

The total pressure is 
p=Pi+pr=(2-f)pi+fpw. (15.3.4) 

Substituting the values of pi from (15.2.29) and (15.2.31) and the value of pw 
from (15.3.3) in this formula, we get -- 

+ (1 + 2s2 L ) ( I  ~f: erf ;)I + 2x2 f Ti b"+ id; (I k erf ;)]I (15-3.5) 

The resultant frictional stress due to the action of colliding and reflecting 
molecules will be 

Z=Zi-Zr. 

Inserting here the value of 
~ r = ( 1  -f) ~ i ,  

which can be obtained from (15.3.2), we find 
z = z ~ - z ~ = z ~ .  (15.3.6) 

The corresponding coefficient of friction, according to formula (1 5.2.48), 
will be 

+ e-3 
2' 2rif -fsin jj cos 8[=- + (1 erfa]. (1 5.3-6') cf=-=-- 

piv: p i e  

For very high velocities (722)  and a very cold wall (Tw<Ti) the relation 
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(15.3.5) may be simplified. Taking the "plus" sign (the frontal area is in ques- 
tion), we get 

if= 2(2 - f )  sin2 8. (15.3.7) 
For these high speeds the coefficient of friction over the frontal area will be 

( c ~ ) ~  =f sin 28. 
On the back under these conditions we have 

j b = O ,  ( c~)~=O.  (15.3.9) 
The coefficient f in the above expressions is close to unity and can be taken 

as approximately equal to 0.95-1.0 in calculating. In the limiting case of com- 
plete mirror reflection, which is not real, the coefficient f=0. In the other 
limiting case of totally diffused reflection, which is more probable, the coeffi- 
cient f = 1. 

Experimental research on the interaction of hydrogen, helium and oxygen 
with a polished surface of silver oxide and of air with brass showed that fe 
0.99. This confirms the occurrence of almost totally diffused reflection. But 
other experiments helped to establish that f can be considerablyless than unity 
for some combinations of gas and surface. 

3.2 Exchange of energy 
The absence of total "adaptability" (adjustability) is not solely the property 

of the process of momentum transfer but is also typical of the process of ex- 
change of energy between the colliding molecules and the wall. This is shown 
by experimental research. For this reason it is assumed in formula (15.2.60) 
for the energy of reflected molecules that their temperature T, differs from the 
wall temperature Tw. Due to the brief duration of the collision with the wall 
the contact of the colliding particles is not sufficient for them to receive the 
average energy corresponding to wall temperature T w  during reflection. 
According to (1 5.2.60) this energy is equal to 

- 
E, = 2mNiRTw = 4% p , ~ ~ w J m  [e-x2 k i Jn (1 kerf 31. 

(15.3.10) 
The case of reflection we are considering happens to be the most general. 

I t  is characterized by the absence of complete adjustability ("adaptability") 
between the solid boundary and the molecules during exchange of energy. So 
in this general case the ratio 

known as the thermodynamic coefficient of adjustability, differs from unity. 
The discontinuity in energies arising in this way is the reason for the tempera- 
ture jump, i.e. difference between T, and T,. 

The coefficient of adjustability q, as we-wi1l.seq plays an important part 



in the calculation of heat transfer. Therefore it is necessary to know how to 
evaluate it. At present it is possible to estimate it only by experiment and 
unfortunately few sufficiently reliable measurements are available. Observa- 
tions show that the nature of variations in the thermodynamic coefficient of 
adjustability is very complicated. It is established, specifically, that the value 
of q increases with an increase in molecular weight and surface temperature. 
It can be assumed that the coefficient of adjustability will depend on the 
flight velocity of the body, the angle of incidence of molecules to the surface, 
the properties of the material and condition of the surface. As shown by 
experiment, the value of the coefficient of adjustability for air interacting with 
aluminum and steel with surfaces of different finish is near to unity: it varies 
from 0.7 to 0.97. 

From the information available the value of q may attain about for 
clean surfaces and light molecules, particularly of such gases as hydrogen and 
helium. More detailed information on this question is found in the work [54]. 

Comparison of the ccthermal" and "force" coefficients (q, f) of adjusta- 
bility shows that f is considerably higher than q. From this it follows that the 
time for collision of these molecules with the wall is too short for the reflect- 
ed molecules to attain wall temperature although the colliding molecules 
undergo a number of collisions with the wall and the process of reflection is 
near to diffused reflection. 

The limiting case in which q= 1 may be examined. This corresponds to 
the moment when the temperature T, of the reflected molecules achieves the 
wall temperature T,. In this case it looks as if the molecules completely 
adjust to the wall conditions. 

4. Aerodynamic Forces 

4.1 General expression for drag forces 
Let us consider the determination of aerodynamic drag force as an exam- 

ple for application of the relations obtained in Sections 2 and 3. First we will 
obtain the expression for force acting on a local area of unit dimension with- 
out considering the effect of adjustability, i.e. on the assumption that the 
coefficient f= 1. The axial force arising due to normal pressure and friction 
as a result of collision with this unit area situated on the frontal surface of a 
body (see Fig. 15.2.4) will be obtained with the help of (15.2.29) and (15.2.48) 
in the following form: 

Fif =pif sin j!? + Tif cos p = - 2 

The force acting on the elementary area dS of the front will be 



AERODYNAMICS OF RAREFIED MEDIUM 717 

dXlf = Fif dS, 
and the total axial force will be 

where Sf is the area of the frontal surface of the body. The corresponding 
drag coefficient 

where - 
S = S/So; x = (V,/cmi) sin 8 = 2, sin 8; 

s f=Sf /So  [see (15.2.2011. 

Integration will be carried out for a frontal surface of area Sf. The rela- 
tions can be obtained for the force and its coefficient for the rear surface. 

From Fig. 15.2.4 it can be seen that 
Fib =pib Sin 8 + r i b  COS 8. 

Here the angle 8 is taken in its absolute value. Recalling formula (15.2.31) 
for pib and calculating rib from the expression (I5.2.48), in which the lower 
sign "minus" is taken for the rear surface, we get the following relation after 
appropriate substitutions: 

The drag coefficient will be 

The solution of the integral is performed for the rear surface of area Sb. 
The same result can be obtained from expression (15.4.4) by replacing x to 
- - xin it. 
The drag coeificient of the body in such a flow is determined as the differ- 

ence between the coefficients of forces produced by the molecules colliding 
with the front and rear surfaces and acting in opposite directions: 



The reflected particles create additional force. During this process the 
particles act on the frontal surface, in the process of being reflected from it, 
with a force given by the following relation according to (15.2.33): '' ' J g  re-?+ i 4;; (1 + erf a. (1 5.4.8) Frf=prf sin 8 = - . -p- 

2 
The coefficient of force acting on the frontal surface Sf will then be given by 

The force experienced per unit area based on the action of reflected mole- 
cules on the rear surface will be determined by the relation (15.2.34) for p r b  

in the form 

The corresponding coefficient of the force X r b  acting on the rear surface will 
be 

Cxrb = re-;'- (1 - erf ;)I d .  (1 5.4.1 1) 

(zb) 

The resultant drag coeacient due to reflected molecules will be 

This drag coefficient is determined as the difference between the correspond- 
ing coefficients for the front and rear surfaces. This is established by the 
nature of the interaction of reflected molecules with the wall. No drag arises 
on the rear surface: a reactive force opposite to drag is set up. This reactive 
force by its physical nature comes into the picture during reflection of parti- 
cles away from the surface. 

The resultant drag coefficient for the body in such a flow is obtained by 
addition of (1 5.4.7) and (1 5.4.12): 

CX= Cxi + C X ~ .  (1 5.4.1 3) 

The above formulas can be simplified for cases where x> 2. We have the 
relations 



in place of the eypressions (15.4.1) and (15.4.4) respectively. Similarly 

Fib  = 0, cxib = 0 (1 5.4.16) 
replace the expressions (1 5.4.5) and (15.4.6) respectively. The relations 
(15.4.8), (15.4.9) are also simplified to the following forms: 

The expressions (15.4. lo), (1 5.4.1 1) will be reduced to 

Frb=  0, Cxrb = 0. (15.4.19) 

In the case of simultaneous diffused and mirror reflection (coefficient of 
adjustability of momentum f< 1) the calculation of forces should be carried 
out from the formulas: 

Fif=pif sin /3 + fiif cos /3; (1 5.4.20) 

Fjb=Pif(- 3 ;  (1 5.4.21) 

Frf= [pif (1 -f) + f ~ w f l  sin /3; (1 5.4.22) 

Frb = Frf (- X), (15.4.23) 

wherepwf is determined by formula (15.3.3) using the "plus" sign. The nota- 
tions in (15.4.21) and (15.4.23) indicate that F i b  and Frb  are obtained from 
the expressions for Fif and Frf respectively by changing 5 to - x. 
4.2 Cone 

As an illustration, let us calculate the aerodynamic drag on a body in the 
form of a combination of two cones (Fig. 15.4.1, a) in an axisymmetric flow. 
The relative quantity appearing in the formulas for the drag coefficients 

- 2nrdl 2nrdr di2 
dS = --T = =- 

nr, nr,2 sinpk sin 8, 
Using this value of d s  in (15.4.4) and (15.4.6) and recalling the following 
relation for a cone: 

Xk = X, sin /3, = Mw dk/2 sin /3, = const, (15.4.25) 

we get the drag coefficient in the following form: 

The resultant drag coefficient due to colliding molecules 
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2 -2 
cxi = cxif - Cxib = -- e -xk  +2 erf Xk. (15.4.28) 

Xk 4 n  

Fig. 15.4.1. Example of calculation of flow-interaction of free molecular 
flow over conical body: 

a-combination from two conical surfaces; 6--cone with base cross section. 

Let us consider the interaction of reflected molecules, assuming that the 
ratio of T,/Ti is constant for the conditions of flow over the cone. For these 
conditions equation (15.4.9) gives 

and applying formula (1 5.4.1 1) we have 

Keeping in view that this coefficient characterizes reactive force on the 
back surface, we determine the resultant drag coefficient due to reflected 
moIecuIes according to (1 5.4.12): 

Adding (15.4.28) and (15.4.31), we get the total drag coefficient for a cone: 

Axisymmetric flow over a cone with flat base: The formulas (15.4.26) for 
cxif and (15.4.29) for c,,f do dot change for this case (Fig. 15.4.1, b). The 
expressions (15.4.27) for cxib and (15.4.30) for c,,, will be different because - - 
xk = X, sin Bk should be replaced by ;, = xw, since the base surface is inclined - 

by angle Bk = n/2. 
Taking this into account, we get the following relation for the coefficient of 

force acting on the frontal surface: 



The coefficient of force acting on the base surface 

The force determined by this coefficient acts on the base section in a direction 
opposite to the undisturbed flow and hence represents a reactive force. 
According to this the resultant coefficient of drag on the cone will be 

At very high flight speeds (;E.% 1) formulas (1 5.4.32) and (1 5.4.35) take the 
form 

cX=2. (15.4.36) 
Here this result is independent of the form of bodies. 

At flight speeds for which the magnitudes of < are small the values of cx 
increase due to the applicable effect of reflected molecules. This is clear from 
the graph presented in Fig. 15.4.2, where the values of cx are given for a 
cone with spherical surface. 

It is worthwhile noting that the value of cx=2 exactly corresponds to the 
conclusions from Newton's theory of shocks. Actually, drag force according 
to this theory is determined by the total loss of momentum of particles on the 
area of maximum cross section of a body. From this we find that the drag 
force for any body with the area of maximum cross section nri (for example, 
a cone) in a free molecular flow with velocity V,  at zero angle of attack 
will be 

momentum of un- momentum after 
disturbed flow collision 
before collision 

The coefficient of this force will be 

The same formula can be obtained for any arbitrary angle of attack. 
Here the force must be worked out as the product of coefficient cx= 2, velo- 
city head and the projection of the surface on the plane normal to direction 
of velocity vector V,. 
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It can be seen from the above discussion that the shock theory differs 
from Newton's scheme of elastic reflection considered earlier (Chapter 9 

Section 4). According to Newton's 
Cx model the particles continue their 

motion along the wall after colli- 
sion with the surface, i.e. their path 

2.8 is inclined by the molecules' angle 
of incidence with the wall. Mean- 

2.0 time the normal component of 
velocity is extinguished and the 

1.2 tangential component remains un- 
changed. According to the theory 
of shocks, both of the components 

0.4 are absorbed and consequently 

tangential stress arises along with 
Fig. 15.4.2. Drag coefficient of sphere 
(curve I) and cone (curve 2) in free pressure. 
molecular flow (angle of attack a=% From Fig. 15.4.2 it can be 

angle of cone Br=600). seen that the results of accurate 
calculation for M, > 4, neglecting 

some small difference, practically coincide with the value of c+=2 obtained 
from Newton's theory of shocks. Therefore the aerodynamic forces at com- 
paratively low Mach numbers M, can be worked out from the scheme of 
diffused reflections. At high Mach numbers 1M, they may be calculated from 
Newton's theory of shocks. 

Non-axisymmetrical flow-interaction: The expressions for the local co- 
efficients of pressure and friction should be taken as the basis of calculation 
of coefficients of axial and normal forces and also of moment. The angle P 

Pig. 15.4.3. Results of calculation of aerodynamic coefficients for body of revolution 
in free molecular flow (/i'k=15"; d d D ~ = 0 . 8 3 4 ;  x c . g / D ~ =  1; X C / D T = ~ ) .  
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appearing in these expressions should be replaced by the angle 8k between 
the velocity vector of molecular flow and the local area. 

Knowing the type of distribution of local coefficients of pressure and 
friction and using general expressions for the calculation of aerodynamic co- 
efficients (see Chapter 1 Section 3), it is possible to calculate their concrete 
values for a given shape of body. 

The results of this kind of calculation for the combination of a cone with 
a cylinder, obtained under the condition that the ratio of flight velocity to the 
speed of molecules 2, = 7 and temperature ratio TJT, = 0.18, are presented in 
Fig. 15.4.3. The coefficient of moment, for which data are given in Fig. 
15.4.3, is worked out about the axis through the center of gravity situated 
at a distance of one diameter of the cylinder from the large base of the cone. 

4.3 Cylinder 
Let us consider the drag of a cylinder during a cross flow of free mole- 

cules for the scheme of digused reflection on the assumption that the co- 
efficient of adjustability f= 1 (Fig. 15.4.4). We use formulas (15.4.1) through 
(15.4.13) for this purpose. Keeping in mind that the ratio in (15.4.4) 

dS= dS/So = IRT dp/RTI= dp, (15.4.37) 
- - and the quantity x= x, Sin p, we get 

7712 - 
- +sin g 1 + T (1 + erf x)  dB. (15.4.38) 

0 ( 2 -1 

Fig. 15.4.4. Cylinder in free molecular flow. 

Applying (15.4.6), we get the relation for coefficient 

The drag produced by the reflection of molecules from the frontal surface 



is determined by the following coefficient according to (15.4.9): 

+(I + erf x) - ] x& - - sin 'G. d ~ .  (15.4.40) 
xm 

0 

Reflection of molecules from the rear surface creates a force whose coefficient 
according to (15.4.11) will be given by 

xrb - sin P cxrb= - =- - e r f ~ ) ]  2 J n  id: dp. (15.4.41) 
pi V&SO 2 ~m 

0 

The difference between (15.4.38) and (15.4.39) gives the coefficient of 
resultant force due to interaction of the colliding molecules 

where I. (TL/2) and I, ( 2212) represent modified Bassel's functions of 
"zeroth" and "first" order respectively; 

-l 

n -2 
XOO 

I 
- cos cp I 

1, ($) =: I cos p t? 2 dp. i 
0 J 

The coefficient of the resultant force of interaction of reflected molecules 
can be obtained by subtracting (15.4.41) from (15.4.40). Assuming here that 
T,/Ti= constant all over the surface, we get 

,712 
n3I2 rz 

ex, = c x r f - c x , b = & . \ / G  1 sin /3 d/Is=, - . (15.4.44) 
xm 

0 
4Xm2/ Ti 

The resultant drag coefficient of the cylinder will be 



4.4 Flat plate ' 

In the most general case, when the flow-interaction is worked out on the 
basis of Newton's theory of shocks, the drag force acting on a flat plate of 
area S, is determined by the change in the momentum before and after 
collision: 

X= (p,V,S, sin a) V, - (p, V, S, sin a) 0 = p,VkS, sin a, 

where a is the angle of attack (Fig. 15.4.5). Consequently the drag coefficient 

cx= 2X/(p,V2,S,) = 2 sin a. 

Since lift force is absent the aerodynamic efficiency or lift to drag ratio is 
equal to zero. These conclusions are nearer to reality at very high speeds of 
free molecular flows. At low speeds the effects of reflection must be taken 
into account and applied for calculation of the appropriate relations for drag 
and friction coefficients. 

Let us take the case of reflection with the coefficient of adjustability f <  1. 
The force on the lower surface of a plate created by the colliding molecules 
will be 

Xif= F i f S w  =@if sin a +  fi tf  cos a) S,, (1 5.4.47) 

according to (15.4.20), in which P is replaced by a. Then the coefficient of 
this force will be 

2Xif 2 C .  -- =- xrf - (pif sin a + f iff cOS a). (1 5.4.47') 
~iV2,sw pi'k 

We will substitute here from the expression (15.2.48), retaining the "plus" 
sign. At the same time we use (15.2.29) for pif. Keeping in view that is 
replaced by a in formulas (15.2.48) and (15.2.29), we get the following expres- 
sion after the above simplifications: 

- - 
where x =x, sin a. 

Similarly, for the upper surface of the flat plate, we have [see (15.4.21)l: 

Let us consider the forces created by the reflection of molecules. From 
Fig. 15.4.5 it may be seen that the force ,Xrf.is acting on the lower surface. 
This force can be expressed with the help of (15.4.22) in the form 
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Xrf=prf  Sw sin a = Frf Sw. (1 5.4.49) 

The coefficient of this force, according to ( 1  5.4.22), will be 

2Frf 2sina 
Cxrf ' 2Xrf =- = - 

~iV?eSw Pi V?e pie 
[ ~ i f ( l - - f ) + f ~ W f l .  (15.4.50) 

pf =q*f8 
Fig. 15.4.5. Flat plate in free molecular flow. 

Substituting the values of pif and p,f from (1 5.2.29) and ( 1  5.3.3) respectively 
(with the plus sign), we get 

f ie-G2 + id;; ( 1 + erf ;)I. +- 
2x2 

The molecules reflected from the upper surface create a reactive force 
[see ( 1  5.4.23)]: 

Xrb = Frb Sw =Prb Sw sin a. (15.4.51) 

The coefficient of this force will be 
' 

2Frb 2 - 
Cxrb = 2xrb = -  Frf (-x)=cxrf ( A X ) .  (15.4.52) 

piV%Sw piV2 
According to (15.4.50') we have 

The difference between (15.4.47") and (15.4.48) gives 



A similar expression, corresponding to the process of reflection, can be ob- 
tained by using (15.4.50') and (15.4.53), 

cnr=cxrf-cxrb=2(1-f) sin3a 

The resultant coefficient of drag force will be 

Similarly the lift force Y can be determined and the coefficient of this 
force will be 

2Y 2(Yi+Yr) cy =------ = = Cyi + Cyr 
Pi V; Sw ~ i V i S w  

where 
Gif=pif cos a -f rif sin a; 1 (15.4.58) 
Gr~=[Pif (1 -f) +f PwfI COS a. 

The coefficients of drag and lift force for the case of totally diffused reflec- 
tion can be obtained if we take f= 1 in the corresponding expressions. Simi- 
larly f = O  describes mirror reflection of molecules from the surface. 

5. Heat Transfer 

5.1 Temperature of reflected molecules 
As we found earlier, the pressure at the wall, which is governed by the 

reflection of molecules, depends on their temperature T,. To determine this 
temperature it is necessary to use the equation of equilibrium of energy bet- 
ween body and medium. Let us consider this equation as applied to the unit 
area at any arbitrary place on the surface. Energy belonging to impinging 
molecules Ei is brought to this area. The corresponding energy of reflected 
molecules can be determined with the help of (15.3.11) and (15.3.10) in the 
following way: 

Er = (1 - y) Ej +vEw= (I - y) Ei +2qmNjRTw. (15.5.1) 
If the heat inflow due to external radiation grad is allowed for, for example 
solar radiation, the energy input will be equal to the sum Et +grad. 

Let us assume that along with the heat transfer by reflected molecules loss 
of energy also occurs by radiation from the external surface and by addi- 
tional cooling or heating from inside (corresponding "plus" or "minus" 9,). 
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Then the equation of equilibrium of energy for unit surface area under steady 
heat transfer conditions will have the form 

or using expression (15.5.1) for E,, it will be 

yE; + grad = vEw + E ~ T :  + 9,. (15.5.2') 

The relation (15.5.2') and the expressions for Ei (15.2.55) and Ew (15.3.10) 
appearing here correspond to the motion of a monatomic gas. If the gas 
consists of multiatomic molecules, in particular, if air is taken as the diatomic 
model of the medium, each particle will have, besides the energy of advanc- 
ing motion, internal energy based on rotation and oscillation and the pro- 
perties of the gas, These particles, colliding with the unit area of surface, 
transfer their energy to it in unit time. This is equal to 

according to the molecular-kinetic theory of gases. The molecules leaving 
this surface at  temperature Tw carry away internal energy 

5-3k mRT, E .  - . -  w int - k- 1 2 Nw, (15.5.4) 

where Nw=Ni. According to this the equation of equilibrium of energy 
(15.5.2') for a diatomic gas wiIl have the following form: 

q&+qrad=q EW+&a T:+qc, (15.5.5) 
where 

Inserting the values of Ei (15.2.55) and Ew (15.3.10) in equation (15.5.5) 
(on the condition that the "plus" sign in these expressions is taken for the 
frontal surface and the "minus" sign for the back), the wall temperature Tw 
will be determined for the given values of degree of blackness 8,  heat flows 
qrad, qc and temperature of air Ti. 

Calculation of Tw by equation (15.5.5) for a flat plate as a function of 
angle of attack a showed that the effect of solar radiation on the wall tem- 
perature is more significant at low angles of attack a. This effect also increases 
with a rise in altitude. From an altitude of 240-250 km and above solar 
radiation is the basic factor in determining wall temperature. A reduction in 
temperature Tw can be achieved by using a surface with a low coefficient of 
adjustability q. It is also desirable for this purpose to have the angle of incli- 
nation of the wall as low as possible. This is achieved in flight at low angles 
of attack. From the temperature Tw obtained it is possible to work out the - 

temperature T, of reflected molecules. The corresponding relation for calcu- 
lation can be obtained in the following way: Let us write the formula for the 
energy of reflected diatomic molecules by analogy with (15.5.1): 



&=(I-q) Ei+vBw. (15.5.7) 
Here 

5-3k mRT, K=E,+E, i n t = 2 m ~ i ~ ~ , + -  . - Ni=2mNiRTrkl; (15.5.8) k-1 2 

EW = Ew + Ew ,,, = 2mNiRTw kl, (15.5.9) 
where 

Besides this, the energy - 
Ei=Ei+Ei int=Ei k2, (1 5.5.11) 

appears in (15.5.7), and its value is-determined by the coefficient 

Using (15.5.8), (15.5.9) and (15.5.11) in equation (15.5.7) we get the 
followirg relation for calculation of the temperature of reflected molecules: 

Here the calculation of temperature Tr will be carried out separately for the 
front and rear surface which correspond to the values determined for Ni and 
Ei and therefore also to T,. If the coefficient of adjustability q=1, then 
T,=T,. The same result is also obtained in the case of a so-called adiabatic 
wall which is characterized by the absence of any external inflow or outflow 
of heat other than the energy inflow due to colliding molecules. In this case 
the wall is heated only as a result of impinging molecules. According to this 
equation (15.5.5) will be simplified to  the form 

Ei = Ew, 
or, using (15.5.1 1) and (15.5.9), it will reduce to 

Eik2=2mNiRTwkl=Ewkl. (1 5.5.14) 
If this expression is used in (15.5.13) we will find that the temperature of the 
reflected molecules is equal to the wall temperature. This temperature is 
determined from (15.5.14) after substituting the value of Ei from (15.2.55) 
in the following form: 

The product RTi in this formula can be replaced with the help of (15.2.19): 

It can be seen from this formula that the temperature of an adiabatic wall is 
a kind of analog of stagnation temperature in the case of continuous flow. 

Flight conditions at high altitudes can involve maintaining a constant 
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wall temperature. In this case the wall temperature is given and the calcula- 
tions lead to the determination of the temperature of reflected particles by 
formula (15.5.3). This temperature is then used to calculate pressure. 

5.2 Calculation of heat transfer and wall temperature 
The resultant specific heat flow to the wall can be determined as the dif- 

ference in the energies of the colliding and reflected molecules: 

q=Ei-E,. (15.5.17) 

Combining this equation with (15.5.7), we get 

q = ~  (Ei-BW), (15.5.17') 

or using expressions (15.5.1 I )  and (15.5.9) for and Ew it will be 

q=~(Eik2-2mNi RTWkl). (15.5.17") 
Using the value of Ei from (15.2.55) here, we get 

Recalling that Ni is determined by the expressions (15.2.17') and (15.2.22) for 
the front and rear surfaces and that the mass of molecules m = pi/ni, we get 

where p, k2 and kl are determined by the relations (15.2.56), (15.5.12) and 
(15.5.10) respectively. With the help of these relations the specific heat flow 
for the frontal surface will be 

where 

A similar expression for q can be obtained for the back of the body in this 
flow by inserting ji in place of - x in (1 5.5.18'). 

Assuming the heat flow q=O in the correspondiilg formulas, the equili- 
brium temperature of the wall can be determined. In particular, from (1 5.5.18) - 

we find the following relation under this condition: 



From(15.5.12) and (15.2.55) it can be seen that at very high speeds (Vm$ai) 
the parameter kzz 1. Therefore, keeping in mind formula (15.5.10) for kl and 
neglecting the second term in square brackets in (15.5.20), we get 

where 
2Tj (k-1) -2 

Tw=T,= 
k + l  xw ' (15.5.21') 

This relation is obtained from equation (15.5.18') if the quantity k/(k- 1)  on 
the right side in square brackets is neglected in comparison with i: and the 
remaining sum of two terms is equated to zero. 

Let us consider the expression for the Stanton number, which is the non- 
dimensional parameter for heat transfer: 

In this way this nondimensional parameter is known as the modified local 
Stanton number. In the case of high speeds ( i - 9  1, i> 1) the heat flow for 
the frontal surface can be represented in approximate form, as may be seen 
from (1 5.5.18'): 

Bearing in mind the relation (15.5.19) for x and a ,  we get the following 
expression after substituting this value of q in formula (15.5.22): 

Since Tw < Te we can put Te in place of T, - Tw, which can be determined from 
(15.5.21'). Besides this, the substitutions of 

cPi= Rl[1- (cvilcpi)l = kRl(k- 1) and i, =(V,I&ZiZ+)dkT 
lead to 

sin /3 e-G2 
St=- - 

2 ( ; J K  + 1 +erf ;) 
Let us now consider the coefficient of friction. According to (1 5.2.48) and 

(15.3.6') we can write the following expression for this coefficient for the 
frontal surface: 

Comparing (15.5.23) and (15.5.24), the relation between the Stanton number 
and the local frictional coefficient can be established: 

St=cfi/(2 f cos /3). (15.5.25) 



The resultant coefficient of friction can be determined by integrating 
(15.5.24) over the surface in the flow, working out the corresponding value 
of the Stanton number with the help of (15.5.25) and finally obtaining total 
heat flow to the wall using (15.5.22). 

Particular attention is devoted to determination of the heat flow at the 
point of complete stagnation. Experiments showed that the specific heat flow 
(in kilo.cal/m2-sec) at this point can be obtained by the approximate 
formula: 

q=7.35 x 10' 17 (pcaH/pcog) ( V W / ~ C ) ~ ,  (15.5.26) 

where Vc is the first cosmic speed and the indices "H" and "g" correspond 
to the conditions at altitude H and near sea level (H=O). 

Using formula (15.5.26) and the equation of equilibrium of heat during 
steady heat transfer the temperature at the point of complete stagnation can 
be found as: 

Tw = (q + qrad & qc)'I4 (m)-lI4. (1 5.5.27) 

If heat does not flow to the wall from inside (q,=O) and external radiation 
is not taken into account (qrad=O) the wall temperature (in O K )  will be 
uniform: 

Tw = 4.83 X lo4 (v/&)'/~ (PWH/PW~)'/~ (vw/ vc)314 (1 5.5.28) 

For example, if we assume that the density ratio pca~/pca~= lo-* ( H z  150 km) 
the coefficient of adjustability q= 1, the degree of blackness of surface E = 1 
and the body moves at the first cosmic speed (V,= V,), then the equilibrium 
temperature at the point of complete stagnation Tw = T, = 483°K. 

In the case of a highly cooled surface the energy of the particles reflected 
from the wall is very low, i.e. sWgEi. Therefore we can use the following 
equation in place of (1 5.5.17'): 

Examining the case of very high speeds at which k2x 1 and Ei is determined 
by formula (15.2.61), we get the following relation for specific heat flow on 
the frontal surface: 

xp.17 - q = - - $ - 2 ' 2 ~ ~ i  (V&+5RTi). 

Expressing RTi here through the speed of sound ai according to (15.2.19) and 
assuming 

according to (15.2.20), we have 
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( ) sin [El. (15.5.31) . q = l . 1 7 x l o - 3 y p i v  I + =  

At the point of complete stagnation p= 4 2  and consequently 

kilo. cal 
q = 1 . 1 7 x 1 0 - ~ y ~ ~ ~ ~  (15.5.32) 

In these expressions density pi is given in kg.sec2/m4 and velocity V, in 
m/sec. 

We have examined the group of problems connected with the investiga- 
tion of friction and heat transfer for continuous and free molecular flows of 
gas. The flow regime with slip occupies an intermediate position. Most 
modern methods of calculation of 'friction and heat transfer for this regime 
are based on the use of equations of the boundary layer whose solution must 
satisfy the special boundary conditions for discontinuity (slip) in speed. 
These methods may be studied from different sources, in particular, from the 
books [21; 28; 381. 





Conversion Table for Units of Measurement Used in Aerodynamics, 
from MKS System to International System (SI), GOST* 9867-61 

........................................ 
Name and Designation Old Unit 

MKS System 
New System 

(SI) 

B a s i c  U n i t s  

Length [L, I ,  b, d] Meter (m) Meter (m) 
Mass [m] - Xilogram (kg) 
Force [P, X, Y, R, N] Kilogram (kg) - 
Time [t] Second (sec) Second (sec) 
Thermodynamic temperature} Degree (Kelvin Degree (Kelvin 

(absolute) [TI OK) 
1 kg-9.81 N (Newton) 

D e r i v e d  U n i t s  

Velocity [V, aJ 
Acceleration [w] 
~ravitation&a&eleration [g] 9.8 1 m/sec2 9.81 m/sec2 
Density (mass per unit 

volume) [p] 
1 kg sec2/m4 9.8 1 kg/m3 

Specific volume (volume per 
unit mass) [v = 1 /p] 

} 1 m4/kg seo2 0.102 m3/kg 

Specific weight (weight per 
unit volume [y] 9.81 N/m3 

Weight flow rate [Wsec] I kg/sec 9.81 N/sec 
Pressure [p] 1 kg/cm2 9.81 x lo4 N/m2 
Coefficient of dynamic 

1 kg sec/m2 viscosity [p] 9.81 N sec/m2 

Coefficient of kinetic viscosity } 1 m2/sec 
[v = PIPI 

Work, energy [El 1 kgm 

1 m2/sec 

9.81 J (Joule) 
Power [N] 1 kg m/sec 9.8 1 Wt (Watt) 
Quantity of heat [Q] 1 kilocal 4.19 x lo3 J 
Specific heats [c,, c,] 1 kilooal/kg degree 4.19 x lo3 

J/kg degree 
735 



Name and Designation Old Unit New System 
MKS System (SI) 

........................................ 
Entropy (specific) [SJ 1 kilocal/kg degree 4.19 x lo3 

J/kg degree 
Enthalpy (specific) [i] I kilocal/kg 4.19 x 103 J/kg 
Specific heat flow [q] 1 kilocal/m2 sec 4.19 x 103 Wt/m2 
Coefficient of heat transfer [a] 1 kilocal/m2 sec x 4.19 x 103 Wt/m2 x 

degree degree 
Coefficient of heat 1 1 kilocal/m x 4.19 x lo3 

conductivity [,I] sec degree Wt/m degree 
Coefficient of radiation of 

absolutely black body I 1 . 3 6 ~  10-l1 5.67 x 
(Stephan-Boltzman kilocal/m2 x Wt/m2 degree4 
constant) [o] sec degree4 

Boltzman constant [k] 14.1 x 1.38 x 
kg m/degree J degree 

Gas constant [R] 1 kg m/kg degree 9.81 J/kg degree 
Universal gas constant [Ro] 1.99 kilocal/degree 8.31 x 103 

kilomole = 847.82 J/degree x 
kg m/degree x kilomole 
kilomole 

........................................ 
*The All-Union State Standard-General Editor. 
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